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Chapter 1

Basic Definitions

1.1 Elaborations

1.1.1 Some explicit commutator formulas (by C. Ajila)

Lemma 1.5 gives a very useful way of testing if some element in n, or n_ belongs
to the ideal . For this will be useful to have to our disposal some explicit formulae
involving commutator in the generators of g(A).

Introduce the following notation: if g is a Lie algebra and z,y, z,z1,..., 2, € g,
write

vy = [z,yl, wyz =z, ly, 2]
and, recursively,
T1To - Xy = |1, To - 1,

We prove by induction on r that for any h € h we have

[h’> €i1Cip " eir} = <ai1 +t g, +r+ air7h>€i1€i2 ©rr G (11)

The case r = 1 is precisely the third relation [h, ¢;] = («;, h)e; of the defining relations
(1.2.1) for the auxiliar algebra g(A).
Assume that (1.1) is valid for » — 1. Then by the Jacobi identity,

[hv €i1€iy " ° eir] :[h7 [ei17 €ig* " eir“
:Hh, eh]v €iy* " eiT] + [eim [hv Cig " eir]]
:<ai1v h> [eilv Cig * " eir}
+(u, + i, h)eq e, e

=(aq, + oy, + -+ e e, e,
as desired, where in the penultimate equation we used again the third defining
relation and the induction hypothesis.

This means that the root space g,, for a € @, \ {0}, is generated as a vector

space by the elements ¢;, ---¢;. such that a = a;, +---«;,. In particular r = ht («).

We call a generator of the form ¢;, - - - ¢;, an e-generator. There is an obvious notion
of f-generator of g_,. Applying the involution @ in equation (I.1), we obtain

(b, fisfi - fi] = —(ou, Fauy + -+ a5 h) fiy fio - fir | (1.2)

9
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for all h € b.
A particular case of (1.1) and (1.2) is when & = o}, where since (af, ;) = a;; (by
the definition of realization) we obtain

\

jo€ic i) = (@i + -t agi e e, (1.3)

(a

and

(af  fir -+ fi.) = —(agi, + -+ agi, ) foy - fir | (1.4)

We now prove by induction on s that

s—1 s
[fj7€i1€i2' els - E :5151 E :aWt i1"' "€ +6lsjalsu 1€Gip " Cigy s (15)

=1 t=(+1

where J; ; is the Kronecker symbol and the notation ¢;, - - - ¢;, - - - ¢;, means that the
element ¢;, is omitted.

For s = 1 this is just one of the defining relations of g(A). Assume the formula
holds for s — 1, then

[fj7 €i1Ciy " " ez‘s] :Hfja eil]’ €y~ ez‘s] + [em [fgw Cip " eis]]
:—511J[O{;{l’€ ...eis]
Z(SZZJ ( Z a’igiys) [ei17 eiz o El\g o eis]
t=0¢+1

+ 5is:jaisisfl [eip €ig """ eisfl]

and by Equation (1.3) this gives the desired result.
Again, applying the involution w we obtain the formula

[ej;filfig : fzs — Z(S’ng (Z a‘lglz) le te fzs —i_ézs‘yazszé 1fz1 : 'fis,1 . (16)

t=(+1

In particular, the formulas and imply that

lf] € {ila . ,is} then [fj,el-l .. '61'5] =0 and [€j7fi1 ) fls} =0 | (1.7)

1.1.2 Complements to §1.7 (by C. Ajila)

Proposition 1.7a) stablishes that the Lie algebra g(A) is simple if and only if det(A) #
0 and for all pair of indices i and j the following condition holds

(1.7.1) there exist indices iy, 1,...,7; such that a;;,a;,, - - - a;,; # 0.
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Part b) says that, provided that (1.7.1) holds, every ideal of g(A) either contains
g'(A) or is contained in the center.

The proof given in the book says that this conditions are obviously necessary
for the simplicity of g(A) (and no proof of part b) is given at all), but this is not
obvious, at least to me, so I will elaborate on this proof.

Proof of Proposition 1.7. a) Assume that g(A) is simple. Since g'(A) is a non trivial
ideal of g(A), then we must have g(A) = g'(A) which is equivalent to det(A) # 0 (See
§1.3). So we now can assume that det(A) # 0. Now, assume that condition (1.7.1)
fails for some pair of indices i and j, and consider two possibilities:

e ;=j. If o € 5, is a permutation, then there is a decompostion of ¢ into a
product of disjoint cycles. Let 7 the cycle containing ¢ and let r be its order,
then we have that

Qig (i) Ao (i)o2(i) * " Qor=1(3)i = Qir(i)Ar(i)r2(3) * " Arr—1(4); = 0

and consequently [[;_, as,) = 0. Thus

det(A) = Z sign(o) Ha&g(@) =0,
=1

UESn

a contradiction.

* ; # j. Let a be the ideal generated by e;. We prove that ¢; ¢ a. By Proposition
1.5 a is a Q-graded ideal. Thus we need to prove that e; € U(g(A))oe;, where
U(g(A)), denotes the degree « part of the universal enveloping algebra U(g(A)).
By the Poincaré-Birkhoff-Witt theorem, if is enough to show that for indices
J1s---,Jr and iq,...,i,, and elements h,, ..., hy € h the coefficient of e; in

(ad f;,)--- (ad f;.)(ad hy - - -ad hy)e; e, - - - €€

is zero. But since any nonzero Lie monomial in the ¢;’s is an eigenvector of
ad h for any h € b, it is enough to show that the coefficient of ¢; in

(ad fjl) T (ad fjr)eheig T €,64

is zero. But induction on r together with Equation shows that the co-
efficient of ¢; in this expression is a sum of complex numbers of the form
Cik, Gy ky -+ - Q,; fOr some sequences of indices ki,...,k; and some complex
numbers c. Thus the coefficient of e; in this expression is zero.

b) Let a be an ideal of g(A). Then it is )-graded and we obtain
a=(anNn_)® (anh)d(anny).

There are two possibilities according to whether anh is contained in the center c. If
anh C ¢, we prove that a, := ann, is an ideal of g(A). Indeed, it is clearly invariant
under h and ¢;, fori = 1,...,n. Now we have that [f;, a,] is either contained in a, or
it is contained in aNh C ¢. In the later case we have

[fivei] = —of € ¢,
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but this means that a;; = (o), a;) = 0 for all j. So condition (1.7.1) is violated for
this i and any j. Thus a, is an ideal of g(A) whose intersection with b is trivial,
and hence a; = 0. Similarly a N n_ = 0 and consequently

a=anhCec

On the other hand, if anh ¢ ¢, there exists a non central element /4 € anh, and thus
[h, e;] # 0 for some i, that is (a;, h)e; # 0 and thus ¢; € a, consequently o/ = [e;, fi] € a
and then f; € a. Condition (1.7.1) implies that e, fjaj € aforall j = 1,...,n and
consequently g'(A) C a. O

1.2 Solutions

1.2.1 Exercise 1.1

Show that if a;; = 0 implies aj = 0, then (1.7.1) is equivalent to the indecompos-
ability of A.

Solution (by L. Cardenas). Suppose that the matrix A with size k x k is decom-
posible. That is, there exist two matrices A; de k; x ky, Ay de ks X ks and P a
permutation matrix with dimensions k£ x k such that

(A0
PAP _<O 4

Let 0 be the permutation associated to P. Then choosing i = ¢7!(1) and j =
o~k + 1), there isn't any set iy, ...,i, of indices which satisfies (1.7.) because
any path that starts in ¢7(1) ends in o7 ![1, ky].

For the other implication, lets see that with the hyphotesis if a;; = 0 = a;; = 0,
lets see that the condition (1.7.1) induces an equivalence relationship.

Transitivity is easy to prove observing that we can concatenate paths. Let's
prove symmetry.

Assume that for ¢,j there exists i,i...7; such that a;,a;,...a;; # 0, then
@i i, ya, - - - Giyiy @i, 7 0. By the hyphotesis a;; = 0 & a;; = 0. As the product isn’t
zero, no factor is zero, and either is it's symmetric coefficient, so aj; a;.q, , - - - @iyi, @i 7
0.

Then, we have to prove reflexivity. If we have a symmetric and transitive relation
R then reflexivity is equivalent to the statement that there isn’t any ¢ such that iR
is false for every j. If that were true, then the matrix would have an zero row and
the determinant would be zero too. If for i there exists j such that iRj, then jRi
by symmetry and then (R: by transitivity

Then we have an equivalence relationship. So the numbers in [1, k] are divided
in equivalence classes.

Suppose that there is a pair i, 7 without a path between them. Let's call [ to
the class of i and J = [1, k] — I to the union of the other classes, which isn’'t empty
because j € J. Let 0 a permutation for which o([1, k,]) = I and o([k; + 1,k]) = J for
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some k;. Let’s call P to the permutation matrix of o. Then

(A0
PAP _<O 4

1.2.2 Exercise 1.2

Let A’ = (aij)?'.zl be a submatrix of A of rank ¢'. One can choose a subspace h) of
containing = {af, ..., a;,} of dimension 2n’' — ' such that II' = {ay,..., v}, isa

linearly independent set. Then (h',II',11") is a realization of A’. Set @)’ = Z;il Zo,
and let g(A) = @.c0g. be the Lie algebra associated to A. Then

gA)~hve | P g

ae@’\{0}

Solution (by C. Ajila). The existence of i’ is easy: Let
o h—CY, z— (o1, ), ..oy (e, ),

which is surjective (because set Il is linearly independent in h*). We need to find a
subspace b’ of h containing II"V such that ¢y : h’ — C" is surjective (this ensures
that IT' is linearly independent). Let H = span; II'V. Then the set

S={LeGrh,n =) | LNH=0}

is a Zariski open subset of the Grassmannian variety Gr(h, n'—¢'), which is nonempty
because dim H = n’ and dim H + (n’ — ¢') < 2n — ¢ = dimbh. Thus if we choose any
L € S, the subspace ' = L & H satisfies the requirements.

It is clear that (', II',IT"V) is a realization of A’. Set

d=ve| P uw

ae@’\{0}

By the commutator formulas given in|1.1.1] it follows that ¢’ is a Lie subalgebra of
g(A). It is clear that relations (1.4.1) and (1.4.2) of Proposition 1.4(a) are satisfied,
and the fact that no nontrivial ideal of g’ intersects h’ follows from the fact that the
radical v of the auxiliary algebra g(A) is @-graded. The exercise then follows from
Proposition 1.4(a). U

1.2.3 Exercise 1.3
Show that if (h,II,I1Y) satisfy (1.1.1 and 2), then dim b > 2n — /.



CHAPTER 1. BASIC DEFINITIONS 14

Solution (by L. Cartaya). Let A be an n x n matrix over C, rank A = ¢ and dimbh =
m. We know a priori that m > n. Now, we extend the set IIV to give a basis
af,..,a), ...« of h and extend II to give a basis ay, ..., ay, ..., @y, Of b*.

Consider the m x m matrix (a;(y)), with 4,j € {1,...,m}. This matrix is non-
singular, so its rows are linearly independent. Thus, the n x m matrix given by
the first n rows has rank n. Therefore, this matrix has n linearly independent
columns. Now, the principal n x n submatrix is A, so has rank /. Then, the
remaining n x (m — n) matrix has rank at least n — ¢. It follows that m —n > n — ¢,
it means that m > 2n — /.

O

1.2.4 Exercise 1.4

Suppose that A satisfies condition (1.7.1). Then, provided that there is no root «
such that «f, = 0, the Lie algebra g¢’(A)/c is simple.

Solution (by Y. Sagurie). Leti C g'(A) be an ideal with the property that ¢ = {h €
h|(a,h)=0foralli=1,2 ... ,n} Ci. Since tis the unique maximal ideal that does
not intersect ' then there must be to exist some 0 # h € ', suppose h ¢ ¢, then
given that there is not a root a such that « |y= 0, there exist some a € n™ such

that 0 # (o, h) = > x;(a;, h) so there exist some integer 1 < j < n with («a;, h) # 0,

=1
fixing this j, we will calculate
[h, ej] = <ij, h>6]’ 7é 0 and ej € i, Similarly [h, f]] = —<CY]‘, h>f] 7é 0 and fj € i.

On the other side, if we fix some integer 1 < i < n, by condition (1,7,1), there exist
some sequence j, i, i, ..., 4, such that a;; a;, ;, - -a; ; # 0, and given that A is a
complex matrix, then q;_ ; ,, # 0 for 0 < s < k, where i, = j and i;4; =i . Using this
we can do the following calculation

lej, f;] = o € i and therefore 0 # [a,e;,] = a;;,€;, €1 (1.8)

and by the involution @ we conclude that f;, € i. Let us prove that every e, , f;, €1
by induction on 1 < s < k 4+ 1. If we assume that s=1, ¢, , f;, € i by equation (1.8]
and the involution @. Let us assume thate; , f; €iforall 1 <r <s, then

lei,, fi,] = o € iand therefore 0 # [aivr, €irvr] = Qi iv1€ipyy €1

and hence by involution @, f; ,, € i finishing the induction as we wish. By the be-
fore arguments we have that e;, es, ..., e,, ), a,..., @), fi, f2,..., fn € i and therefore
g'(4) =i

Now suppose h € ¢. Let a« € QT the minimal root on the usual graduation with
the property thating, # 0 and let 0 # = € iN g,, since x # 0 then by Lemma 1.5
[z, f;] # 0 for some 1 < i < n. By the following calculation

[0, [, fil] = [, 2], fi] + [, [, fil] = a(B)[z, fi] = as(h)[z, fi] = (@ = i)z, fi]

concluding that [z, f;| € g.—., and hence [z, f;] € iNg,_,,, but by minimality, a—aq; € b/

and therefore z = z;¢; with z; € C , but if ¢; € i imply that o € i , but then o) € ¢,

but that is a contradiction with property (1,7,1), then i C §’ and that imply i = ¢.
O
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1.2.5 Exercise 1.5

Show that mult(q; + sa;) < 1 and mult2(a; + a;) < 1 in every g(A).

Solution (by C. Ajila). Since ht (o; + sa;) = s + 1 every e-generator of g, sq, is of
the form = = ¢;e;, ---¢€;.¢;,,, such that i, = ¢ for some unique p and i, = j for all
¢ #p Ifp#ss+1thene, =e;,,, =e¢; and thus z = 0. So in order to have a
non-zero e-generator, we need that {i,,is,1} = {7, j}. By anticommutativity we can
assume i, = j and 4,4, = ¢ and consequently

T = €€ €56

and mult (o; + sa;) < 1.

Now the e-generators of gy, +«,) are of the form e, e;,¢;,¢;, where two of the indices
i1,19,13,14 are equal to ¢ and the other two are equal to j. For this e-generator to
be non zero, we cannot have i3 = 74, so by anticommutativity we can assume that
i =i and iy, = j. Thus the only two potentially non-zero e-generators of g, 14, are

€;€;€i€; and €;€:€:€;.
But note that by the Jacobi identity we have

ejeieie; = [ej, [e;, [€, €5]]]
= [lej, e, [eq, e5]] + [es, [e, [eiej]]]

= eiejeiej
so both e-generators are the same. Hence

02(aita,) = Ceiejeie; and  mult 2(a; + a;) < 1.

1.2.6 Exercise 1.6

2 -3
Let A = ( 3 9
arbitrary 2 x 2-matrix A, mult (2a; + 3a2) < 2; find the conditions when it is = 2.

). Show that mult (2a; + 3a,) = 2 in g(A). Show that for an

Solution (by C. Ajila). Consider any matrix A = (ﬁ Z .
020, +3q, 1S Of the form z= = ¢; e;,¢e,,e;,6;; With iy # i5, so by anticommutativity, we
can assume that =z = e; e;,¢;,e1e2, where there are two of the remaining i,’s equal
to 2, and the other one is equal to 1. This means that we have three potential
e-generators, namely

Any e-generator of

T1 = €1€9€9€1€9, T9 = €9€1€2€1€2 and T3 = €9€9€1€1€62

but by the computation made in Exercise [I.2.5] we have that ejesese; = ejeseses
and thus z; = x3, and thus mult(2a; + 3a2) < 2. In order for mult(2a; + 3az) to be
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equal to 2, we need that x; # x, and both to be nonzero. Write y = e;eie5 and note
that

Ty = [ez, [e1, Y]] = [[e2, e1], y] + [ex, [ea, yl] = [[e2, e1], y] + 21
Thus, we need to show that z;, z2 and [ese;,y] are not zero. A direct computation
provides

[f1, e1629] = —bey, [f2, e162] =
[f1,e1e162] = (CH‘ 2b)erea, [f2, e1e162] =
[f1, e2e160] = [f2, e2e169] = (20+ d)eses,
[f1,ere1e1€0] = _S(CL +b)eieses, [f2, e1e1e1€9] =
[f1, eze1e160] = (@ + 2b)eger ez, [f2, e2e1€169] = (20 + d)ererey,
[f1, eaeze1€9] = [f2, e2e2e1€9] = —3(c + d)eseqey,

where we must keep in mind that esejeie; = ejeseie;. From this it follows that

[fl; 1'1] = —(CL + 36)62626162, [fg, .I'l] = —3(C + d>€2€1€1€2,
[f1,22] = —(2a + b)eseseqen, [f2, 2] = —(4c + 3d)ezereq e,
[fb [62617 ?JH = begeseres, [f2, [6261, y]] = (C + d)€2€16162-

It follows from Lemma 1.5 that [esey, y] if and only if ¢+ d, 2¢+d # 0 and when b = 0,
a,c # 0. This immediately implies that x; # 0, so in order for x, to be nonzero we
need 2a + b # 0 or 4c + 3d # 0.

In particular, taking ¢ = d = 2 and b = ¢ = —3 these conditions are satisfied,
and thus we have mult(2a; + 3as) = 2 in g(A4). O]

1.2.7 Exercise 1.7

Define the Lie algebra g'(A) in characteristic p > 0 as in Remark 1.5. Prove that the

Lie algebra g’ 1 9 of characteristic 3 is a simple Lie algebra of dimension 10
for any A\ # 0, —1, and that two such algebras corresponding to A = \; and A = X,
are nonisomorphic unless \; = A\ or A\; = —\y — 1.

Solution (by C. Ajila). [PENDING] Set
2 )\ ~ ~ / !/
t=(23) FW=F) and ¢0) =g

The criterion given in Lemma 1.5 also works in this case (with the obvious
modifications) so we use it to determine whether an e- generator (see subsection
[1.1.1) belongs to the maximal @Q-graded ideal v intersecting g, =: b’ trivially. Also,
note that all formulas in Subsection|1.1.1|are independent of the ﬁeld and depend
only on the defining relations of g(A). Note that formulas to are also valid
for this description of g’(A), since they follow from the same relations.

First according to Remark 1.5, the Lie algebra g} has generators e;, e, fi, fo,
oy and «y and the following defining relations:
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(a) [61’ fl] = alv’ (e) [O‘Y7 61] = 2eq, (1) [04%/, 61] = —e1,
(b) [es, fo] = a3, ) [af,es] = Aea, G) [, ea] = 2eq,
(©) [e1, fa] = [e2, f1] =0, @ o, fi] = =211, K) o5, fi] = f1,
(d) [of, 5] =0, ) [of, fo] ==Afo. O [0, fo] = —2fo.

It is clear from this relations that ¢;, f; € v, i = 1,2. Also from the formula (1.5]
we easily compute that

[fl; €1€1€1€2

[f27 erejereg] = 0,

[f1, e1e2] = —Aey,
[f2, e160] = —e1,
[f1,e1e160] = —2(A 4+ 1)erea = (A + 1)ejen,
[fQ, 616162] =0,
[fla 626162] =0,
[f2, e2e1€2] = 0,
]
]

and we deduce from this and Lemma 1.5 that the e-generators e;e; and ejejes do
not belong to t (because A\ # —1), but eye e and ejejeie2 do belong to r. Note that
we also have

exereres = [[es, e1], [e1, ea]] + e1eaeien = ereseqen,

but since eye 65 € v then eyeiejey € t too.
Using the involution, we have that f, f; and f; f, f, do not belong to v but f5f; fs,
fifififo and fof1 fof1 do. So we have that

gA) =n_ob en,

where
Nt = Giar D Ptar D F+(a1+a2) D I+ (201+az)-

Since each sumand in n; is one-dimensional, we conclude that dimny = 4 and
since dim b’ = 2 this shows that

dimg'(\) = 10.

Now note that formulas and show that ¢/()\) is a diagonalizable b'-
module, and the homogeneous components of g'(\) coincide with the eigenspaces,
so by Proposition 1.5 (which is valid in arbitrary characteristic) every ideal of g’(\)
is )-graded. So any non-zero ideal i of g’'(\) intersects i’ non trivially so there is a
non zero element 7 = uay + vay € iNh’. Then we have that the elements

[hye1] = 2u—wv)e; and [k, ex] = (Au+ 20)ey

both belong to i. If both are zero, then we easily deduce que A = —1, which is
absurd, so one of them must be non zero and this means that one of ¢; or ¢, is
an element of i. Assume ¢; € i (the other case is similar), then o) = [eq, f1] € i and
ey = [af,es] € 1. Since A # 0, this means that e, € i. Thus also oy, fi, f2 € i thanks
to relations (b), (g) and (k).
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Thus we conclude that i = g/(\) so that g/(\) is simple.
Consider the ordered basis

(6’17 €2,€1€2,€1€1€2, Oé1v7 Oégv f1, f2, [ife, f1f1f2)

of g'(\). We define a symmetric bilinear form on g’'(\) by its matrix with respect to
this basis:

By =
)\

A
“AN+1)

An easy but tedious verification shows that B is an invariant bilinear form, that is
Bx([z,y],2) = Ba(z,[y,2]), forall z,y,z € g'(}),

and that it is non-degenerate. Since g'()) is simple, if we assume that the base field
is algebraically closed, we obtain that g’()\) as an unique non-degenerate invariant
bilinear form.

Thus if ¢ : g'(A\1) — ¢’(\2) is an isomorphism, then B,, and ¢*B,, differ just by a
scalar, and their determinants too. A simple computation gives

det By = —(A(A +1))?
and consequently (since the characteristic of the field is 3),
MM+ 1) =ula(Aa + 1),
for some non-zero scalar u. Provided v = 1 this implies that \; = A\s or A\; = =\ — 1.
Conversely, if A\; = Ay then g'(\;) = g'(\2). If A\; = =3 — 1, we define O
1.2.8 Exercise 1.8

A direct sum of vector spaces g_; @ gy @ g; is called a local Lie algebra if one has
bilinear maps: g; X g; — g.+; for ||, |j|, | + j| < 1, such that anticommutativity and
Jacobi identity hold whenever they make sense. Prove that there exists a unique
Z-graded Lie algebra g = @, g; such that g_, @ go © g, is a given local Lie algebra
and EBDO g+; are free Lie algebras on g.;.

Solution (by C. Ajila). Denote by [, | each bilinear map g, x g; — g+, for |i|, |7, i+
j| < 1. Let g% = g1 ® go @ g1 be a local Lie algebra. Let § be the free Lie algebra
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generated by the vector space g’. Denote by 2l the ideal of § generated by the
elementd!]

[, %] — iv;
for each xy, € gi, k € {i,7,i+ 7}, where |i|, |j|,|i +j| <1, such that [z;,z,] = x;;; in the
local Lie algebra g°. Set
=73/

Write g; for the image of the composition of the natural maps
gi =g =¥ >0,

for i = —1,0,1. It is clear that the induced map g; — g; is a vector space isomor-
phism for i = —1,1, but we need to do some work for i = 0. Also, let g. be the
subalgebra of g generated by g.;.

Now, define a linear map ¢_ : g — Endc(T(g_1)), where T(g_,) is the tensor
algebra over g_;, by the following formulas:

e Ifx_y €94, let
po_(z1)a=2_1®a, a€T(g-1).

* If 2y € go, we define ¢_(zp)a by induction on the degree of a. First
p_(20)1 =0 @ (z0)a = [zg,a], a€g=T(g-1),
and
p—(10)(a®b) = (p-(x0)a) ®b+a® (p—(x0)b), a,beT(g-1).

* If z; € g; we define recursively

90—($1)1 =0,
p-(z)(a®b) = p_([z1,a)b+a® (o-(z1)b), a €T (g-1),b€ T(g-1).

By the universal property of free Lie algebras, ¢_ extends uniquely to a Lie algebra
homomorphism

p_:§ = al(T(g-1))
We prove that 2 C ker(¢_). That is, for z; € g, k € {i,5} such that |i|, |j],]i + j| < 1
we must show that

([, 75]) = [ (@), o ()]
(again, we agree that, in general, x; # z;, even if i = j). We proceed by induction
on the degree of the elements in 7'(g_;). There are four cases to be considered:

* Case 1. i = j = (0. To avoid confusion, let z; = z, z; = y. We have

[p— (), (Y11 =0 = p_([z,y])1,

and if a € g_y, since [z,a] € g_; and [y, a] € g_;, we have

[ (2), - (y)]a = p_(2)([y,a]) — p_(v)([x,a])

'Here we agree that, in general, z; # x; even if i = j. I know, this is a shame, but it simplifies
the writting.
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[y, [, a]]
[y, [z, al] = [y, [, a]]

[z, [y, a]
It
o ([z,y])a.

[En e w—

+

y
Yl a

8

S

Proceeding by induction, let a,b € T'(g_;), then
Ja

[p-(2), o-(Y](a@b) =p_(2)(p-(y)a @b+ a®p_(y)b)

— - (Y (p-()a®b+a®p_(x)b)
(T)p-(y)a @b+ p_(y)a® p_()b
wxwa®¢()b+a®¢@) ~(y)b
P-(Y)p-(z)a®b—p_(r)a®p_(y)b
p-(y)a® p_(2)b—a @ py)p- ()b
y)la) ®b+a® ([p-(z), - (y)]b)
+a®¢_([z,y])b

s
®/—\
@n\_/

* Case 2. i=—-1land j=0. If a € T(g_,) we have

[p—(2-1), p—(0)]a =p_(7_1)(p_(70)a) — p_(70)(z-1 ® a)
T ® (p_(r0)a) — (p_(r0)r_1) ®a— 21 ® (¢_(x0)a)
— [0, 2_1] ® a

=p_([z_1, T0])a.

* Case 3. i = —1 and j = 1. In this case [z_;,2;] € go and if « € T'(g_1), we have

o (z-1),p—(21)]a =11 @ p_(z1)a — p_(1)(71 ® a @ b)
=r_1 Q@ ¢_(x1)a —p_([x1,2_1))a —2_1 @ p_(21)a
=p_([z-1,21])a.

* Case 4. : = 0 and j = 1 (this is the only case where we use induction). First
we easily see that

[p—(20), p—(21)]1 = 0 = p_([zo, 21])1.
Now leta € g1 =T'(g_1) and b € T(g_;). On one hand we have
p—(w0)p—(71)(a ®b) = p_(70) (o ([71,a])b + a ® p_(21)b)

=p_(wo)p-([r1,a])b + p_(z0)a ® p_(21)b + a @ p_(x0)p—(21)b
=p_(z0)p—([71,a])b+ [10,a] @ p_(21)b+ a @ p_(x0)p_(71)b.

On the other hand
P (z1)p-(20)(a@b) = @_(21)(p_(T0)a @b+ a®@ (b))

=p_(z1)([r0,a] @ b) + @ ([1,a])p—(20)b + a ® _(x1)p_(20)b
=p_([21, [0, a]])b + [0, a] @ w_(21)b+ p_([21,a])p—(20)b + a ® ¢_(21)p—(70)b.
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With this, together with the induction hypothesis and Jacobi’s identity, we
obtain

[p—(20), p—(21)](a ® b) = (o (w0)p—([z1,0a]) — o ([21, [70, a]]) — p—([z1, a])p—(20))b
+a ® (p-(zo)p— (1) — (1) (20))b
=p—([zo, [71,a]] — [z1, [x0, a]])b + a ® ([0, z1])b
=p—([[zo, 1], a])b + a ® p_([xo, 21])b
=p—([z0, 21])(a @ D).

Thus, the Lie algebra homomorphism ¢_ : § — gl(7'(g_1)) descends to the quo-
tient g = §/2, that is, we obtain a Lie algebra homomorphism

o 19— gl(T(g-1)),

which means that 7(g_;) as a structure of representation of g. Similarly, inter-
changing the roles of g_; and g; we obtain a representation

e g — gl(T(g1)).

The Lie subalgebra of T'(gy;) generated by g, is a free Lie algebra g+ freely
generated by the vector space gi; = gi;. Now by construction we obtain a Lie
algebra homomorphism

gr = 5,z ()1
which is inverse to the natural map §* — g.. Hence g. is freely generated by g. ;.
Now, it is clear that g = g_ + go + g.. This sum is direct, for if x_ € g_, zy € go
and z, € g, are such that z_ + 2y + z, = 0, we have
0= (w_ +ag+2) =5 (20)l = 24
and consequently zy = 0 too. Thus
i-3 0o

It only remains to prove that the natural map g, — go is a vector space iso-
morphism. This map is clearly surjective. Let V be a faithful representation of g
(we can always take U(gy) as such representation, but if g, is finite dimensional,
we can invoke Ado’s theorem). Let g” = g1/ & go @ g1, where g/ = g_, & V and
we extend the brackets such that [g;,V] = 0 and [z,v] = z(v) if 2 € goand v € V.
Thus g’ is a local Lie algebra and there is a natural embedding g° — g°. The map
go — go remains the same if we replace g° by g°, and thus we can assume that g_,

is a faithful go-module. In this case ker(¢~)Ngo = 0 and the map g, — g is injective.
The proof is now complete. O]

1.2.9 Exercise 1.9

Let g be a Lie algebra, h C g a finite dimensional diagonalizable subalgebra, g =
@aeQ g. the root space decomposition such that g, = ). Show that derg = (derg)o +
ad g, where (der g), consists of endomorphisms preserving the root space decom-
position. [Choose & € h such that («,h) # 0 for all &« € Q,« # 0. Adding to d € derg
an inner derivation, one can assume that d(h) € h. Deduce that d(h) C h and

d(ga) C gal-
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Solution (by C. Ajila). Note first that b is abelian. Indeed, if 4,7’ € h then since
h € bh = gy we have
[h, h'] = (0, h)h" = 0.

The result of the exercise is trivially true if h = g, for in this case adg = 0 and
(derg)o = derg. So we assume that h C g. In particular this means that there exists
some « € @\ 0 such that g, # 0.

Consider the following linear map:

@b — CNMY s ((,h))aco o)

Then the image V of this linear map is a finite dimensional subspace of C?\{%, For
each a € @ \ {0}, let

Hy, = {(75)peq\{0} | 7a = 0}.

Then H, is a hyperplane in C?\{*, We see that V ¢ H,, for any o € Q\ {0}, for if this
where the case for some «, then we have («,z) =0 for all x € h and so « = 0. Thus
H,NV is a proper subspace of I and consequently, assuming that () is countable,

V£ |J VnH,
acQ\{0}

which means that there exists some % € h such that («,h) # 0 for all « € @ \ {0}.
This element satisfies the following property:

(P) Forallx € g, if [h,z] € g for some « € Q, thenx € b + g,.

Indeed, write x = ) x5 with x5 € g,. Then we have
[h, x| = Z[h7xﬁ] = Z (8, h>xﬁ
BeQ BeR\{0}

and since [h,z] € g, and (5, h) # 0 if 8 # 0 this implies that 23 = 0 for § # a and
consequently x = xy + x4 € h + g,.
Now let d € der (g). Write

d(h) =) Ta, Ta € ga,

aeQ

and let .
Py

ae\{0}

Note that
1
(d+ad (2)(h) =d(h)+ > oy e
ae@\{0}
= Z Lo — Z Lo
acqQ ae@\{0}
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Thus d’ = d + ad (x) is a derivation of g such that d'(h) € h. Thus if we prove that
d' € (derg), then
d=d —ad(z) € (derg)o+adg

and the proof will be complete.
Let = € h. Note that since d’' is a derivation, we have

[h, d'(x)] = d'([h, z]) — [d'(h), 2] = 0

where we have used that d'(h) € h and that b is abelian. Thus by property (P) we
conclude that d'(z) € h. Hence d'(h) C b.
Now assume a # 0 and 0 # = € g,. On one hand we have

[, d'(2)] = d'([h, z]) = [d'(h),z] = (o, h)d'(x) = (v, d'(h)).

On the other hand if we write d'(z) = ), 25 with x5 € g, then, this equation reads

> (B.hyas = (o, h) Y wp— (a,d (h))z.

BeQ BeQ
Comparing the terms of (-degree o we obtain
{a, WYy = (a, h)zo — {a, d'(h))x
and since z # 0, this means that (a,d'(h)) = 0 and thus
[h, d'(z)] = (o, h)d (),

which means that d'(z) € g,. Hence d'(g,) C g, and d' € (der g)o. O

Remark (by C. Ajila). In the solution of this exercise, I assumed that @ is count-
able. This assumption is essential as the following example ilustrates.
Take go = h = C? and for each a € h* \ {0} let g, = C. Define a bracket on

9 =h® D,y [0y 9o as follows.

[h, W] =0, if h,h' € b,
[h, ] = a(h)z, if h e b,z € g,, for some a # 0,
[z, y] =0, ifz € ga,y € g5, With a # 0 # 3.

Note that according to this [z, [y, z]] = 0 for all z,y, z € g so that the Jacobi identity
is trivially true. Moreover, each g, for a # 0 is an ideal and so is preserved by any
inner derivation. Thus to see that the equality derg = (derg), + ad g is false, it is
enough to produce a derivation not preserving some subspace g, for some « # 0.

Let ¢ : h — b be a linear automorphism of h whose eigenvalues are distinct from
1. Define a linear map d, on g by the following rules:

dw|b:¢3b_>h

and
dw’ga 8o 7 Ba—p*(a), T .

Then a simple computation shows that d,, is a derivation of g not in (der g), +ad (g).
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1.2.10 Exercise 1.10

Deduce from Exercise 1.9 that all derivations of the Lie algebra g(A)/c are inner,
provided that A has no zero rows.

Solution (by C. Ajila). Wrote by Yamil.

By Exercise 1.9 it is enough to prove that (derg(A4)/c), C adg(A)/c. Let d €
(derg(A)),, then d(g.) C g, and d(h) C h. Since g,, = Ce; and g_,, = Cf;, there exist
¢, ¢, € C such that d(e;) = ¢ie; and d(f;) =, f;, foralli =1,...,n. Now

d(e) = d([es, fi]) = ld(e:), fil + [es d(fi)] = (i + )]

Since A does not have zero rows, for each i there exist some j € {1,...,n} such that
a;; # 0 and therefore
a;jcie; = (o, a;)d(e;)
(( , Q) €5)
= d([o 631)
= [d(e7), ;] + [ay', d(e;)]
= (a+ i ] +¢ilaf, e
= CLi’j(Ci + C/i + Cj)Gj,
obtaining that c; = ¢; + ¢, + ¢; or equivalently ¢; = —c,. Now let i € b, we have
(v, hycie; = (o, h)d(e;)
= d([h, ei]

)
= [d(h), ei] + [h, d(e;)]
= (v, d(h))e; + (i, h)cies,

concluding that (a;,d(h)) =0 for all i = 1,...,n or, equivalently, d(h) € .
Finally let ¢ : h — C" defined by,

z— ((ag, ), {(ag, x), ..., {0, x)).

Because 1l is a linearly independent set, ¢ is onto and this implies that there exist
some h € b such that ¢(h) = (¢4,...,c,), and consequently

(d—adh)(h')=d(h)ec, (d—adh)(e;)=cie; —cie; =0,

and similarly (d—ad h)(f;) = 0. From this it follows that(d—ad h)(g(A)) C ¢, therefore
d = ad h as a derivation of g(A)/c. O

1.2.11 Exercise 1.11
Show that ad induces an isomorphism
g(A)/c — derg'(A),

if A is a generalized Cartan matrix and o, # 0 for every a € A. [Show that no root
is equal to a simple root when restricted to b’ |.
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Solution (by C. Ajila). We need to impose an additional condition, namely that
if 5 € A, satisfies gy = £w;|y, then § = £a,.

First, we observe that A has no zero rows. Indeed, otherwise, there is some
i such that (o, ) = a;; = 0 for all j, but as A is a generalized Cartan matrix,
this implies that (Ozl, o)) = a; = 0 for all j, that is, oy = 0, which contradicts the
hypothesis.

Note that for any = € g(A) we have that

ad (z)(g'(4)) € [z, 8(4)] € [9(A), 9(A)] = g'(4)

and thus ad (z)|y(4) € der(g'(A)). This means that ad induces a Lie algebra homo-
morphism

g(A) = derg'(4), =z~ ad(x)|g)

It is clear that ¢ is contained in the kernel of this homomorphism. Conversely, let
z € g(A) an element such that ad (z)|y4) = 0. Write

x:h—l—Zxa

where h € h and z, € g, and all but finitely many of the x, are zero. Then as
a) € b C ¢g/(A) we have

0= [, 7] —|—Zal,xa —Z(a,a}’)xa.

a€A aEA

If z,, # 0 for some «, then (o, o) = 0 for all ¢, that is, a|y = 0, a contradiction, thus
r, =0 for all @« € A and hence = = h. But also ¢; € g'(A), and thus

0=lz,¢e] = (a,x)e;

which forces (o;,z) = 0 for all 4, that is, z € ¢. Thus we obtain an injective Lie
algebra homomorphism

p:g(A)/c = derg'(A), z+c— ad(z)]ga.

All we are left is to show that ¢ is surjective.

Let d € derg'(A). For each oo € A, \1I, let {eq1,...,€an} and {e_a1,..., € an@)}
be bases of g, and g_,, respectively. Also, let &, € b’ such that («, h,) = 2 (here we
use that o]y # 0 for all @ € A) and let &,, = /. We choose ¢; and f; as bases for g,,
and g_,,, respectively, so that e,, = ¢;, e_,, = f; and n(«;) = 1. Write

n(B) n(B)
553D RTINS b SN

56A+ =1 ﬁEA+ =1
where all but finitely many of the a, 5, and b, s, are nonzero, and H, € i’. Set

n(a)

n(a)
z = % Z Z Oo,0,i€—ai — Z Z ba a,iCai-

acAy i=1 aEA+ i=1
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We need to show that this is a well defined element in g’(A), that is, that both sums
are finite. To do so, note that

0 =d[ha, hy] = [d(ha), hy] + [ha, d(h, )]

n(B)
_Zzaaﬂz 5’“ Zzbaﬁzeﬁu
BeAy i=1 BeA; i=1
n(B) n(B)
+ Z Z a%ﬁ:i[hfh 6*/371'] + Z Z b’y,,@,i[hom eﬁ,i]
peAy i=1 BeA, i=1
n(B) n(B)
= > > (Bhy)aapi = (B hadaysi)e—pi+ Y Y (B ha)bysi— (B, h)basi)es;
BeAL i=1 BeA i=1

from which, as the elements e, 3, are linearly independent, we deduce that
(B, hy)aapi = (B, ha)aysi: and (B, ha)bygi = (B, hy)bap.i.
If we take 5 = a, we deduce that
(a,hy)aaai =20y 0; and  2by.; = (&, hy)ba.a (1.9)
for all o,v € A, and thus only finitely many of the a, ,; and b, ,; are nonzero. Let
do =d —ad (z) € derg'(A).
We claim that dy(h’) C b'. Indeed, for any o € A, we have

do(ha) =d(ha) = [2, hal

n(B)
_ZZaame gz‘f—H +Zzbaﬁleﬁl
ey i=1 BeAt i=1
-5 S appilepihal + 3 DD bpsilesi hal
BeA, i=1 BeA i=1
n(B) n(8)
= Z Z Aa,gi€—pi+ Ho + Z Z ba,p.i€p,i
Beny im1 BeAy i=1
n(B) 1 n(B)
__Zzawﬁ, Ye-si—5 > D besi(Bhaes
BeAy i=1 BEA i=1
= H,

where, at the end, we used (1.9). Thus dy(h,) = H, € b/, and as b’ is generated by
the elements h,, = o, this proves the claim.
We show that dy(g+.,) C g, for any «; € II. Indeed, choose any = € g.,, and write

x):h—i—ng
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where x5 € g3, h € h and all but finitely many z3 are zero. For ' € i)’ we have dh/')

(£ay, W'Yh + Z(:l:ai, WYag = (fag, B)do(z) = do[l', 2] = [do(R'), x] + [, do(z)]
BEA

= (kai, do(B))z + > (B, 1)g,

BeA

so by comparing terms, we deduce that (o, ')h = 0 for all ¥’ € b, and as aly # 0,
this implies that 2 = 0. Also we have that for all 5 # +o;, (£a;, M )xs = (8, h')rs and
thus z3 = 0 (here we use the additional assumption). Thus do(z) = 14, € g1a,, AS
desired.

We showed that dy(e;) = use; and do(f;) = v; f; for some scalars u; and v;. But now

do(o) = doles, fi] = [do(es), fil + e, do(fi)] = (w; + v3)a
and, on the other hand,

2Ui€i = 2d0(61) = do[O(;/, 61'] = [do(a;/), ei] + [Oél\-/, do(el)} = (Ul + Ui)Oé;/ + 2ui€i

and if follows that w; + v; = 0, that is, v; = —u;, and moreover, that dy(«;) = 0.
Because the elements «, generate ) as a vector space, it also follows that dy(h") = 0.
Finally, because «,...,«, are linearly independent, there is some i € h such

that («;,h) = u; for all i = 1,...,n. Then observe that ad (h)(«;) = 0 = do()’) and
ad (h)(e;) = [h, ei] = (ay, h)e; = ue; = do(e;)
ad (h)(f;) = [h, fi] = —(u, h) fi = —wi fi = do(f3)

and thus ad (h)|y = dp. It follows from this that ¢(h+2) = d, and thus ¢ is surjective.
U

1.2.12 Exercise 1.12

Let g be a complex semisimple finite-dimensional Lie algebra with the Cartan ma-
trix A. Then a choice of a Cartan subalgebra ) C g and a root basis II C h* provides
g with a structure of a quadruple associated to the matrix A.

Solution (by C. Ajila). Assume first that g is simple. Let h be a Cartan subalgebra
of gand Il C h* aroot basis for the root system A = A(g, h) corresponding to h. Write

g:h@@ga
aEA

Recall that the Killing form B of g induces a non-degenerate bilinear form By, :
h x h — C and thus for each root a € A there is an element h, € h such that
a = B(—, h,). Then recall that

<O[, 5) - B(hOﬂ hﬁ)
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extends uniquely to a positive definite inner product on the real span V of A, and
that if we write I1 = {ay, ..., a,}, then, up to a permutation of the indices,

A= (ay) = (%) .

Since the map V' — R given by
<Oéi7 x >

H
. 2<Cki, Oéi>
is linear, there is an unique «; € h representing it. Thus we obtain a set IIV =
{af,...,a;'} which is linearly independent since II is.

Now, consider a set of 3n standard generators {e;, h;, f;}I, of g, where h; = alee
satisfying the Serre relations:

(@) [ez’, fj] = 5z'j = 6ijhz‘ = 51']'042/, (d) [hi7 fj] = _aijfj’
(b) [h“ h]] = ( for all i,j, (e) (ad ei)iaijJrl@j =0, if 4 7£ j,
(© [k e;] = aije;, O (adfi) @t f; =011 # ;.

Now, since II and IIV are linearly independent, A has rank n, dimh = n and
(), aj) = a;;, we conclude that (h,II,I1V) is a realization of A.

Since I1Y is a basis of h, relation (c) implies that [h, 4] = 0 for all h, A’ € h. Thus
Proposition 1.4 finishes the proof, provided we show that there are no nonzero
ideals in g whose intersection with § is trivial. But this is trivial since we are
assuming that g is simple.

Now for the general case, we decompose g as a direct sum of simple ideals, and
the Cartan matrix decomposes as a direct sum of Cartan matrices corresponding
to each ideal. Then the result is a consequence of Corollary 1.4. O]

1.2.13 Exercise 1.13

(This is for a less advanced reader.) Prove that the Lie algebra g = sl,,, of traceless
(¢ +1) x (¢ + 1) matrices with the usual bracket [A, B] = AB — BA is a Kac-Moody
algebra. In more detail, let £;;(i,j = 1,...,¢ + 1) denote the standard basis of the
space of all (/+ 1) x (¢ + 1) matrices. Let h be the space of all traceless diagonal
matrices. Then

o] =FEy;—Eiia(i=1,...,0)

form a basis of ). Define¢; € h*(i =1,...,0+ 1) by
€ (dl&g (a17 s ,CL[+1)) = a;.

Then
;= € —€i+1(i = 17"-7€)

form a basis of h*. Set

O=A{o,...,a}, IV ={of,..., 0/}
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Then (h,I1,11V) is a realization of the matrix

2 -1 0 0 O
A -1 2 -1 0 0
0O 0 0 -1 2

The root space decomposition with respect to b is

g=ha (@ CE,»J)

i#]

Set ¢; = Eiji1,fi = Eip14(t = 1,...,¢). Show that g = g(A), with the Chevalley
generators e;, f;. Show that {¢; — ¢;(i # j)} is the set of all roots, {¢; — ¢;(i < j)} being
the set of positive roots, and that n.are the subalgebras of strictly upper and
strictly lower triangular matrices. Show that the Chevalley involution is a — —‘a.

Solution (by L. Cartaya). We will apply Proposition 1.4 to the Lie algebra g =
sly1. First, we must verify the relations defining an auxiliary algebra for the gen-
erators ¢;, f;, and h € h hold. In fact, since E;;Ey; = 6, E;, by a direct calculation,

[, 0f] = [Eii = Eivri, Bjj — Bjpj]
= (Bii— Eiin)(Ejj — Ejn) — (Bjj — Ejajn) (B — Eiyrin)
—EiiEjjm — Bivin B+ BB + Ejrja B =0,

.....

~ Eij—Eiv1in ifi=j y
a) Vi = 1, ...,g, [eiafj] = Eii+1Ej+lj — Ej+1jEii+l = o . — 51]041 ,
0 ifi#j.
b) Vi,j e {1,...,(},
laf,e)] = (Ej; — Ejpj0) B — B (Ejj — Ej1j41)
= EijiiJrl - Ej+1j+1Em’+1 - E“quEjj + Eii+1Ej+1j+1
= (L ifi=j+lori=j-1
0 else
On the other hand,

(i —cit1)(Ej; — Ejr1j41)Eiina
(ci(Ej3) = il Ejurjn) — civa(Eyj) + cin1(Bjir ) Eiin

2E;i1 ifi:j

Then, [af, e;] = a;(aj)e;.

ozi(ozj Je; =



CHAPTER 1. BASIC DEFINITIONS 30

c) Vi,j e{l,....0},

[, fi] = [Ejj — Ejs1j11, Bigail

= EjjEini — EjvijniBin — BBy + EipiBjjn
9F,. ifi=j

= (B ifi=j—1lori=j+1
0 else

On the other hand,

—ai(of)fi = —(ci—ci1)(Ejj — Ejp1j01) i

= (—a(Eyy) + ci(Ejigi) + civa(Byy) — cinr(Ejiagn)) Bir
= By, ifi=j—1lori=j+1
0 else
Then, [of, fi] = —ai() fi-

Subsequently, we obtain «; for all i, from the commutator a). From the com-
mutators of the F;;.;’s we obtain all the strictly upper triangular matrices, and
from the commutators of the E;,,,;’s we obtain all the strictly lower triangular ma-
trices. Since the strictly upper and the strictly lower triangular matrices and the
«;’s are the generators of g, we have that {ey,...,es, f1, ..., fo,a, ...,/ } generate g as
a Lie algebra.

Also, we have that g has no non-zero ideals which intersect with § trivially, since
g is simple.

Note that det A # 0 which implies rank A = ¢. Then ¢ = dim b = 2¢ — rank A.

Finally, Proposition 1.4 finishes the proof. 0J

1.2.14 Exercise 1.14

Let g = P, 9, be a Z-graded Lie algebra such that every graded ideal is trivial,
g1 + go + g1 is finite-dimensional and generates g, and the g, modules g_; and g,
are irreducible and contragredient. Show that g is isomorphic to a Lie algebra

a(A).

Solution (by C. Ajila). The statement of this exercise is false. Here there is a
counterexample. It uses tools from Chapter 7 as well as a result not covered in the
book, namely, the Kac-Peterson conjugacy theorem [5, Theorem 2].

Let g = L(sly) = C[t,t 7] ®¢ sl5(C) the loop algebra on sl, = sl,(C), with bracket

[P(t) @2, Q(t) @y] = P)Q(t) ® [2,y], =,y € sb(C), P(t),Q(t) € C[t,t™].

Now, we show that g satisfies the hypotheses of the exercise. It is graded, for
we can set g; = t/ ® sl;(C), so that

9i,0;] = 9irj, G,JEZL (1.10)
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and then clearly and g = P ez 8- We also have that g_; @ go ® g1 is finite dimen-
sional and by we have that this vector subspace generates g as a Lie algebra.
Moreover, we have that the ad -representation of g, on g4, is the usual adjoint rep-
resentation, which is self-dual and irreducible, so g_; and g; are irreducible and
contragredient go-modules. Now, let a = B, a; be a nonzero graded ideal, then
a; # 0 for some j, but g; is an irreducible go-module, thus a; = g, and by we
deduce that a = g, so that g has no nontrivial graded ideals.
From Chapter 7 we have that

L(sly) = [sly, sly] /¢

where ¢ is the center of the affine Lie algebra sl = g (_22 _22> and also of its

derived algebra [57[2,;[2]. As usual, we write
1 0 0 1 00
=08 =) =0

ad(W)("@e)=2"®e, ad(h){t"® f)=—2"® f, ad(h)({"®h) =0

Note that

so that Ch is a toral subalgebra of g. Any abelian subalgebra of g containing » must
be contained in C[t,¢~!] ® h, but no element in C[t,t~!] ® h other than the ones that
belong to Ch are ad -semisimple. Thus Ch is a maximal toral subalgebra (or a split
Cartan subalgebra in the terminology of [5]). But by Theorem 2 in [5], we have that
any split Cartan subalgebra of £(sl,) = [sly,sl,]/c must be conjugated (under the
action of a certain group, which doesn’t matter right now) to '/c, where § is the
Cartan subalgebra of sl, and b’ the Cartan subalgebra of the derived subalgebra.
But now the linear functional « : Ch — C, given by h — 2, is a root, with

g =Clt,t " ®e

so that L(sly) has roots of infinite multiplicity, and thus cannot be of the form g(A)
for any matrix A, since if that were the case, by the above Kac-Peterson conjugacy
theorem, we will necessarily have that Ch would be a Cartan subalgebra having a
root of infinite multiplicity.

A very similar argument shows that the central extension g = £(sl;) ®CK, where
the bracket is given by

[t" @z + K t" @y + pK] =t"" @ [z, y] + MmOy ino(xy) K

and where (-]-) : sl;(C) x sl,(C) — C is the Killing form (or, equivalently, the trace
form) of sl,(C), also satisfies the hypotheses of the exercise (taking g, = gy ® CK)
but fails to be isomorphic to an algebra g(A). O

Remarlk 1.1 ((by C. Ajila)). The first time I tried to solve this exercise, I failed
miserably. I now know why. Nevertheless, I learned a couple of things in the
process to obtain the counterexample, that I want to mention here.
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1. Some structure on g.

Consider the solvable radical rad(gy) of the Lie algebra g,. We prove that
rad(go) = Z(go) is the center of g,. Equivalently, we must show that

n:= [rad(go), go] = 0.

Note that n is an ideal of gy. Also, if 91(g,) is the nilpotent radical of gy, then
n C N(go) and thus n is a nilpotent ideal of g, ([4, Corollary 1.41]). By Engels’
theorem, the vector space

01(0) :={x € g1 |[n,z] =0forall n € n}

is nonzero. We show that g,(0) is a go-submodule of g,. For this, let x € g,(0),
a € go and n € n. Then [n,a] € n and thus [[n,a,z] = 0 and, by definition,
[n,z] =0, thus

[, [a, 2]] = [[n, a], 2] + [a, [n, 2]} = O

so that [a,z] € ¢1(0). By hypothesis, g; is an irreducible go,-module, thus
91(0) = g;, that si [n,g;] = 0. By the same argument (or, if you want, using
that g ; is contragredient to g,) it follows that [n,g 1] = 0. As g 1 P go ® o1
generates g as a Lie algebra, this shows that the ideal of g generated by n is
contained in g, but as g4, # 0 (because they are irreducible g,-modules), and
the only proper graded ideal of g is the zero ideal, this implies that n = 0, as
desired.

Thus we have that rad(gy) € Z(go) and hence we have equality, as the other
inclusion always holds. By the Levi-Mal'cev decomposition ([4, Theorem B.2]),
there is a semisimple subalgebra s of g, such that

go = 5 X rad(go) = s X Z(go) =5 © Z(go)

which shows that g, is a reductive Lie algebra and hence, by [4], Corollary 1.56]
that

go = 8o ® Z(go)-
where g, = [go, 90] is the derived subalgebra of g,, which must be semisimple.

We now prove that dim Z(go) < 1. If Z(go) = 0 there is nothing to prove, so we
assume that Z(gy) # 0, and in this case Schur’s lemma implies that ad (z)|,,
must be a scalar operator on g;, for any z € Z(go), which proves the claim.
Moreover, in this case, there is some z, € Z(gy) such that [z9,2] = z for all
r € g1, and by an inductive argument, we deduce that [z, z] = jz for x € g,
and j € Z.

2. Encounter of a potential counterexample.

Here I explain how I became skeptical about this exercise. Assume that
Z(go) = 0. Because g is a semisimple finite dimensional complex Lie alge-
bra, we can choose a Cartan subalgebra b, and a root space decomposition

8 =0y ® D g

aeA!
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Let {a1,...,a,-1} and {af,...,a;/ ;} a choice if simple roots and co-roots for
gy, let (-|-) be the Cartan-Killing form, so that we obtain the corresponding

Cartan matrix A’ = (al-j)mzl 77777 n—1» where
_ 2(aifay)
aij = .
(i)

Now, g_, is an irreducible g,-module, hence an irreducible g;,-module, and as
g, is semisimple, this means that g_; is a finite dimensional highest weight
module. Let A € (g;)* be the highest weight of g_; and f,, € g_; be a highest
weight vector. By contragrediency, g; is a lowest weight module with lowest
weight —)\, and we choose a lowest weight vector ¢, € g;. The natural way of
thinking leads to assume that we must set o,/ = [e,, f,], but this automatically
produces a linearly dependent set {«, ..., }. I sincerely don’t think there is
another way to construct the remaining Chevalley generators (this is the way
in which Kac does it in [3]). The failure of this made me think that maybe the
claim of the exercise is false.

. The first infinite dimensional Kac-Moody algebra one wants to understand is
clearly sl,, whose derived algebra is a central extension of the loop algebra
L(sly). This loop algebra satisfies all the hypotheses of the exercise, so it is a
natural candidate.

My first attempt to show that this is a counterexample failed, but not all was
lost. Actually, one can show, with the theory from the book, that if £(sl,)
is isomorphic to an algebra g(A) then A must be invertible, it must satisfy
condition (1.7.1) from the book and it must be symmetrizable (because the
invariant bilinear form on sl, restricts to an invariant bilinear form on L(sly),
and thus we can apply Exercise [2.2.3). A = (a;;) must also satisfy something
less obvious: a; = 0 for at least one i. Indeed, if a; # 0 for all i, then by
Exercise [3.2.14]| and the remark following it, then g = g/(A) (recall that g has
no nontrivial graded ideals, so it must be perfect) is the universal central
extension of [g(A), g(A)]/c = g, which means that g is its own universal central
extension. But if some Lie algebra is its own universal central extension, then
any central extension must be split, which contradicts the fact that g has a
non-split central extension.

1.2.15 Exercise 1.15

Let b’ and V be two n-dimensional complex vector spaces with bases I1V = {a7, ..

Sarh

and {v,...,v,} respectively. Define a map ¢ : b’ — V* by (¢ (), v;) = a;;. Choose
a subspace h, of V* complementary to ¢ (f’), and let h = hy @ §’. Define «; € h* by
(@i, ho + Y2 ¢ ) = (i, ho) + 30, azicy, and let T = {, ..., o, }. Show that (b, IT, 1Y) is

a realization of A = (a;;).

Solution (by L. Cardenas). Condition (1.1.1). IIV is linearly independent as it’s
a basis of . Let’s see that II is linearly independent. Let’'s use the assumption
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() ho + Y cra)) = (vi, ho) + D, arici in the case in which ¢, = 0 for all £ so

<ozz-, ho + Z cka\k/> = (v;, ho)

Let’s prove that the «; are linearly independent. If there exists A,..., A, such that

<Z Aoy, hg + cha)ﬁ/> =0

for all hy € hy and for all ¢, with 1 < k < n, then in particular we have

<Z Am,ho> =0 Vho € b

So Zz AivU; € bg
We also have

0= Z i Zajicj = Z i ch <<p(ozjv), vi> = <Z cjgo(ozjv), Z )\ivi>
=1 7j=1 =1 7j=1 7j=1 =1

Sov => ", v € ph)°. So it annihilates both direct summands of the vector
space, and thus the entire VV*. This can only happens if v = 0, but {vy,...,v,} is
a linearly independent, which implies \; = 0 for 1 < i < n. Therefore {«;},<;<, is a
linearly independent set.

Condition (1 12) We take <CYZ', ho + Z CkCYZ> = <Ui, h0> + Zk Qi Ck with ho =0, C; = 1
and ¢, =0 for k # j, and it becomes (o, ;) = a;;.

Condition (1.1.3). By dimension theorem for vector spaces we have

n = dim(h") = dim(p(h')) + dim(ker(v))

And
n = dim(e(h")) + dim(ho)

So
n = dim(p(h’)) + dim(ho)

Noting that dim(p(h')) = rank(A) = ¢, we have dim(h,) = n—¢. Therefore dim(hodbh’) =
n —{ +n = 2n — ¢ which is equivalent to (1.1.3). O

1.2.16 Exercise 1.16

Let Aut(A) be the group of permutations o of the set {1,...,n} such that a;; =
as(i)0(j)- This group acts by automorphism of g'(A) by o (e;) = es), 0 (fi) = fow)
o (o) =y, Using Exercise 1.15, show that this extends (non-canonically) to the

whole Kac-Moody algebra g(A).
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Solution (by C. Ajila). Take V' = b’ with basis {a,..., o}, } and let ¢ and b, as
in Exercise|1.2.15 Let .1 = by @ b’ and define 5; € h} by the formula

<ﬁi, ho + Z CjOé;-/> = <a¢\7/(i)7 ho) + Z a;Cj.
J J

Set I, = {f1,..., 0.}, write 5’ = ozg(i) and IIY = {5Y,...,5/}, then (h;,1I,,IIY) is a
realization of A (by Exercise [I.2.15). Thus we obtain an automorphism o of g(A)
given by o(e;) = ey, 0(fi) = fo;) and the induced vector space isomorphism b — b;
provided by Proposition 1.1. OJ



Chapter 2

The Invariant Bilinear Form

2.1 Elaborations

2.1.1 Proof of Lemma 2.1 b)
Proof of Lemma 2.1 b). Let h; € h such that (hy | h) =0 for all h € h. We then have
0= (M ‘ o)) = (o, h)e;

and consequently h; € ¢, the center of g(A). In particular this implies that h; € b
(because ¢ C b’ by Proposition 1.6). Thus we can write h; = > | ¢ for some

scalars ¢y, ..., ¢,, and the proof given in the book applies. O

2.1.2 Characterizations of symmetrizability
Proposition 2.1. For an x n matrix A the _following are equivalent:
(i) A is symunetrizable.

(ii) There exists a diagonal matrix D with positive diagonal entries such that AD
is symumetric.

(iii) There exists a diagonal matrix D with positive diagonal entries such that D~'AD
is symumnetric.

(iv) *A is symmetrizable.

Proof. Suppose A is symmetrizable. Then there is a diagonal matrix with positive
diagonal entries D such that B = D7'4 is symmetric. Take a diagonal matrix £
with positive diagonal entries such that E? = D, then E = E~!'D and

E'AE =FE'DBE = EBE

which is symmetric. This proves (i)=(iii). Conversely, if B = D"'AD is symmetric
for some diagonal matrix with positive diagonal entries D, then

D2?A=D"'BD!

is symmetric and consequently (iii)=(i). One proves similarly that (ii)«<(iii), and
now it is clear that (iii)<(iv). ]

36
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2.2 Solutions

2.2.1 Exercise 2.1
The matrix A = (a;;) is symmetrizable if and only if

a;; = 0 implies a;; = 0 and

Qi1 Qigig -+ - Ajpiy = Qigiq Aigig - - - Aiqiy, for all ?;1, e ,ik.

Solution (by L. Cardenas). Lets call

aij:()(:)aji:() (21)

ailizaigig Ce aikil = am-l (Zi3i2 Ce ailik

Symmetrizable = (2.1).
If A= DB with B symmetric and D = diag(d,...,d,) nonsingular, then

aij = dzbz] = dzbﬂ = didj_l(lij

Also

n

n
Q149 Aigig - - - aikil = H diebil’izbbis e bikil = H dizbizilb’isiQ Ce bilik = Qjgiq Ajgig - - - amk
=l /=1

(2.1) = Symmetrizable.
First, let's observe that A is symmetrizable if and only if P~'AP, if we have

D = diag(dy, . ..,d,) and B symmetric then
P 'AP =P 'DBP = (P 'DP)(P 'BP)

We have that P~'DP = diag(dy(1), - - -, ds,) and P"'BP = P'BP is symmetric too.

So we will first prove it for A indecomposable, as the d;. for the different inde-
composable blocks don’t interact.

As A is indecomposable, for each 1 < i < n there exists 1 = iy,1y,...,i, = i such
that a;, i,y - .- @i, i, # 0. And S0 a;, ;, a4y, - - - @i, ;. , 7 0, by the second equation of
(2.1). So we will define

g = JiiaQins - Qisyis
D Qi iy - g,
Let’'s reformulate the problem and prove that for B = DA we have b;; = b;;. Let
1 =14y,49,...,is=1and 1 = j1, j2, ..., j, = j the choosen paths for i and j respectively.
If d;a;; = b;; = 0 then djaj;; = bj; = 0 by the first equation of (2.1). Let’s assume that
bij # 0, then bj; # 0.
bij aij dz
bl

Qg Qi ig i ig - -+ Qig_q,ig Qjo gy gz, 5o + + - A gy

ji Qi iq Qigin - - - Qigis_1 Ajy o Wja gz - - - Aj_yq G,

Qij Qi igQiggig - - - Vig_1is Qg1 Qjr_1,jro - - - Qg g1

Aji Qigig1 Qig_1yis_g -+« Qigiy Qg1 gaja gz - -+ Ajp_q 5,
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Let’s observe that on the denominator, ¢; = 1 and j; = 1 so both paths concate-
nate. Also j, = j and i; = i, so it goes from i to j, and a;; goes from j to ¢, so the
path is a closed loop and we can apply the second equation of and commute
the indeces. Then

Aij Qi igQiggig - - - ig_1is Qg gr 1 Qjr_1,Gr—a - - - Aja g1

Qi Qig_q,isQig_gig_q - -+ Gigjia  Ajo,j1 A g - -+ Qg gy

_ QiyigQigig - - - Qig_vyis Qi 1 Vg1 r—p - - - Bja i 1

Qi1 ia Qi iz + - - Aig_y,is Ujrjr1 Ajp_1,Gr—2 - - - Dja g1

And so B is symmetric.

2.2.2 Exercise 2.2

Show that the bilinear form (. \ .) is uniquely defined by properties a) and b) of
Theorem 2.2.

Solution (by L. Cartaya). Consider the algebra g(N) = EB g; as in the proof of

Theorem 2.2, with N > 0 an integer. Note that g(0) = go = h and g(l) =g 10hdg =
Z Ce; b Z Cf;. Also, consider h” the complementary subspace of ' =3 Ce; in

f) ie bh= f)’ h”.
We assume that there exist two bilinear forms on g(A), let (.|.) and (. \ .)',
which are invariants and such that for h € h, V', A" e b and i =1, ...,n,

(21.2) (af | h) = (o, h)e;, (2.1.2) () | h) = (i, h)es,
(2.1.3) (W |n") =0, (2.1.2) (W |n") =0,

Our strategy will be similar to the proof of Theorem 2.2. First, we will see that
(.1)18(1) = (-].)"|s(1). Secondly, we will prove by induction on N > 0 that
(1) 18V = (- ].) la(V).

Is immediate from the previous equations that (.|.) [h = (. |.)"|h.

The invariance of (.|.), the relations defining g(A) and the equation (2.1.2)

imply

(ei‘ [fih ) (elvfa ‘h)
(ei [ (s i) fy) = (800 [ h)
(aj, h) (ei ‘ f]‘) = 0;; <al,h) €

= (ei ‘ f]) = 0;5€

The same occurs with (. | .)': (e | fj)/ = i€
Now, for all i, h' € h we have

—{as h) (ei [ 1) = ([es, h] | W) = (ei | [ 1]) = (e [ 0) =
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We choose h € h such that (o;,h) # 0 for all i = 1,...,n, then (e; | h) = 0 for any .
Similarly, (f; | k) = 0 for any j. Likewise with (. |.)", 0= (e;| k) = (f;| k). So, we
conclude that (. |.)[g(1) = (. \ )’ |g( ).
We suppose that (. | .)|g( =(.].)|g(N —1) and
)

/

(gi]9;) =0=(gi| ;) if [i,|j] <N —1,i+5#0.

Then we have only to prove (z |y) = (2 |y) for 2 € gy and y € goy. Without
lost of generality, we assume that x € g_y and y € gy. It means that we can write
y = > [ui,v;], for some u;,v; € g(N — 1) homogeneous elements of positive degrees,

such that degu; + degv; = N. Then [z,u;] € g(N — 1) and we have,
:(:C‘Z[u“vz])@Z([x,uz]‘UZ)QZ([x ;] ‘vz @) |Zul,vZ = ‘y)/,

in (1) and (3) we applied the invariance of (. |.) and (. | .)/, respectively and, in (2)
we used the induction hypothesis.

Note that the hypotheses of non-degeneracy on h and symmetry were not nec-
essary in this proof. O

2.2.3 Exercise 2.3

Let (.|.) be a non-degenerate symmetric invariant bilinear form on g(A). Show
that the matrix A is symmetrizable, that \ )]b is defined by (2.1.2 and 3 ) for

some choice of h”, and that (. \ .) satisfies all the properties of Theorem 2.2.
[Set € = (61' fl)}

Solution (by Y. Sagurie). Sete¢ = (¢; | f;) for 1 <i < n. We start proving that
2.1.2 is hold for this election of ¢; as follows

(af [2) = (les fil [ 2

€ ‘ (i, h fi) (2.2)

Consider £ a complement of b’ = Z Ca; in . By Proposition 1.6 we have that

¢ C b’ furthermore (b')* —{yeb|(x\y)_0 Vi=1,...,n} C ¢ because,
yEl‘)/L — 0:(y‘aiv):ei<ozi,y> Vi=1,...,n, (2.3)

and since ¢; # 0 then (a;,y) =0Vi=1,...,n or equivalent y € ¢. Then there exist an
injection ¢ — h'* and taking dual we obtain a surjection ' — ¢ furthermore, since
z €t = (x]-) |t t* and by the surjection there exist y € §’ such that (z |-) =
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(y|-) i.e. taking a linear section o : ¢* — b, y =0 ((2|-)). Thenz — o ((z|-)) L ¢
and finally we choose h” = {z — o ((z | )) | « € €} with the desired property.
Now we will prove that the matrix A is symmetrizable. By

ajei = (o) [af) = (af | les fi])
= ([af,e] | ) 2.4)
= (a,a)) (e ] ) ’
CLL]'EZ' = ajﬂ-ej

Now we will set b; ; = a;’j. Notice that by bij =0b;;, forall 1 <i,j <n. Then
A = DB where D = diag(jel, €,...,€6,) and B = (b; ;).

Now we will begin to prove the properties of Theorem 2.2. Part a) follows directly
from its inclusion in the hypothesis. Part b) is proven in the first part of the proof
and (- \ -) |p is non-degenerate by the same arguments as Lemma 2.1 I would
rather say that it is non-degenerate because ) is orthogonal to all root spaces
for non-zero roots and ( \ ) is non-degenerate by hypothesis, since I don’t
think the argument in Lemma 2.1 applies -SG. For part c), let = € g,, y € gg and
h € b thus

0=

(2.5)

So, if a + 8 # 0 there exist some h € b such that (a + 38,h) # 0, then (z | y) =0 and
by arbitrariness of h, we have (g, | gs) = 0.
For partd) let x =z, +2_ € g, + g_o, Where z, € g, and z_ € g_,, such that

(z|y)=0forally € g, +g_o then, let c=h+ Y gs € g(A), where g3 € gz and h € b,
BEQ
then by c)

(z]e) =
(2.6)

concluding that z = 0 because (- | -) is non-degenerate and therefore (- |-) [g.+g_.
is non-degenerate.

Finally, for part e) we proceed with the same arguments as theorem 2.2. For
T € gas Y € §_o, Where o € A and h € b, we have

(loy)= (= [y)v i) [h) = (z|[y.h]) = (= |y) (v"(a) | )
= —(—a,h) (x ‘ y) — (:U ‘ y) (ar, h) 2.7)
= 0
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since (- \ -) |y is non-degenerated and by arbitrarily of », we conclude

[z, y] = (2 [y) v (a) =0

and equivalently [z,y] = (z | y) v (). O

2.2.4 Exercise 2.4

Let g = P, g; be a Z-graded Lie algebra, which is generated by g_i+ go + g:. Show
that an invariant symmetric bilinear form on the subspace g_; + go + g; such that
(g: | ;) = 0 whenever i + j # 0, can be (uniquely) extended to such a form on the
whole ¢g. (Here it is understood that invariance holds whenever it makes sense.)

Solution (by C. Ajila). Write, as in the proof of Theorem 2.2,

g(N) =P g,

l7I<N

for each integer N > 0. So in particular g(0) = go and g(1) = g1 + go + g1- By
the hypothesis, we have that g(1) generates g as a Lie algebra. We first prove the
following assertion:

(e) For j > 1 any element in g; is a sum of commutators of the form [e, z|, where
eegrandzx e g(j—1).

Similarly, for j < —1 any element in g; is a sum of commutators of the form [f, z],
where f €g_andx € g(j — 1).

Assume j > 1. For this it is enough to show that given a non zero “word”
a = ajas---a; wherea, € g 1UgoUg, forr=1,...,¢ such that dega; +---+dega, = j,
then a can be written as a sum of such commutators. We proceed by induction
on the length ¢ of a. The claim makes no sense for ¢ = 1 so the base case is ¢ = 2.
Then we can only have ay,a, € g; and j = 2 and there is nothing to prove. Assume
the result holds for words of length less than ¢ > 3. Since j > 0 there is a least
integer r such that a, € g;. We consider three possibilities:

® Case 1. r =1. Then ¢’ = ay---a, is a word of length ¢ — 1 of degree j — 1 and

we can write

a = Z[ei, ]
where ¢; € g; and z; € g(j — 2) and we have

a = Z[al, ;]

where u; = [e;, ;] € g(j — 1), and we are done in this case.
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* Case 2. r > 1 and a,_; € go. Then Jacobi’s identity gives
Ar—1QpQpyy =" Qp = €pQpq1 - A + QpQp—1Qpy1 *** Ay,
where ¢, = [a,_1,a,] € g;. Then
a4 =Q1- " Qpr2€Qpy1 " Qp+ Q1 Qp2QpQpr_1Qpy1 * Ay,

and both summands in the right hand side have a first appearance of an
element of g, in position r — 1, and we are done by backwards induction on r.

® Case 3. r > 1 and a,_; € g_;. Then by Jacobi’s identity
Ar1QpQpy1 -+ Qg = hGpyy - Qg+ QrQr_1Grgq - - Gy,
where h = [a,_1,a,] € go. Then we obtain
a=ay - Qoh@r i1 -ap+ay- Q20,0 1Gr41 - .

The first sumand in the right hand side is a word of length /—1 and is handled
by induction on /. The second summand has an element of g; in position r—1
and is handled by backwards induction on r.

The proof for j < —1 is similar.

Let (-|-) a symmetric invariant bilinear form on g(1), such that (g;|g;) = 0
whenever i+ j # 0. We prove by induction on N that (- \ -) has an unique extension
of g(N) which is symmetric, invariant and satisfies (g; \ g;) = 0 whenever i + j # 0
(invariance understood to hold whenever it makes sense).

For N =1 this is just the assumption. Assume there is an unique extension of
this bilinear form to g(N —1) and let z,y € g(N). If 2,y € g(N — 1) there is nothing to
construct, and if both x and y lie in g_y or both in gy, the only possibility is to set
(:1: \ y) = (, so we only need to consider the case when z € g_y and y € gy. Write,
using (e)

¢

=1
where u; € g; and v; € g(N — 1). Then we have [z,u;] € g(N — 1). Any extension of
the given symmetric invariant bilinear form on g(N — 1) must satisfy, in order to
preserve invariance,

(x‘y)zz x‘uz,vl :Z xuz‘vl (2.9

and because [z, ;] and v; lie in g(/NV — 1), this shows that any such extension must
be unique. In order to prove its existence, we define it on the elements z and
y by (2.9). For this to be well-defined, we need to show that this expression is
independent of the decompositions of x and y of the form (2.8). To do so first we
show that given indices i, j,k,¢/ € Z such that |i+ j| =|k+/¢ =N,i+j+k+(=0
and for ¢t € {i,j,k,(}, |t| < N, and consider elements z; € g;, we have that

([, 2], 2] | we) = (@i | [z, [an, x]]) - (2.10)
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Indeed, we have by the invariance on g(N — 1), antisymmetry and by Jacobi’s iden-
tity,

([[ws, 5], ] ‘ z0) = (| [%,xk + [, [, 2] ‘xﬁ)
( T, T ZL‘K]) + (x, ‘ [[xj,xk],a:g])
= (@i | [zn, flfgvl"e]]) + (i | ([, 2, 2]
(3:Z ‘ x;, iL'k,ZIZ'g]])

Now, given a decomposition
r=Y [w;,z]
j=1
as in (2.8), we have, by (2.10),
([wy, 2], wi] [ vi) = (wy | [, [ws, vil])
and summing over ¢ and j this gives

14

m
g xuz‘vl E wj‘z], )
J=1

=1

and both sides of the equation equal to (z \ y) by definition. Thus, since the left-
hand side is independent of the decomposition of z and the right-hand side is
independent of the decomposition of y, we see that (z |y) is independent of the
decomposition of x or y so it is well-defined.

We prove now that the invariance condition

([0l ]2) = (¢ ] ly.21)

holds whenever z,y, z and also [y, z] and [z,y] lie in g(/V). To see this use the de-
composition (2.8) of y to see that

]~

([z,y] ] 2) =

([=, [uj,v5]] | 2)

<.
Il

I
™~

(([[x7uj]’vj] ‘ z) + ([ujv [J},Uj” ‘ Z))

<.
Il

I
]~

((loyug] | vy, 2]) = ([, v3] | [ug,2]))

1

<.
Il

I
]~

(( [ Tugs fogs 211) = ([ oy, [, 21T))

1

o,
~

(| [[uj,vs], 2])

=1
[y, 21) -
This completes the proof. OJ

—_— .

X
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2.2.5 Exercise 2.5

Let (.|.), and (.|.), be two non-degenerate symmetric invariant bilinear forms
on g(A) and assume that A is indecomposable. Show that there exists an auto-
morphism ¢ of g(A) which leaves g'(A) pointwise fixed and preserves b, such that
the bilinear forms (z | y), and (¢(z) | ¢(y)), are proportional. Show that any two
invariant bilinear forms on g'(A) are proportional.

Solution (by L. Cartaya). We write
g(A4) =g'(A)+b,
where g'(A) is the derived subalgebra and § is the Cartan subalgebra. Consider

(.].), and (.| .), two non-degenerate symmetric invariant bilinear forms on g(A).
Note that, by exercise 2.3, (. |.), and (. | .), are defined by (2.1.2 and 3) and satisfy
all the properties of Theorem 2.2., with a choice of " for both bilinear forms.

Following the construction of ", given in the solution of exercise 2.3; by two
selections of linear sections in that construction, we choose a complement for by,
said Y, for (.| .), and other complement, said b3, for (.|.),. Since g'(4)Nbh =1V,
we have

9(A) = g'(4) &b} = g'(A) & by,
Now, we construct the required automorphism ¢ : g(A) — g(A):
* ¢ must be the identity restricted to g'(A), so we should prove that

(z]y), =A(6(2) | 6(y)) = A (2| y), for 2,y € g'(A).

Since A is indecomposable, the election of the matrix D = diag(ey, ..., ¢,) in the
decomposition (2.1.1) of A, is unique up to a scalar A € C. Then, if we select
el = (ei| f;), and € = (e | fi),. as in t exercise 2.3, we have

(e ‘ fl)l =€ =i = (e ‘ fz)z Vi=1,...,n.

By (2.1.2),
(e | h), = € {ai,h) = Aei{ai, h) = A (o | h), YhehVi=1,.. n. (2.11)
Then
(h|B), =X (h| ), ¥h,} €.
To prove that (z |y), =A(z|y), forz,y € g(A)\ b Incomplete

— Li.

* Set ¢y : b7 — by such that ¢(h) € by for h € h}. We want to prove that
(z|y), =x(o(x) | d(y)) forz,yeby.

But both sides of the previous equation are 0, because both bilinear forms
are zero in b.

To prove that ¢ is an isomorphism of Lie algebras

* To extend ¢ to an automorphism of g(A), verifying the condition

(I‘y)1:>‘('x‘y)2
for z € g/(A) and y € b.
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Solution (by C. Ajila). This exercise turned out to be harder than we all thought.
I will proceed in several steps. We denote by ¢ the center of g(A) (which is also the
center of g'(A)). Recall that dimc¢=n — /.

Step 1. Let (-|-) be any invariant bilinear form on g(A) and h” a complementary to by
in . Then the restricted bilinear form (-|-)|y«. : h” x ¢ — C is non-degenerate.
Indeed, by Exercise there is some subspace h of h complementary to b’
such that h = ' & b and such that (-|-)|, is defined by (2.1.2 and 3), and this
bilinear form satisfies all the conclusions of Theorem 2.2. We first prove that
(-I')[oz e is non-degenerate. Let z € ¢ such that (z|c) = 0 for all = € hy. Then we have

(a)|2) = (i, 2)ei =0

by Proposition 1.6 and (2.1.2). Thus (z|c) = 0 for all z € h, but by Theorem 2.2(b),
(‘]-)]s is non-degenerate, thus z = 0. Because dimc¢ = dimbj = n — ¢, this implies
that (-|-)[ys«. is non-degenerate.
Now, for the general case, let z € §” such that (z|z) = 0 for all z € ¢. Write
r =12’ +xy where 2’ € b’ and z, € h(, then as ¢ is the radical of (-|-)|, (Lemma 2.1(a))
we have that
0 = (z]2) = (2'|2) + (zo]2) = (w0l2)

for all z € ¢, thus z, = 0 by the non-degeneracy of (-|-)|y.., but then z = 2’ € h"Np’ =
0, so z =0, as desired.

Step 2. Write h = b @ b for some complementary subspace " of ' inh. Any
automorphism ¢ of g(A) which is the identity on g'(A) and preserves | is of the form
¢ = 1—¢&op wherep : g(A) — b is the projection relative to the decomposition
g(A) =g (A)dh and ¢ : b — ¢ are linear maps. Conversely given such p and &, then
¢ = 1 — £ o p defines an automorphism of g(A) which restricts to the identity on g'(A)
and preserves .

Indeed, assume we are given an automorphism ¢ whose restriction to g'(A) is
the identity and that preserves h. Define ¢ : " — g(A) by &(h) = h — ¢(h). As
¢ preserves h we have that {(h) € b, so that £ : h” — h. Now, ¢ is a Lie algebra
homomorphism, thus for any 4 € §” we have

(i, p(h))ei = [0(h), ei] = [¢(h), p(ei)] = ¢([h, ei]) = (e, hydlei) = {eu, hye;

so that
(i, h —&(h)) = {ai, h)

forall:=1,...,n, so that («;,&(h)) = 0 for all 7, which means that {(h) € ¢. Hence
£:h" — ¢, and thus ¢ =1 — £ o p, as desired.

Conversely, assume ¢ = 1 — ¢ op. Then clearly ¢ restricts to the identity on g'(A)
and this is a vector space isomorphism with inverse 1 + £ o p. As the image of ¢ is
contained in the center of g(A), it is clear that ¢ is a Lie algebra homomorphism.

Step 3. Conclusion.
Write 51@ = (e]fi); for j = 1,2 and i = 1,...,n. Let D; = diag(e],...,€]), then
DBy = A = DyB; for certain symmetric matrices B; and B;. By Remark 2.3, there
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is a nonzero scalar ¢ € C such that ¢D, = D,, and thus we have that

([ nlycay = C1alga)-

By Exercise 2.3 there are subspaces b} and b; such that h = b’ @ b7 and (-|-)], is
given by (2.1.2 and 3) and satisfies all the properties listed in Theorem 2.2, for
j = 1,2. Choose bases

{hb e hn,g} and {Zl, N Zn,g}

for b} and ¢, respectively. We now, from Step 2, that the desired automorphism
¢ :g(A) — g(A) must be of the form ¢ =1 — { o p for some linear map ¢ : h] — ¢ and
thus must satisfy

c(z|y)r = (o(7)](y))2 (2.12)

for all x,y € g(A). This condition is already satisfied if = or y lies in g¢'(A4), thus
we need that holds for z = h,y = I/ € b]. But note that the left hand side
vanishes in this case, so all we need to do is to find a linear map ¢ : hf — ¢ such
that

(h = &(h)[R" = &(1')2 =0,  h,h" € by (2.13)

Let U = (ui;)i j=2,..n be a complex matrix, whose entries are to be determined. Set

n—~t
E(hy) = uigz,
=1

then equation (2.13) becomes

n

Z(hj‘zl)2ulk + (hk‘zz)2uz] = (hjlhk>27 .ja k= 17 cee, = l.

i=1

This can be written as
MU +'(MU)=H

where M = ((hi|zj)2)ij=1,.n—¢ and H = ((hr|h;))ij=1,..,
associated to the restricted bilinear form ()[4 ., which is non-degenerate by Step
1, so M is invertible. If we take U = ;M 'H, as H is symmetric, we obtain

1 1
MU +'(MU) = S+ §tH =H

so that U is a solution, given the desired morphism ¢. This completes the proof. [J

2.2.6 Exercise 2.6
Show that the adjoint representation of g(A) is restricted if and only if dim g(A) < cc.



CHAPTER 2. THE INVARIANT BILINEAR FORM 47

Solution (by L. Cardenas). Assume that dim(g(A)) < co. The root decomposition
of g(A)

Q(A):h@ @ Ha

acQ—{0}

implies that there are finite roots. So, every representation is reduced in this case.
Assume that dim(g(A)) = co. Let’s call

Ok = @ o
ht(a)=k

In virtue of the equation (1.2.4), for every k € N, dim(gx) < oo, thus for every n,
dim(gx) > 0. By the elaborations (1.1.1), we know

Ok C Z [g5—1. €]
i=1

So for every k € N, there exists a 1 < i, <n, such that [g;_1,¢;,] # 0. This defines a
function p : N — {1,...,n}, k — i, and, by cardinality considerations, there exists
a1l < j < n such that p~!(j) is infinite. This gives us a sequence j, of positive
integers such that [g;,,e;] # 0 for every k € N, therefore for ¢; there is an infinite
number of roots a such that (ad g, )(e;) # 0, therefore the adjoint representation is
not restricted. O

2.2.7 Exercise 2.7

Let {z;} and {y;} be bases of n,and n_, dual with respect to an invariant bilinear
form on g. Show that , = 2) . y;z; is independent of the choice of these bases.
Prove an analogous statement for 2,.

Solution (by C. Ajila). Let {2} and {y/} be another pair of bases of n,and n_,
respectively, dual with respect to the same invariant bilinear form on g. We can

write
vi=Y (wly)ry and y; = (zhly:)yh
J k
Then

> yimi=) Z(l‘k!@ﬁ)%) (Z(xi\y})l‘})

i i k J
= Z(%!w)(%l%)) e
7.k 7
= Z(wﬂyi)éix(we\y})) YA
ik \ i

- Z(wﬂyi)(fci|ye)(w\yé)> o,

7.k 1,0
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=D | 2_(whly) (33 Z(W?Jé)yﬁ)) Uit

.k i ¢

4.k i
= Z(xﬁe]yi)xi yé) yllcx;
4.k i

gk
o ro
= E :5k7jykxj
jk
. /0
= E :ijj
j

which proves that {2y does not depend on the choice of the bases for n, and n_, as
long as they are dual with respect to the invariant bilinear form.

Keep the same notation, but now assume that {z;}, {y;}, {«}} and {y.} are basis
of the whole Lie algebra g. Then

Zx Dyi= (Z(my;)x;) ® (Z(wz\yi)yé)

7 J k

> <Z<xi|y;><x;|yz->> 7 © v

7
and we have

> (@ily) (@hly) = (@ily}) (@ilye) (x| ye)

= 2_(@ily) (l’% Z(fﬂel%)%)

= D (el (o)
= (Z(UCU%)% yé)
= (T4]y}) = Ok

Z:cz'@yz- =Z5j,kl‘§®3/§c:z$3®y§
i j.k J

as desired. O

and thus

2.2.8 Exercise 2.8

Let g = g(A) be a simple finite-dimensional Lie algebra. Choose a basis vy, ..., v,
of g and the dual basis v',...,v? with respect to the form (- |-). Set Q = >, v;v'".
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Show that 2 coincides with the Casimir operator defined in §2.5. Show that p is
the half-sum of positive roots of g.

Solution (by Y. Sagurie). The strategy here will be to prove that ( is independent
of the choice of a basis and then choose a convenient basis to ensure equality of
operators.

Let v, ...,y, another basis of g(A) with ¢!, . .., 3¢ its dual basis under the bilinear
form (-|-).

d d
_ ey i Cayd
Yi = E :awv], Yy = E ,\bwv
=1 j=1

and by duality of the basis

d
' L i e
yz‘y] Zazk Uk‘yﬂ :; yl"U ’Ukyﬂ):{oz 1f ZZ#? (2.14)
and similarly
d
; 1, if i =y7;
(U,UJ):Z(Uiyk)(ykw):{ oo (2.15)

e
Il
—_

d
Set V' = 3" ;5. By duality of the bases
i=1

d
X= >y
T a
= 2.2 2 Gighipupo™
i=1 k=1 m=1
d d d . ,
= X5 X (| v") (vm | ¥') vev™
i=1 k=1 m=1
d
where the coefficient of v;v* is Y- (v; | v*) (v | ¥*) = 1 by (2.14) and the coefficient of
=1

o™ with k # m is Z (yi | v*) (v | ¥') = 0 by (2-15) obtaining that Q' = Z vpoF =
So the deﬁmtlon of Q non depend on the basis, let to ehoose the followmg base of

..........

ofg_,, {uZ dimeh o base for b vmth dual base {u/}{™¢", let us assume some total order
to Ap = {aW, .. a2}, thus

( eg()l), for i=j=1,..., mult(aW);
GSB\AH)’ for i =7 —mpa, -1 =1,...,mult (alA+1);
q; = Uj, fOI‘i:j—m‘AH:l,...,dimcf);
eg)aww, for i = j —ma, —dimch=1,... mult (al2+D);
\ e@a(l), for i =j—p —ma, —dimch=1,... mult (D),
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where m;, = Y°F_, mult (o(?) and p, = 322 mult () and dual basis

Vd—j+1, if .] = 17 S ALY
¢ =9 u for i=j—mua, =1,...,dimch;
Vg—j+1, for j—py —mia, —dimch=1,... mult (a),
DG = X doelaent D denel, +23 u
aEAL 1 a€EAL i i
= QU+ Z Z[ Cos —a]—i_QZul
aEAL i '
= Qo+ > mult(a)r !« )+22uiul,
QEA+ %
Now notice that by Theorem 2.2 [¢}, ¢’ ] = (¢!, | ¢',) v (a) = v (a).
We are left with verifying that Z mult (o)~ (a) = 2v7(p) O
aEA L

Solution (by C. Ajila). First, I will prove that in this case (that is, if g = g(A) is
a simple finite-dimensional Lie algebra), p is precisely half the sum of the positive
roots. I will make free use of the structure theory of finite dimensional semisimple
Lie algebras (which at this point should be second nature). First, as g is a finite
dimensional simple Lie algebra, we can assume that A is an abstract Cartan matrix
(see [4), pp. 158, Proposition 2.52 and Theorem 2.98]). A is a non-singular matrix
thanks to Proposition 1.7(a), and thus p € h* is completely determined by the

equations
1

(p,aiv)zﬁaiizl, (i=1,...,n).

1
Now let p = 3 Z a. Define a linear automorphism r; of h* by

acAt
’l”z()\) =\— <>\, Oél\'/>051

Note that r;(o;) = —a; and that r? = 1. I claim that r;(A; \ {a;}) = A\ {o;}. Indeed,
if o € Ay \ {oy;} by Lemma 1.3 we have (o« + Za;) N A C A,, and the claim follows.
Hence we have

ri(2p") = ri(ai) + i Z af =—o+ Z a=2p —20q
a€A\{as} acA\{as}
so that r;(p") = p' — a; = p' — (p, @ )a;, which shows that
W,y =1 (i=1,...,n)

and thus p = p'. Now, as g is simple, all root spaces are one-dimensional, and thus
mult(«) = 1 for all « € A*. This shows that

and completes Yamil’s solution. OJ
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2.2.9 Exercise 2.9

Show that the g(A)-module 7'(V) constructed in the proof of Theorem 1.2 has a
unique maximal submodule J(V'). Show that 7'(V')/J(V) is an irreducible restricted
g(A)-module

Solution (by L. Cartaya). Recall that T(V) = QB Ver = EB T*(V). By 3) in the

action of g(A) on the tensor algebra 7'(V) deﬁned in the proof of Theorem 1.2,
the action of h € h over T'(V) is diagonal, which depends on A € h*. Consider a
graduation on 7'(V') based in this diagonal action, then

BeEQ+

By Proposition 1.5, any submodule, said M, of 7'(V) is graded with respect to this
graduation. It means,

Since h(1) = (A, k)1, 1 is a vector with weight \. So, if we assume M, # 0, then
1 € M,; which implies that 1 € M. Now, 1 generates 7(V) as g(A)—module, then
M = T(V), but this is a contradiction because M is a proper submodule. Thus,
M, = 0 for any proper g(A)—submodule of 7(V'). Then, the sum of all of them, said
J(V), is in positive degree, and it is precisely the maximal g(A4)—submodule of T'(V'),
which is equivalent with the fact that 7(V)/J(V) is an irreducible g(A)—module.

Next, we want to show that 7'(V)/J(V) is irreducible as g(A)—module. Since

g(A) = g(A4)/r, we want to show that t7(V)/J(V) = 0. It is enough to prove that (incomplee

(V) C J(V).
To prove that 7'(V')/J(V) is a restricted g(A)—module. O

Solution (by C. Ajila). We prove by induction on p that given any sequence
i1,...,1i, of elements from {1,...,n}, then

h(v;, ® --- ® ;) —</\ Za,, >v“ Qg

for all 4 € h. The claim is obvious for p = 0 for in this case we have h(1) = (A, h)1.
Assume it holds for p, then by ) in the proof of Theorem 1.2, we have that

h(vh @ Viy QR Uip+1) - <ai1> h>vi1 ® Vig D vip+1 + Viy ® h<vi2 @ Uip+1))
= - <ai1> h>vi1 QViy @+ & Vipia

p+1
fo ® <>\ S > B
p1
—</\_Zaij’h> Vi @ Vip @0 @ Vi
j=1

— Li.
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as desired. We set, for each o € (),

T(V)A—a = Spallc {Un K- ® Vi,

p
E O[i]. =
=1

with the obvious convention that 7'(V), = C1. Then as the vectors v;, ® - -- ® v;, for
a basis for T'(V'), we have that

(V)= P T(V)a

a€Q+

so that 7'(V) is an h*-graded h-module, and, moreover,
T(V),={xe€T(V) | h(zx) = (u h)x for all h € h}.
Note that by o) in the proof of Theorem 1.2, we have that
fo fi,(D)=v, @ Qu,

which shows that T'(V) is a cyclic g(A)-module generated by 1. Thus if M is any
proper submodule of 7'(V), M is again h*-graded by Proposition 1.5, and thus
M, = 0 for otherwise 1 € M and thus M = T(V). This shows that the sum J(V) of
all proper submodules of 7'(V') is a proper submodule, as such sum must verify
J(V)x = 0, so that J(V) is the maximal proper submodule of 7'(V'). Equivalently,
L(V):=T(V)/J(V) is a simple g(A)-module. We want to show that L(V) is a g(A)-
module, for this, we need to show that ¢«(7'(V')) C J(V), or, equivalently, that ¢(7(V))
is a proper g(A)-submodule of T'(V). It is clear that ¢(7T(V)) is a g(A)-submodule of
T(V), and thus is h*-graded. If ¢(7'(V)), # 0 then 1 € ¢(7T(V)), which is impossible
as T(V) is (isomorphic to) the universal enveloping algebra U(n_) and ¢ has trivial
intersection with . Hence ¢(7'(V)), = 0 and ¢(7(V)) is a proper g(A)-submodule of
T(V).

All we are left is with showing that L(V) is a restricted g(A)-module. But this
is simple: given @ € L(V'), where a € T(V) write

m

CLZZ Z c(i)vi1®--~®vip.

p=1 ()=(i1yeery ip)

If « is any positive root with ht (o) > m, from ~) in the proof of Theorem 1.2 we have
that

€1 Ehe ()@ = 0
and as the e-generators e;, ---¢;, - for a;, +---a;, ., = o generate the root space
g.. we deduce that the set of positive roots o such that g,(a) # 0 is contained in

the set of roots with height at most m, which is finite. So L(V) =T(V)/J(V) is an
irreducible restricted g(A)-module. O
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2.2.10 Exercise 2.10

Let go be a finite-dimensional Lie algebra with the bracket |-, -], and a non-degenerate
invariant symmetric bilinear form (- | -). Let d be a derivation of the Lie algebra g,
such that (d(z) | y) = — (x| d(y)) for =,y € go. Set g = gy ® Cc ® Cd, where ¢ and d
are some symbols, and define a bracket [, | on g by:

[z, y] = [2,ylo + (d(2) [ y)c for z,y € go
[c,x] =0 for z € g;[d, z] = d(z)

Check that this is a Lie algebra operation. Extend the bilinear form (. | .) from
go to g by setting

(d]d)=(cle)=0,(c[d) =1 (c|g0) =0 (d]g0)=0.

Show that this is a nondegenerate symmetric invariant bilinear form on g.

Solution (by C. Ajila). We need to show that the antisymmetry condition [z, 2] = 0

holds for z € gg: 3 3
[, 2] = [z, z]o + (d(z) ‘ z) = (d(z) ‘ ),

but since (- | -) is symmetric and
(Zl(q:) ‘ x) =— (:U ‘ Zi(a:)) =— (3(1’) ‘ a:) :

we conclude that (d(z) | 2) = 0 and consequently [z, 2] = 0.
We now prove the Jacobi identity

[z, [y, ]| + [y, [z, 2]] + [z, [x,y]] =0, forall z,y,z € g.

It is enough to prove if for generators of g as vector space. Because c is central, we
only need to consider three cases:

® Case 1. If z,y, z € go. We have
[z, [y, 2] = [, [y, 2o + (d(y) | 2) ]

L, [y,Z}o]
y, zJolo + (d(x) ‘ [y, 2]o) ,

and, since d is a derivation and (- \ -) is symmetric and invariant,

= [
= |

LC,[,

(d(2) | [z.9]0) = = (2 | d([z, 9]o))
= — (2| [d(x),y)o + [z.d(y)]o)
= (2| [y, d(@)]o) — (2| [z, d(y)]o)
= ([z.9l0 | d(x)) = ([z.2)o | d(y))

Thus, we obtain

[ZL‘, [y,ZH + [yv [Z,JL‘]] + [27 [x,y]] = [l‘, [yaz]O]O + (d(l’) ‘ [1/72]0)
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+ [y, [z, 2lolo + (d(y) | [z.2)0) + [2, [z, ylolo + (d(2) | [z, 9]o)

=z, [y, 2]o ] + [y, [2, Z]olo + [ [z, ylolo

+ (d(@) [ [y, 2o) + (d(y) | [2,2)0) + (d(2) | [, y]o)

= (d(z) | ly, ]o) + (d(y) \ [2,2]0) — (d(z) | [y, 2]o) — (d(y) | [z, 2]o)
=0,

which handles this first case.

® Case 2. 1,y € go and z = d. This case is equivalent (thanks to antisymmetry)
to show that the map go — go given by z — [d, 7] is a derivation of g,. But this
is trivial since this map coincide with d, which is a derivation.

® Case 3. y,z =d and z € go. Here we need to prove that
[z, [d, d]] + [d, [d, z]] + [d, [x,d]] = 0,
which holds true trivially.

This shows that [, ] gives g a Lie algebra structure.

Now extend the bilinear form (- \ ) to g as indicated, so that {c,d} is an hyper-
bolic pair with respect to this bilinear form. It is clear that this bilinear form is
symmetric. We prove that this is invariant. For i =1,2,3 let w; = z; + a;,c + b;d € g,
where z; € gy and a;,b; € C. Note that

(i, uj] = [, 250 + bid(2;) — byd(x;) + (d(x,)
and consequently, for {i,j,k} = {1,2,3},
([ui,uj] ‘ uk) = ([Ii,Ij]o ‘ xk) +b; (E(mj) ‘ xk) —b; (E(xz) ‘ xk) + by, (3(m,) ‘ xj)
= ([l‘z‘,%’]o ‘ xk) +b; (a(%‘) ‘ Ik) + b; (a d
and from this we have
([ur,uo) | us) = ([a1, 220 | x3) + by (d(2)
( [z2, 953]0) + by (3(903)
= ([xQ,xg]o ‘ ml) + by (E
(I
(

which shows that (- | -) is invariant on g.

Finally, we prove that this form is nondegenerate. For this, let u = x4+ ac+bd € g
with = € gy and a,b € C such that (u|v) =0 for all v € g. Taking v =y € gy We
obtain

0=(uly)=(c]y)
thus z = 0 since (- | -) is nondegenerate on go. Taking v = ¢ we obtain
0= (u|c)=b
and taking v = d we obtain
0= (u ‘ d) =a

thus v =0 and (- | -) is nondegenerate on g. O
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2.2.11 Exercise 2.11

Let g be a solvable n-dimensional Lie algebra with a nondegenerate invariant sym-
metric bilinear form. Show that either g is an orthogonal direct sum of (n — 1)-
dimensional and 1 -dimensional Lie algebras, or g can be constructed as in Exer-
cise 2.10 from an (n — 2)-dimensional Lie algebra go.

[Let i be a 1-dimensional ideal in g. Show that i lies in the center (using the
fact that coadjoint orbits are even-dimensional). If i is isotropic, consider it and
the Lie algebra g, = it /i.]

Solution (by C. Ajila). First, since g is solvable and finite dimensional, by Lie’s
theorem there exists o € g* and 0 # = € g such that

ad (y)(z) = (a,y)x forally € g.

Thus Cz is a 1-dimensional ideal of g. We prove that z is central in g or, equivalently,
that o = 0. Assume the contrary and fix a vector z € g such that (a,z) = 1. The
linear map ¢ : g — g given by

p:y—y+(a,y)z

is injective, for if y + (o, y)z = 0 for some y, then y = az for some a € C and conse-
quently a(1 + («a, 2))z = 0 from which ¢ = 0 and consequently y = 0. Because g is
finite dimensional, we conclude that this map is a vector space isomorphism and
consequenty surjective.

Now, let y € g be arbitrary. Invariance gives us

(x‘y%—(a,y)z):(x‘ a, 2)y + ayz)
(@, 2)z | y) + (o) | 2)

(
(H’ y) + (v, \2)
(z
0

A) = (] [y, 2])

I

and since ¢ is surjective and (- \ -) is nondegenerate, we conclude that z = 0,

a contradiction. Thus a = 0 and z is central. Hence we have proved that g has

1-dimensional ideals and that every 1-dimensional ideal is contained in the center.
Let i be a 1-dimensional ideal of g. We consider two possibilities:

e Case 1. iis anisotropic. Let g; = i*. As i is anisotropic, we have that g, Ni =0
and by dimension comparison we have that

g=g1Di

It is clear, by the invariance of (- | ), that g, is an ideal of g and we are done
in this case.

e Case 2. i is isotropic. Write i = Cc for some nonzero vector ¢ € g. Then i C i+
and dimi* =n— 1. Let g = i*/i. Because i is isotropic, the bilinear form (- | )
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descends to a nondegenerate invariant bilinear form (- \ -) on go. Note that
dimgy =n — 2.

Now, since c is an isotropic vector, there exists a hyperbolic plane containing
¢, so there is an element d € g such that {c, d} is a hyperbolic pair, that is,

(c‘c):(d‘d):() and (c‘d)zl.
Now, d ¢ i* so we have g = i* @ Cd. We define a derivation d : gy — go by
d(x +1) = [d, 7] +1i.
This is well defined since c is central and it is an ideal. This derivation verifies

(dz+i)|y+i)=([da]|y) == (2 |[dy]) = (z+i| dy +1)).

Also it is clear that
it =(@{rndH) o

Let g be the Lie algebra obtained from g, adjoining the elements ¢ and d as in
Exercise 2.10. Define a linear map

f:g9—79 zx+ac+bd—T+ac+bd, xecitnd-abeC

where 7 denotes the image of z € i' in go. This map is clearly a linear and
surjective, so by dimension comparison, an isomorphism of vector spaces.
Now we have, with the obvious notation,

[fL‘l —I— aic + bld, ) —|— aoC —I— bgd] = [ZL‘l, 272] + b1 [d, ,Ig] — b2 [d, I‘Q]
which maps under f to

[$_1, TQ] + b1d($2) — de(ﬁl) = [ZL‘_l + a1 + dld,l‘_g + asc + bgd]

showing that f is an isomorphism of Lie algebras.



Chapter 3

Integrable Representations and the
Weyl Group

3.1 Elaborations

3.1.1 Proof of relations (3.2.1) and (3.2.2)
(8.2.1) [h, f¥] = =2k f* , [h,eF] = 2ke"
(3.2.2) [e, ] = —k(k — 1) f*L + kft1h

Proof of (3.2.1). First, for k = 1 we have [h, f| = —2f = —2 - 1f!. Next, we assume
that (3.2.1) holds for £ as induction hypothesis (I.H.), and we will prove it for & + 1:

[h, fk+1] — hfk-H - fk:—i-lh — hfkf o ffkh —
= ([h, f¥] + f*R)f = £ f*h
= [h, XU + foRf — fFRR 2 <2k fEF + [, f)
= =2k M [BfE = [, f¥), f] = =2k 5+ (R f] = (RS2, )
Y Aol [ A N o o 0 I [ [
= 2k fERf — ffPh = =2k 4 fE(hf — fFh)
= <2k 4 fR(-2f) = —2(k + 1) !

Similarly, for the other relation in (3.2.1). O

Proof of (3.2.2). Again, we proceed by induction on k.
For k=1 [e,f] = h=—1(1=Df " + 1. f=h.

e, ) = efT — fle = ef"f — fffe = (ffe + e, f]) f — ffPe
= fref + e fXlf — ffre
= le. f*1f + [ffe, f] = le. f11f + [ef*, £] = [le, 11, /]
= le. f'1f +[ef™, f1 = le, f1f + fle, £ = lef*, f1 + fle, £4]
=eftf = fef* + fle. f*] = (ef = fe) f* + fle, f*]
= hf* + fle. f1 = [h f1+ fFho+ fle, f]

57
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(3:2.1)

—2kf* + fEh+ fle, f¥]
ok R R f(—k(k = 1) 4 k)
= —(k+ Dkf* + (k+ 1) f*h

]

3.1.2 Groups associated to integrable Lie algebras (by C. Ajila)

Let g be a Lie algebra and let S be the set of ad -finite dimensional elements of g.
We denote by gz, the linear span of S. By Exercise gsn is a Lie subalgebra
of g and g is said to be integrable if g = gg,.

Assume that g is an integrable Lie algebra. A g-module V is integrable if for all
v € V we have

dim Z Cz*(v) < oo
k>0

for all x € S. Itis clear that arbitrary direct sums of integrable g-modules are again
integrable.

Let G* be the free group on S. For each integrable module (7, V) of g define a
group homomorphism I(7) : G* - GL(V) by

I =Y %m)”, ves.

k>0

Let N* be the intersection of ker /(7) as (7, V') tuns over all the integrable g-modules.
The group G = G*/N* is called the group associated to the Lie algebra g.

If (m,V) and (p, W) are isomorphic g-modules, then V' is integrable if and only
if W is integrable and any isomorphism f : V' — W of g-modules is also an isomor-
phism of G*-modules, so that ker I(7) = ker I(p). Thus for N* we only need to run
over the isomorphism classes of integrable modules.

Note that if (7, V) is an integrable g-module, then N* C kerI(7) so that I(n)
induces a group homomorphism

: G — GL(V).

We say that the representation (II, ') of G was obtained by integrating the g-module
(m, V).

There always exists an integrable g-module (7, 1) such that the integrated G-
module (II, V') is a faithful representation of G.

Indeed, let (m;, V;);c; be the isomorphism classes of integrable g-modules and let

(71-7 V) = @(ﬂ-iv ‘/z)
il
Then V is an integrable g-module and

ker I(w) = (ker I(m;) = N*,

el
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so that IT : G — GL(V) is faithful.

The adjoint representation ad : g — gl(g) is an integrable g-module (by definition
of integrable Lie algebra) and thus can be integrated to a representation of G, which
we denote by

Ad: G — GL(g)

and call the adjoint representation of G.

The center Z(G) of G coincides with the kernel of the adjoint representation Ad
of G. Moreover, if (7,V) is a faithful g-module, then the integrated representation
(I1, V) verifies

kerII C Z(G).

Indeed, let (7,V') be any integrable g-module. If z € S, y € g, then by (3.8.1) we
have

exp(7(x))7(y) exp(—7(x)) = exp(ad 7 (x))m(y).
But 7o (ad (z)) = ad (7(x)) so

I(m)(z)m(y)I (m)(x) " = m(exp(adx)y).

Thus we obtain
m(Ad(g)z) = H(g)m(z)[(g)"", geG,xeg.

We have the following chain of equivalences:

7(Ad(g)z) = w(x) for all z € g <= [Il(g),m(g)] =0
< [[l(g), 7(5)] = 0
> [l(g), 1
< [[(g)

—

g
[(g), TH(G)] = 0.

Thus Ad(g) = 1 if and only if II(z) commutes with II(G) for all integrable represen-
tation 7 of G. Choosing a representation (7, V") of g such that (II, V) is faithful, we
obtain that ker Ad = Z(G).

By the same calculation, if 7 is faithful, we obtain that ker(7) C Z(G).

3.1.3 Lie algebra extensions (by C. Ajila)

While solving Exercise 3.14 I learned a couple of things about Lie algebra exten-
sions that where new to me at the time. As a personal exercise, [ want to write an
exposition about it.

Let g be a Lie algebra. An extension of g is an exact sequence of Lie algebras
and homomorphisms of Lie algebras

0 > a 3.1

~
~
~

L=t
~
)

Given two extensions

O > a; > € /g /O, i:1727
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a morphism of extensions is given by a pair of Lie algebra homomorphisms ¢ : ¢; —
¢; and ¢ : a; — a, such that the following diagram commutes:

0 > o > ey > g > 0
ool
0 > (o > €9 > g > 0.

Actually, only ¢ is needed, for it determines ) automatically. This can be seen by
a simple diagram chasing or by the universal property of kernels.

Clearly, the composition of morphism of extensions (which is given by the com-
position of the “vertical” morphisms) is also a morphism of extensions. Thus we
obtain a category of extensions of g.

An extension (3.1) is said to be central if

img(a —¢) C Z(e).

There is a full subcategory of the category of extensions of g consisting of central
extensions. A universal central extension is an initial object in the category of
central extensions of g.

Recall that a Lie algebra g is said to be perfect if g’ = [g, g] = g.

The following result can be found (with more details) in [6] as Proposition 1.3.

Theorem (van der Kallen). A Lie algebra g has an universal central extension if
and only if g is perfect.

Proof. Assume that g admits an universal central extension

p
0 b a —— ¢ > g > 0.

Because g/|g, g| is abelian, we have the split central extension

00— g/lo.g) —— 9@ (g/ls.0]) — g > 0.

Let 7 : g — g/[g, 9] be the natural projection. Consider the morphisms pu,v : ¢ —
9 (9/1g,9]) given by

p(x) = (p(x),0) and  v(z) = (p(z), 7(z)).

It is easily checked that ¢ and v are Lie algebra homomorphisms and that the
diagram

0 > a d > e > g > 0

L |

0 — g/lg,0] —— 9@ (g/ls,0) —— g > 0

g

commutes for § = p and 6 = v, so by uniqueness we obtain that ¢ = » and conse-
quently = = 0. This means that g/[g, g] = 0, hence g is perfect.
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Assume now that g is perfect. On g ® g define a bilinear map [, | by
[z @y, @y =[xyl @ y]
Let

¢ = (g®cg)/N
where N is the vector subspace of g ® g generated by the elements of the form

[u,u] and [|u, [v,w]] + [v, [w, u]] + [w, [u,v]], u,v,wE R g.

Thus ¢ is naturally a Lie algebra.
The linear map g ® g — g given by =z ® y — [z,y] maps N to 0 and so induces a
Lie algebra homomorphism
p:e—g

which is surjective because g is perfect. If we set a = ker(p) and let ¢ : a — ¢ be the
natural inclusion, we obtain a Lie algebra extension

p
0 ya—— e > g > 0

which is central by construction.
Consider another central extensions

0 y o —2 s ¢ —2 g s 0
of g, and let s : g — ¢g be any linear section of p,. The linear map
gg—e, TRy [s(@),s(y)

is easily seen to be a (non-associative) algebra homomorphism and maps N to 0
so induces a Lie algebra homomorphism

Y e —er.

It is clear that py o ¢ = p. Uniqueness of ¢ is a simple verification. ]

3.2 Solutions

3.2.1 Exercise 3.1

Let A be a symmetrizable matrix and let A = DB be a decomposition of the form
(2.3.1). Show that A is also symmetrizable; more explicitly ‘A = DYBY, where
DY = D' BY = DBD. Show that the corresponding standard forms on § and h*
(defined in §2.1) induce each other.
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Solution (by C. Ajila). Note that, because D and B are symmetric,
DYBY=D'DBD =BD="'B'D=%DB)="A
and DV is clearly diagonal and singular, and that
‘BY=Y%DBD)='D'B'D=DBD = BY,

that is, BY is symmetric, so ‘A is symmetrizable.
Now, assume that h = h’ ¢ " and that (-|-), is defined on h by (2.1.2) and (2.1.3).
Let v : h — b* the isomorphism induced by (-|-);, that is,

(v(h),n'y = (h,Rh"), h,h €.

Write (recall (2.1.5))
b, =v(h) = Z(Cai, and b, =v(h").
i=1

Then b* = b, & b). If we write D = diag(es,...,e,) and B = (b;;), then we have
DV = diag(e]',...,¢6,Y), and if (-]-)y- is the bilinear form induced on h* by transport
of structure via v, that is,

A v)gr = N )y, A peD”,
we can write A,y € h* as A = v(h) and p € v(h') for some h, ' € b, so that
v () = (w(h), 1) = (h|R)y = (v (V)™ (w)y = (Al
from where it follows that
A v () = (v (V).

Then, we have, for any A € b*

and any A,z € b’ that v='(\), v (u) € §” and thus

(Al = (= ()™ (1)) = 0.

Thus (+|-),- is given by (2.1.2) and (2.1.3) by the matrices ‘A and D" with respect to
the decomposition h* = h, @ b’. Thatis, (-|-)y- is induced by (+|), via v. The converse
follows directly by noticing that (BY)” = B and (D)"Y = D. O
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3.2.2 Exercise 3.2
Let e, f,h be the standard basis of sl,(C). Show that one has in the enveloping

algebra:
|:6m fn:| B mln(zmﬂl) fn,j (h —m—-n+ 2]) emfj
m!’ n! p (n—j)! J (m—j)!

Deduce that if f is locally nilpotent on a sl;(C)-module V, then V¢ is h-diagonalizable.

[Prove this for m = 1 by induction on n, then use induction on m ].

Solution (by L. Cartaya). Just as in the hint, first, we prove it for m = 1. But,
we use the relation (3.2.2) in section 3.2, proven in our section for elaborations.
The induction on n is contained in the proof of (3.2.2).

For m = 1:

fn—l
(n—1)!

[6’ FT] = 1/nlfe, /] *E 1 /nl(=n(n — 1) "+ nf"th) = (h—n+1)

|:| Incomplete

Solution (by C. Ajila). Note that by the PBW theorem, in the limit ¢ — 1 the
quantum group U, (sly) introduced in Exercise 3.23 becomes the universal
enveloping algebra U(sl(C)), and thus this exercise follows from Exercise 3.24
by taking the limit as ¢ — 1. Thus, we only need to prove that

lim[a; j] =h+j
q—1
which is obvious from

il_rﬁa =1, (lzl_IH[j] =j and (l}l_rg[a; 0] = h.
Sure, we could do the direct computation, but since this is just a baby version
of Exercise 3.24, I'm not going to bother. O

3.2.3 Exercise 3.3

There exists a nondegenerate symmetric W-invariant bilinear form on b if and
only if A is symmetrizable. Any such form can be extended from b to an invariant
nondegenerate symmetric bilinear form on the entire Lie algebra g(A). This form
satisfies all the conclusions of Theorem 2.2.

Solution (by C. Ajila). If A is a symmetrizable generalized Cartan matrix then
so is ' A, for if D is an invertible diagonal matrix and B is a symmetric matrix such
that A = DB, then

‘A= D (D'BD)

where D'BD is symmetric and D! is diagonal and non-singular. By Proposition
3.9 the symmetric invariant bilinear form on g(*A) restricts to a symmetric non-
degenerate IV -invariant bilinear form on b.

— Li.



CHAPTER 3. INTEGRABLE REPRESENTATIONS AND THE WEYL GROUP 64

Conversely, assume such a form is defined on . Suppose (o, | ) = 0 for some
ie€{l,...,n}. Let h € h, then in one hand
(o [ i) = (a¥ | b= {as, h)aY) = (¥ | h)
and on the other hand
(o) [ri(h)) = (ri(a)) [ ) = = (a7 [ h),

which implies that (o’ \ h) = 0forall h € b, and this contradicts the nondegeneracy
of (- |-). Thus, we have that

(af |a))#0 foralli=1,...,n (3.2)

Now note that for i,j € {1,...,n},

= (ai' [ af) = (ri(ai) | af)

= (a [ rla))

= (o | af —{ai, f)ay)

= (o' [ &) —azi (af [ af)
and consequently

(a;/‘al)aﬂ Q(QV‘Q;/)’ Z7j:17 y 1,
which implies that
(af [a}) aji = (af | af) ay (3.3)

Define
D' =diag ((af |ay),.... () | ),

n n

which is an invertible diagonal matrix by (3.2). Then the matrix D~ 4 is symmetric
by (3.3) and thus A is symmetrizable.

Now set ¢; = 1/ (o | ) so that D = diag(ey,...,€,). Fori=1,...,n and h € h we
have

— () | h) = (ri(a}) | h)
= (a) | ri(h))
= (al\/ ‘ h — <a1,h>aiv)
= (| h) — (o, h)e; !
and thus
(oz;/ ‘ h) = (v, h)e;. (3.4)

Let v : h — bh* the isomorphism induced by the given bilinear form. Let ¢ be any
complementary subspace to ' = > Ca; in h. Note that

(B)-CcCl

for if z L b’ then by (3.4) this implies that («;,z) = 0 for all : = 1,...,n, given the
first inclusion, the second one being obvious. From this, the map

p:t— (), (@)l
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is injective and consequently induces an onto linear map
o b — e
Let o : ¢* — b’ be a section of ¢* and let 6 : £ — £* the map = — v(z)],. Define
h' ={z—o(f(x)) | x € t}.

Note that if y € ' N h” then y = = — o(6(z)) for some = € ¢ and as o(f(z)) € b’ and
y € b/, this implies that x € /. But then = € h’ "¢ = 0 and hence y = 0. Also, if x €
we can write x = 2/ + k for 2/ € §’ and k € ¢, but then

z = (z'+0(0(k)) + (k —a(6(k)))

with 2’ + ¢(8(k)) € § and k — o(8(k)) € b”. Thus b = i’ & b".
Let z,y € ¢, then

and thus
(z=0(0(x) |y —0a(0(y))) =0
for all x,y € . This means that
(W [R") =0, B K" €y (3.5)

We identify the relations (3.4) and (3.5) as relations (2.1.2) and (2.1.3), respectively.
The rest of this exercise follows from Exercise 2.2. O

3.2.4 Exercise 3.4
Let V' be an integrable g(A)-module. Show that

(7'7.r>2 (1}) = (—1)<)\’a1\'/>1} for v € V)\.

1

Solution (by Y. Sagurie). Let (7,V) be a presentation of g(A), and ¢: g — sla(C),
8 (1) i f= (1) 8 andaivr—>h:((1) _01
phism of lie algebras. Consider the following diagram:

the strategy will be to use the commutation of the diagram to calculate r7(v) as
in the proof of Lemma 3.8.

First, we will calculate exp f, exp —e € SLy(C) as follows

L., 10 L /00 10
exp f = anogf :(0 1>+ﬂ<1 0) :<1 1)

1, . (10 L/so 1y _ (1 -1
exXp —€ = anog(_e) _(0 1>_ﬂ(0 0) _(O 1 )

given by ¢; — e = ) an isomor-
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9 u gl(V)
o e
SlQ(C) exXp
exp

SLy(C) —— GL(V)

and then we have that

oremcen-(12)(0 ) (0)-(0 )

0 —1 0 —1 -1 0
. —_— . 2 pr— pr—
and therefore (exp f - exp —e - exp f) ( 10 ) ( 10 ) < 0 —1 ) On the

other side, notice that under some calculation we have that

0 e 0 (-1 0
FPTE=A 0 e )7L 0 -1

and since exp is injective, we can calculate the action of (exp f - exp —e - exp f)? =
expmih on V as follows: Let v € V), h(v) = 7())(v) = (N, o) )v
(exp f - exp—e-exp f)%(v) = expwih(v)
= > (mih)"(v)
n>0

= 2 a(@)™\af)"
n>0

= (=1)»aly.

Therefore, by commutativity of the diagram, we obtain what we want. O

3.2.5 Exercise 3.5
The set A.is uniquely defined by the following properties:
() ICA, CQi;20; ¢ Afori=1,...,n;

(ii) if « € A, @ # o, then the set {«a + ka;; k € Z} N A, is a "string”
{a = pa;,...,a+quo;}, where p,q € Z,and p — ¢ = (o, ));

(iii) if « € A \II then a — a; € A for some i.
Solution (by C. Ajila). Note that A, clearly satisfies (i) and (iii). Condition (ii)

follows from Proposition 3.6(i) applied to the adjoint representation, using the fact
that each root has finite multiplicity.
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Now let R (respectively R') be a set satisfying (i), (ii) and (iii) with R (resp. R/)
instead of A,. For each n > 1 let

R, ={a € R|ht(a) < n}
and define R/, C R’ similarly. We have, by (i),
R, =11 = R}.
We prove that R, = R, for all n > 1 by induction on n, the case n = 1 being just
proved. Assume n > 1 and let a € R,,. Then by property (iii) there is some ¢ such
that § = a — o; € R,—; and by induction hypothesis g € R/, _,. Note that § # «; for if

this were the case, then a = 2«o; € R, which contradicts (i). Let p, ¢ (resp. p/, ¢) the
nonnegative integers given by property (ii) such that

(B+Za;)NR={B—pay,...,0+qa;} and p—q=(5,q;),

and similarly for p’, ¢/, with R’ instead of R. Since R, = R]_, we have that p = p/
and consequently ¢ = ¢’. Also, since « = §+ «; € R we have that ¢ = ¢ > 1 and
consequently « € R). This proves that

R, CR.

The other inclusion is obtained by interchanging the roles of R and R'. Thus
R, = R], for all n, and consequently R = R'.

We have proved that there is at most one set satisfying properties (i), (ii) and
(iii) and since A, is such a set, it is uniquely characterized by these propertie. [

3.2.6 Exercise 3.6
Prove that {(w) = [{a € A, | w(a) < 0}].

Solution (by Y. Sagurie). We will proceed by induction on /(w). The case {(w) =0
is trivial. Let us assume /(w) = 1 or equivalently w = r; for some i = 1,...,n. Then
{a € Ay | ri(a) < 0} = {e;} by Lemma 3.7 and then /(r;) = 1 = [{a;}]-
Now suppose {(w) = [{a € A, | w(a) < 0} for 1 < ¢(w) < k, and let us prove for £k + 1.
Let 7y, ---r;,,, be a reduced expression for w, then /(wr;, ) = k and by induction
hypothesis

Uwry,,,) = [{a € Ay |wry,, (o) <0}
but by Lemma 3.11 part a) we have that w(«;, ,,) < 0 (and by the same wr;,_ (i, ,,) =
w(—ay,,,) > 0) and since r;, ,, sent just one positive root to a negative root, thus

{aeAy|wry, (o) <0} U{a;,,} ={aeA;|w(@) <0}

)

Finishing as we wish. O

3.2.7 Exercise 3.7

Let A = ( —Qb _2a ) be a generalized Cartan matrix of rank 2, and assume that
ab > 4. Show that the Weyl group W (A) is an infinite dihedral group. Let ab > 4;
then (zay + yas | zay + yay) = bz? — abry + ay? is a W invariant quadratic form on b,

and XV U—X" = {Ae b | (A]A) <0} U{0}.
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Solution (by L. Cartaya). By Proposition 3.13, W (A) is a Coxeter group, it means
W(A) = (ri,ra|r? =1(i=1,2); (rir;)™s = 1). Also, by Proposition 3.13, since ab > 4,
m;; = OQ. So,

W(A) = (ri,ra||ri=1,i=1,2)

which is a presentation for the infinite dihedral group.
Next, we will find the dual fundamental chamber

CY ={h € bhi|(h,a)) >0 fori=1,2}.
Note that, since rank A = 2, 2-n —rank A = 2 = dimbh = dimbh*. Then {ay,as} is a

basis for h*. So, any & € by can be written by 4 = za; + yas, where z,y € R and the
following inequalities hold:

2
(h,a}) = (war + yas,af) = alar, af) +ylaz.af) =2r—ay 20> y < =a
Vv Vv Vv Vv b
(h, ) = {won + yag,03) = wlor,a3) +ylag,03) = ~be + 2 2 0=y = o
Then, the dual fundamental chamber is
\Y * b a
€' ={(z,y) € bilsw <y < T}

Now, under the assumption that ab > 4, £ > 2, the line y, : y = %z has a greater
slope than the line y; : y = %x as in the following picture.

2 Y
—@"
1
1 2

yi

In order to find XVU—X", we use that X" is a convex cone, by Proposition 3.12.

Idea: Let (z,y0) be a point in the fundamental dual chamber, if we act on this
point by every element of the Weyl group, we obtain two lines closer to the exes
than iy, and y,, and this lines will be the limits for the dual cone XV. So, we need
to choose such a point conveniently. L (“incomplete

— Li.

Solution (by C. Ajila). Lien already showed that W is an infinite dihedral group,
and computed the dual fundamental chamber

CY ={za; +yaz € by | (b/2)x <y < (2/a)z}

We are left with two things: to show that the given quadratic form is W-invariant
and to compute XV U —XV. First, we show how the generators of W act on an
element h = ray + yay € hi. Note that

7’1(h) =h-— <h7 041v>041 =zag +yag — <$041 + yag, 041/>041
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=z +yas — (27 — ay)ay = (ay — x)ay + Yoo
and

ra(h) = h — (h, a3 Yas = zay + yas — (zayg + yag, oy )as

= zoy + yas — (—br + 2y)ag = xag + (br — y)as.
Using this, we have

(ri(zon + yas) [ ri(zan + yor)) = ((ay — x)ou + yoo | (ay — z)an + yas)
= blay — 2)* — ab(ay — x)y + ay®
= a’by® — 2abzy + bx? — a*by? + abxy + ay®
= bz — abxy + ba?
= (xaq + yao | xag + yoo)

and

(ro(zan + yan) | re(zay + yan)) = (vag + (br — y)ag | zag + (br — y)az)
= br® — abx(bx — y) + a(bxr — y)*
= ba? — ab®2® + abxy + ab’z? — 2abxy + ay
= baz? — abzy + ay®

2

= (zoq +yoo | xoy + yas),

which shows that (- | -) is W-invariant.
Now, note that because ab > 4 we have b/2 > 2/a and thus if za; + yay € CV is
nonzero, we must have x < 0 and thus also y < 0. The lines

y=2x/a and y=bx/2

are extreme lines for C¥ and —C", so we need to compute their W-orbits, for which
all we need to compute is the slope of their images. Relative to the basis a;, a; we
have that r; and r, are represented by the matrices

= (1) and ml=(; 5)

The line y = bx/2 is spanned by the column vector ¢, = <2> It follows easily by

n. _ ( polab)
[ri7r2]"co = (bqn_l(ab))
where p,(z) and ¢,(x) are monic polynomials of degree n that satisfy the recurrence
relations

induction on n that

Pr1(r) = (2 = )pn(2) — 2gaa(z)  and  gu(2) = pu(®) — gnr(2)

for n > 1, where ¢y(z) = 1 and p,(z) = x —2. We can rewrite this recurrence relations
as the two-step recurrence relations

pn—l-l(x) - (l’ - Q)pn(l’) _pn—l(x) and Qn(x) - (l’ - Q)Qn—l(x) - Qn—2<x>
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for all n > 2, and where p;(z) = x — 2, po(z) = 2> — 4z + 2, go(z) = 1 and ¢;(x) =z — 3
If we set po(z) = 2, we can extend the recurrence relation of p, to n = 1. Both
recurrence relations are of the form(]

Snt1(2) = (T = 2)s(2) — sp—1(2),

and we try an Ansatz of the form s,(z) = t(z)" for some algebraic function ¢(z).
Thus we obtain
t(z)" — (x = 2)t"(x) + ()" =0

which reduces to
tHz)? — (r —2)t(x)+1=0
and has solutions
r—2++\/(x—2)2—-4 z—-2+ /x(z—4)

te(@) = 2 - 2

Thus a general solution for this recurrence relation is of the form
sp(x) = aq ()t ()" + a_(x)t_(x)".

We determine the values of a.(x) for p,(z) and ¢,(z) by using the initial values, so

obtaining . i
<$—2+\/m> —{—(93—2— .T(:E—4)>
pa(x) = on
and
r+z(r —4) (I_2+ Vx($_4))n r—Jx(r —4) <x—2— x(x_4))n
nl) =5, 2 - 22 2

1 n
b= <<x + Vaz(r — 4)) <x — 24+ yx(x — 4)>
+ (51:— x(x—4)) <a: —-2- x(:c—4)>n>
It follows easily that for = > 4 we have that p,(z) > 0 and ¢,(z) > 0 so in particular

pn(ab) # 0 # q,(ab). Write
Ar = ab =+ +/ab(ab — 4),
then the slope of Clrim)" ¢ is given by

By A a2\t
R U ) S U ) 0 B e <A+f2>
= T -2+ 0 -2 a1, (a2
i +(5=3)

If we set y = 252 and T, (y) = s, (z), we can rewrite this recurrence as 7,11 (y) = 2yT,(y) —Tn-1(y).
which is the recurrence relation for the Chebyshev polynomials. The initial values do not coincide
with the ones for the Chebyshev polynomials of the first or second kind, so this is a distinct family
of polynomials. By Favard’s theorem [2, Theorem 4.4] this is a family of orthogonal polynomials
for a certain positive semidefinite moment functional. It is possible to express p,(z) and ¢,(z) in
terms of Chebyshev polynomials, but we don’t need this.
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and thus

_ 1 Ay ab — y/ab(ab — 4)
Poo = lim p, = — =
n——+00 a )\+ -2 2a

so that
ab — y/ab(ab — 4)

2a
is one of the extreme rays of XV U —X". Note that this ray is mapped by r; and r,

onto
ab+ +/ab(ab — 4) 0
Yy — r = 0.
2a

A similar argument using [rer] instead produces the exact same two rays. Thus
the set XV U —X" equals

(y_awax) (y_ab—mx> <0}u{0}

z=0

y_

2a

{ml + yas € by

:{;pa1+ya2€h]§ ‘bx2—abxy+ay2<0}u{0}
={Aebr [(A]A) <0}u{0}

as desired. O

Solution (by C. Ajila). Here I present a cleaner and easier computation for the
limiting rays, which I realized some time after the above computation.

Consider [ri7;] = (ab — 1 —a

. 1). The eigenvalues of [ryr;] are

Ay —2
U+ = i2 eR

where, as in the previous solution,

Ar = ab =+ +/ab(ab —4),

and we have u; > u_. Let vy be the eigenvector corresponding to p., then we can

write
2
co = <b> =avy +bu_

for some a,b € R. Then we have
(1172 o = apf vy + b v

[7"17“271 ‘0 _ av, = b (,U_—) v,
Ky Ky

which implies that, as n — +oo, the line R[r;7;]"¢y tends to the line Rv,. Now, as

from where

— (Z;) is the u. -eigenvector of [r;7;], we have that

pyv\  (ab—1 —a\ (v1\  [(ab—1)v; — av,
fivo ) b -1/ \vy) bvy — V9
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and, in particular, p, vy = bv; — vy, that is,

Vg b 2b ab— +/ab(ab —4)
oo = — = =

Ul—u++1:I_ 2a ’

which is the same result we obtained above. The rest of the solution is similar. J

3.2.8 Exercise 3.8

2 =2 0
Let A= -2 2 —1 |, andlet W = W(A) be the associated Weyl group. Show
0o -1 2
1 0 -1 1 0 1 . .
that the map r, — ( 0 1 > Ty ( 0 1 ) , T3 < 10 ) induces an isomor-

phism 7 : W — PGLy(Z).
[Use the fact that PSLy(Z) is generated by elementary matrices 7 (r2) 7 (r1) and
™ (7’1) ™ (7”3).]

Solution (by C. Ajila). First I prove some facts regarding PGL,(Z) and PSLy(Z)

that may be not known for everyone.

. <(CZ Z) is a matrix in GL;(Z) (resp. in SL,(Z)) we denote its image in PGL,(Z) =

GLs(Z)/{1} (resp. PSLs(Z) = SLa(Z)/{+1}) by {CC‘ fl}

Lemma A. There is a split short exact sequence
1 —— PSLy(Z) —— PGLy(Z) - {+1} —— 1. (3.6)

In particular

Proof. We have that det : GLy(Z) — {£1} is a surjective group homomorphism
and since multiplying by —1 does not chage the value of the determinant, it con-
tains {41} in its kernel and hence induces a surjective group homomorphism (still
denoted by det)

det : PGLy(Z) — {£1},

whose kernel is PSL,(Z). Thus the sequence (3.6) is exact. Now define

s {#1} = PGLy(Z)

10 1 0
I A

It is clear that s is a group homomorphism and that det os = id1;, which proves
that the short exact sequence (3.6) splits. Q.E.D.

by
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Lemma B. PSL,(Z) is generated as a group by

0 1 0 1
S—[_l O} and T—[_l 1}.

These elements satisfy S? = 7% = 1. On the other hand, PGL,(Z) is generated by S,
T and the matrix
U 1 0
|0 =17

Proof. 1t is just a verification that 5% = 7% = 1. Set

e 11
R=T S_[O 1]

Note that (S,7) = (S, R), so we need to prove that PSL,(Z) C (S, R), as the other
inclusion is trivial because S, 7T, R € PSLy(Z).

Let A = {i Z} be an element in PSLy(Z). Let Ay = A. If |a| < |¢| we multiply A,

by S on the left, obtaining the matrix

, ld V| e d
A_{c’ d’]_[—a —b]

that verifies |d/| > |¢/|. If not, we set A’ = Ay. By euclidean division we can write

ad=nd+r, neZ0<r<|d|,

and thus , Y —
n a' —ne —n r b —n
R"A = [ J d’ :| = [cl d’ }
and we set / ,
Clar bl g | C d
Al N [Cl d1:| =SR™A = |:—7“ - + nd’}
and thus |¢| < || := |¢|. Moreover, we have that A; = PyA; for some P, € (S, R).

Repeating this process, now with A, instead of A,, we obtain a matrix

a9 b2:|

A2 - |:CQ dg

such that |c;| < |¢;| and Ay = P Ay, for some P, € (S, R). Recursively we obtain a
sequence of matrices (A;) with

such that --- < |¢] < |ex—1| < -+ < |¢] and Ay, = Py_1Ax_, for some P,_; € (S, R).
Thus we have ¢, = 0 for some k (k = 0 if ¢ = 0) and A, = PA for some P € (S, R).
Now det(Ax) = ardr = 1 so that a; = dy = £1 and since we are in PSLy(Z), we can
assume that a, = d, = 1, but then 4, = R* and thus A = A, € (S, R), as desired.
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The assertion for PGL,(Z) follows from this and Lemma A. Q.E.D.
Actually, something stronger holds:

Theorem (Alperin, 1993 [1]).7| PSL,(Z) = (S) « (T), that is, PSLy(Z) is the free
product of a group of order 2 and a group of order 3. Equivalently, PSLy(Z) admits
the following presentation:

PSLy(Z) =2 (s,t | s> =t = 1).

Proof. The group PSL,(Z) acts on the set of irrational numbers / = R\ Q by Mobius
transformations, that is,

ay+b

A- pr—
7 cy+d

A= {‘CZ Z} € PSLy(Z).

Let IT =INR-yand I~ = I NR_y. Note that (recall that 7? =T ' as 7% = 1)

1 1 1
S y=—=, T-y=—— and T '-y=1-=
v L=y g
Thus, we have that
S(I*y=IF and T*(I")CI'.
Now, consider the abstract direct product (S) % (I'). By Lemma B, the natural
homomorphism ¢ : (S) x (T) — PSLy(Z) is surjective. Let 1 # = € (S) = (T) and write
r uniquely as an alternating word in S and T*!'. Then two cases can happen:

* The length of = is odd. If the right-most letter of x is S then the left-most
letter of z is also S and hence x = S * T+ xS - ..+ T*! x S. Thus we have

o(x)(IT) C ST*'S ... ST S(IT)

C STHS .- STHHI™)
C ST S...S(I™)

so that p(x) # 1. On the other hand, if the right most letter of = is T*! then
so is th left-most letter of x, so that s = T*.ST*! ... ST*! and we have

o(x)(I7) CTHSTH ... TFL ST (1)
g T:I:IST:EI . T:I:ls<]+)
C THST*! ... TH(I7)

so that ¢(x) # 1.

21 include the proof because I found it beautiful and entertaining.
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* The length of z is even. Assume first that the right-most letter of = is S. Then
the left-most one is 7+! and there are two possibilities: One of them is that
xr=TxSx%---% 5, in which case, we have

p(x)(IT) CTUT) € la
and the otheris 2 =T ! % S x--- % S, in which case
p(x)(IT) STH(I7) C L.
In any case, we can shoose v € I such that p(z) - v # v and thus ¢(z) # 1.

If the right most letter of z is 7*!, then SzS has its right most letter equal to
S and by the previous part ¢(SzS) # 1 and hence (the kernel being a normal
subgroup), ¢(x) # 1.

This shows that if = # 1 then ¢(z) # 1, so that ¢ is injective and hence an isomor-
phism. Q.E.D.

Now we solve the exercise. The Coxeter matrix of W is

1 oo 2
oo 1 3
2 3 1

and it is easy to see that 7(r;)? = 7(r2)? = m(r3)? = Land (7(ry)m(r3))? = (7 (r3)w(r))® =
1. Indeed, 7 (r)w(rs) = S, w(re)w(r1) = R and n(r3)m(ry) = T. Thus, by Lemma B, =
induces a surjective group homomorphism
m: W — PGLy(Z).
By Alperin theorem, there exists a group homomorphism o : PSLy(Z) — W induced
by
Sl—>T1T3, T'-)Tg’/’g,
and it is clear that o = 7|55, -
Now, the subgroup N = (rir3,r3ry) is a normal subgroup of W:

ri(rirs)r = (7‘17“3)_1, r1(rsre)r = (7“17"3)(7”37“2)_1(7“17’3)_17
ro(rir3)re = (7’37”2)71(7”17"3)71(7’37“2), ro(rsra)ry = (7’37”2)71,
ra(rirs)rs = (rirs) ™", r3(rare)rs = (rare) ™!,

each of which is an element of N. Moreover, it is clear that W/N is generated by the
image of ;. We have that r; ¢ N, for otherwise N = W, but since 7 is surjective,
this would imply that S and 7" generate PGL,(Z) which contradicts Lemma A. As a
consequence W/N = {£1}. Thus there is short exact sequence

1 > N s W —1 {+1} —— 1,
and we obtain a commutative diagram
1 > N > W T {41} —— 1

- I |

1 —— PSLy(Z) —— PGLy(Z) —— {£1} —— 1

which, by the Five Lemma, implies that = is an isomorphism. OJ
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3.2.9 Exercise 3.9

Let A = (a;;) be the matrix of Exercise 3.8, ) the Cartan subalgebra of g(A), oy, as, as
simple roots. Define a standard bilinear form on h by (o; | ;) = a;;. Set v = —oyq —
Qo, Vg = %oq,yg = —a;—ay—agz. Define amap i : h* — 55(C) (symmetric 2 x 2 matrices)
by p(ayi + by +cy3) = < 672 béQ ) and define the action of PGLy(Z) on S;(C) by
g(S) = ¢S (*g). Check that p is a W-equivariant map, and that (« | o) = —2det u(«)
for a € h*. Using Proposition 3.12 b), (5.10.2) and Exercise 3.8, deduce that a
quadratic form az? + bxy + cy? such that a,b,c € Z,4ac > b*> and a > 0 can be
transformed by GLs(Z) to a unique quadratic form such thata > ¢ > b > 0.

Solution (by C. Ajila). Note that rank(A4) = 3 and so «;, ay, a3 is a basis of h*, and
S0 i 71,72,73. The matrix of the bilinear form (- | -) in the basis y1,72, 73 is

0 0 -1
B=|o0 1/2 0|,
-1 0 0

and hence (- | -) is nondegenerate. Let
a = ay + by + cys. (3.7)
A simple computation gives

ri(a) =ayr —bya +cy3
ra(a) = (@ —b+ )y + (2¢ = b)y2 + 3
r3(a) = ey + bys + ays,

and a direct verification shows that

(ri() ‘ ri(B)) = (a ‘ B), a,Bebh’i=123,

so that (- \ -) is W-invariant. On the other hand, we have

o (o ")) = (e )
e (i )= (s )
o9 (5 ")) = (%)

p(ri(ayy +by2 +cy3)) = w(rg) (ulay + by +cy3)), i=1,2,3.

and we see that

Where 7 : W — PGLy(Z) is he group isomorphism from Exercise 3.8. As W =
(r1,72,73) this shows that u is W-equivariant (here W acts on S,(C) via 7).
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Take a as in (3.7), then by the form of B we easily compute

2

b
(a|a)=-2 (ac — Z) = —2det(u(a)).
Now, note that for o as in (3.7) we have
(a,a)) =D,
<Oé, O{;/> =Cc— b7

a,a8) =a—c,
(o, o

so that
CY ={ay +by+cys|a>c> b}
6
We now prove that A is of hyperbolic type. For v = | 7| > 0 we have that

3

—2

Au= | —-1] <0,
—1

a
and if v = | b | > 01is such that Av > 0 we have that
C

a>b, 2b>2a+c¢, 2c>0.

Adding the first two inequalities we obtain b > a 4 ¢ wich toghether with the first
and third inequalities gives, respectively,

a>b>a+c and c¢>a>b.

The first one gives ¢ = 0 and the second one a = b = 0, so that v = 0. This shows
that A is of indefinite type. The Dynkin diagram S(A) of A is

O (%) a3
O O

The connected proper subdiagrams of S(A) are the Dynkin diagrams of type Agl)
and A,, which are of affine and finite type, respectively. Hence A is of hyperbolic
type. Then by (5.10.2) we conclude that

XVU-XV={aeby| (o] a) <0}

Let a'z%+ b zy+c'y? be a quadratic form such that o', V', ¢ € Z, 4d’¢ > v?> and o’ > 0,
and let o/ = a’y; + b, + 3. Note that the matrix associated to this quadratic form
in the standard basis is precisely u(a’). Now

b2 o1
(o | o) =—2d'¢ + 5 = §(b/2 —4d'd) <0
so that o/ € XV U —XV. Since CV is a fundamental domain for the action of I on
XV, and since a’ > 0, where exists some w € W such that a := w(a/) € CV. If we
write a = a7y, + by, + ¢y3 we deduce that a > ¢ > b > 0 and if M is any representative
of 7(w) in GLy(Z), we obtain, by the invariance of y that M B*M is the matrix of a
quadratic form with the desired properties. OJ



CHAPTER 3. INTEGRABLE REPRESENTATIONS AND THE WEYL GROUP 78

3.2.10 Exercise 3.10

In this exercise we outline a geometric proof of Proposition 3.13. Let W’ be the
Coxeter group on generators r;(i = 1,...,n) and relations (3.13.1), and let 7 : W/ —
W be the canonical homomorphism. We construct a topological space U = W’ x
C/(~), where W’ is equipped with the discrete topology, the fundamental chamber
C' with the metric topology, and ~ is the following equivalence relation: (w;,z) ~
(ws,y) < {r = y and w; 'w, lies in the subgroup of W’ generated by those r; which
fix z}. Define an action of W’ on U by: w(w;,xz) = (ww;,z). This is obviously
well defined. Show that there exists a unique continuous W’-equivariant map
¢ : U — X such that ¢(1,z) = z for z € C' (W' operates on X via 7). Let Y = {z | z is
fixed by at least three reflections from W} and set X’ = X\Y, U’ = U\¢ (V). Show
that ¢’ : U’ — X' is a covering map. Deduce that ¢’ is a homeomorphism and hence
7 is an isomorphism.

Solution (by C. Ajila). Define a map ¢ : W' x C — X by Incomplete,

there are sev-
eral details to

Ulw,2) = w(w)(a) b
If V is any open set in X containing 7 (w)(x), we let
V' = {w} x r(w) ' (V)NC
which is an open set in W’ x C' containing (w, z). Then if (w,y) € V' we have

Y(w,y) =m(w)(y) €V

which shows that (V') C V and consequently that ¢ is continuous. Now, note
that

Y(w,x) = Y(wy,y) & (w)(z) = 7(w)(y) & m(w w)(y) =z,
which by Proposition 3.12a) and b) is possible if and only if » = y and 7(w™'w,) € W,.
This shows that v is constant on the fibers of the natural projection
p: W xC—=U

and by the universal property of quotient maps, there is an unique continuous
map ¢ : U — X making the diagram

W'x C
U -----—--- > X

commutative. Now, it is clear that
o(l,z) =9Y(l,x) = x.
Also, ¢ is W-equivariant:

d(w(wy, 7)) = pwwy, x) = m(ww:)(x) = 7(w)m(w)(z) = wp(wy, ).
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This completes the proof of the existence of ¢.
If 0 : U — X is another W-equivariant map such that §(1,z) = z, then

O(w,z) =0(w(l,z)) =7n(w)d(l,z) = m(w)r = ¢(w, ).

This shows uniqueness of ¢.
Now write
M; = ker(o;) = fix(r;), i=1,...,n.

Given 2z’ € X’ we can write ©’ = wy(x) for some wy € W and z € C. Let G be an open
neighborhood of = in C not intersecting any of the hyperplanes ); not containing
z, and let

O(z,G) ={(w,y) | w e n(w) € W,, y € G}.

Then clearly O(z, G) is an open neighborhood of (1,z) in U and
V=060@g)= |J )@

m(w)EWy

is an open neighborhood of ¢(z) in X’ which is W,-invariant. We have that

o'(V)= (J w0 a)

u€ker(m)

and this union is disjoint. Clearly the restriction of ¢ to each «(O(z,G)) is a home-
omorphism u(O(z,G)) — V, which proves that ¢ is a covering map.

If z lies in the interior of C, the unique element of W’ fixing » is the identity
element 1, and thus ¢ must be injective and consequently a homeomorphism.
Thus ker(7) = 1 and = is injective. Since 7 is clearly surjective, this shows that =
is an isomorphism. O

3.2.11 Exercise 3.11

Show that for an irreducible h-diagonalizable module over sl,(C) all weight spaces
are 1-dimensional. Classify these modules. Classify the ones which are integrable.
Prove that every finite-dimensional s/,(C)-module is completely reducible.

[Use the Casimir operator and Exercise 3.2].

Solution (by C. Ajila). We endow sl,(C) with its trace form:

(z|y) =tre2(zy), =,y € sl(C).

This is easily seen to be an invariant nondegerate bilinear form on sl,(C). The dual
basis under the trace form of the standard basis ¢, , f is f, 31, ¢ and it is clear from
(h | h) =2 that v=!(p) = 1h, so the Casimir operator becomes

— 2

1 1
Q:§h2+h+2fe:§h2—h+26f.

We prove
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Lemma 3.11.A. U(sly(C)), is the subalgebra of U(sly(C)) generated by h and ).

Proof. Let U, be the subalgebra of U(sly(C)) generated by h and Q. As h,Q €
U(sly(C))o, we have that Uy C U(sly(C))o. By the Poincaré-Birkhoff-Witt theorem
a vector space basis of U(sly(C)), is given by the elements A/ fic’, i,j > 0, so we only
need to prove that f’e’ belongs to U, for all i > 0. We do so by induction on i, the
case ¢ = 0 being trivial. We are going to need the case i = 1, so let’s prove it. This
is easy:

1 1
f€:§<Q—§h2—h) EU(],

Assume f"lei! € Uy, then we have
fiei — fefi—lei—l + f[fi_l, B]Gi_l,

by induction hypothesis and by the case i = 1 we have that fefi~let~! € Uy. So we
only need to prove that f[f""! ele’~! € U,. First note that by Exercise 3.2,

e, f1) = (i — 1)!<Z_fi_2>! (h —1- (i -+ 2)% =) (h—i+2)

and thus, again by induction hypothesis
flfhee™ == -1 f " (h—i+2)e === 1) f e (h+i+ 1) € Up.
This completes the proof of the Lemma. Q.E.D.
We now prove the first statement of this Exercise.

e The weight spaces of an irreducible h-diagonalizable sl,(C)-module are of di-
mension 1.

Indeed, Let V = @, - V., be such a module, where

acC
Vo={x €V |h(x)=ax}.

Assume V, # 0. Since h and 2 commute, (2 induces an endomorphism on V, by
restriction, so that V, is a C[T]-module (here C[T] is the C-algebra of polynomials
in the indeterminate 7)), where 7" acts on V, by Q. It is well known that a simple
C[T]-module is 1-dimensional, so all we need to prove is that V, is simple as a
C[T)]-module. If not, let W C V, be a non-trivial proper C[T]-submodule and let
W' = U(sly(C))W which is a sly(C)-submodule of V. By Proposition 1.5 W’ is h-
diagonalizable. Clearly W is invariant under 2 and h, so by Lemma 3.11.A we
have that
W, = U(slz(C))gW C W

and consequently W/ C V,. This shows that W’ is a proper submodule of V, and
since W’ O W # 0, this contradicts the simplicity of V.

The classification.
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We now proceed to classify all irreducible h-diagonalizable sl,(C)-modules.
Let V = @,.c Vo be such a module. Then dimV, < 1. Let a € C such that V, # 0
and let 0 # v € V. A simple computation shows that

he"(v) = (a+2n)e"(v) and hf"(v) = (a —2n)f"(v).

This shows that
quently

Viaton 18 @ non-trivial sly(C)-submodule of V, and conse-

V =D Varzn:

nez

ne”Z

We consider three possibilities:

* If ¢(v) = 0 for some nonzero v € V. Decomposing v into its h-components, we
may assume that v is a weight vector with weight « for some a € C. Thus V is
a highest weight module with highest weight « and by the universal property
of Verma modules, there exists an epimorphism

M(a) =V

where M (a) is the Verma module of highest weight a. Since V' is simple, then
V is the unique irreducible quotient L(a) of M(a).

* If f(v) = 0 for some nonzero v € V. Similar to the previous case, V is a lowest
weight module and consequently V' is isomorphic to some irreducible lowest

weight module L(a).

* Ife(v) # 0 # f(v) for all 0 # v € V. In this case e and f are bijective liner
endomorphism of V. Again as before we can assume v € V, for some a € C.
We define

v, = f"(v),n € Z.

Itis clear that v, € V, 5, for all n € Z so that V,, 5, = Cv,. The Casimir operator
(2 acts on V, by a scalar 7 and since (2 is central in U(sly(C)),

Qv) = Qf " (0) = f7"Qv) = T,
and thus () acts by 7 on V. We denote by ¢ the image of ¢ in C/2Z, so that

(=f{a+2n|neZ} and V=EHV,.

KEE
We write v, = v, if © = a + 2n. Then we have that
f(vy) =v,—o and h(v,) =pv, pecl.
Now note that
T2 = Q(Vp42)

= %h?(vwrz) — h(vur2) + 2ef(vVy42)
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(u+2)°

Upt2 — (1 + 2)Vpt2 + 2e(vy)
from where

2 2

Since e(v,) # 0 we conclude that 7 # $(u+ 1)? — 1 for all © € . We denote
this module by V (¢, 7). This is commoly called a dense module or a principal
series module.

e(v,) = (7’ +1 1(u + 1)2) Vyya.

Conversely, for any ¢ € C/2Z and 7 € C such that 7 # (u+ 1) — 1 for all p € &,
any module of the form V = . Cv, where v, # 0 for all i € £ verify

HEE
f(vu) = Uu—?a
h(“u) = MUy,
1 1 9
e(va) = {7+ 5 5(#‘ +1)7 ) Vs

is irreducible, clearly any v, generates V' as a sl;(C)-module and any proper
nontrivial submodule contains some V), (by Proposition 1.5). Also, two dense
modules V (¢, 7) and V' (¢, 7') are isomorphic if and only if they have the same
weights, that is ¢ = ¢’ and if the e-actions are preserved, that is, 7 = 7.

Since in the first two cases we obtain an irreducible highest weight module, this
can be finite dimensional, in which case it equals the unique representation V(m)
of dimension m + 1 of sl;(C) or it is a Verma module M (\) or a co-Verma module
M()). Clearly this are pairwise non-isomorphic and none of them is isomorphic
to an irreducible dense module (by comparing weights).

It is clear from the above classification that the only integrable sl,(C)-modules
that are irreducible are the finite dimensional ones.

The fact that every finite dimensional sl,(C)-module is completely reducible fol-
lows from Weyl's theorem on complete reducibility. But for this case, a more ele-
mentary proof can be given as follows.

If V is an irreducible representation of sl,(C) of finite dimension d+1, the Casimir
operator () acts on V by a scalar ¢, as a consequence of Schur’s lemma. We know
that the highest weight of V' is d and if v is a highest weight vector, then

1 2 1 2
cv = Qv) = §d v+dv = (§d +d>v
so that ¢ = %dQ + d. Note that this defines an equation in the variable d, which as
an unique non-negative solution and so ¢ determines d, and consequently V.

Now let V' be any finite dimensional sl,(C)-module. Let Ay, ..., A\, be the distinct

eigenvalues of 2 on V and consider the primary decomposition of V'

V= @V
=1
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where V' = ker(2 — \;)". As Q commutes with e, i, f, then V' is a sl(C)-submodule
of V and we only need to decompose each V' into irreducible submodules.

Thus we can assume that () as an unique eigenvalue A on V. Moreover by the
above \ = %dQ + d where d is the largest eigenvalue of » on V. It follows that any
simple submodule of any quotient of IV must have dimension d + 1. Let U be a
maximal completely reducible submodule of V. We want to prove that V' = U.
If not, then V/U is non zero and a nonzero submodule of minimal dimension is
clearly irreducible of dimension d+1, so there exists some v € V/U wich is a highest
weight vector for this irreducible submodule. Since V is h-diagonalizable, there
is a lifting v of v such that h(v) = dv. We cannot have e(v) # 0 for if this where
the case, then e(v) will be a weight vector of weight d + 2. Thus e(v) = 0. Let W
be the submodule generated by v. Then as v is a highest weight vector of finite
dimension, W is irreducible. Clearly U N W = 0 and consequently U & W is a
completely reducible submodule of V, contradicting the maximality of U. Hence
V=U. O

3.2.12 Exercise 3.12

Let w = r;, ...7;, be a reduced expression of w € W. Let § € A, be such that
w™(B) < 0; show that the sequence (3, r;,(3),ri,7:,(5), ... contains a unique simple
root, say ;. Let A € h*; show that

A—wN) = > (Aajy) B

B:w=1(8)<0

[Use the identity A\ — wyr;(A) = (A — w1 (N)) + wy (A —7;(A)) and induction on ¢.]

Solution (by C. Ajila). The first claim is false. Here is a very simple counterex-
ample. Consider the generalized Cartan matrix

= (55

r(o) = —ay, ri(ag) = a; + ag,

Note that

ro(ar) = a1 + o, ro(ae) = —as.

Take w = ryryry. This is a reduced expression. Indeed, note that since aj2a9; = 1 we

have that the order of r;r; is m;; = 3, according to Proposition 3.13. Also w! = w.

Now, take 8 = oy € A, and note that
ri(ae) = a1 +ag, Tori(an) =ai, rmirri(e) = o
so that w™!(3) < 0. But note that we have the sequence
(B,71(B), rar1(B), rirar1(B)) = (a2, cu + g, a1, —an)

which contains two distinct simple roots.
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I was argued that in the previous example, one starts with a simple root, so if
we remove [ from the list, we indeed have a unique simple root. But that is also
false. To see that, consider the generalized Cartan matrix

2 =1 0
A=1|-1 2 -1
0o -1 2
Note that
7“1(@1) = Qq, Tl(ag) =1 + Qo, 7"1((13) =z,
ro(an) = g + ay, ro(ag) = — g, ro(as) =ay + as,
7"3(@1) = Qa, 7’3(0(2) =y + g, 7’3(0&3) = — Q3.

Take w = ryr3rors, which we now show is a reduced expression. Indeed, it is clear
that /(w) < 4. Note that ay, az, as+ a3 = re(a3) and a; + s+ ag = rir3(ae) are positive
roots, and

wlag) = —az, w(az) =—(a1 + o), w(ae+az)=—(a + as+ az)

and
w(a1+—ag%—a3)::—fn

so that
{ag,as,as + as,a; + as + a3} C{a e Ay | w(a) <0}

and by Exercise |3.2.6,
fw) = [{a € Ay | w(a) < 0}] > 4,

so that /(w) = 4 and the given expression for w is reduced.
Take f = a; + ay = r(a2) € A;. Then we have

(B,71(B),r3r1(B), rarsri(B), rararsri(B)) = (a1 + ag, ag, g + a3, a3, —v3)

so that w™(8) = —a3 < 0, but the sequence ri(3), rsri(3), rorsri(8), r3rarsri(3) con-
tains two distinct simple roots, namely «, and as.

The second statement of the exercise makes no sense without the first. But
if we assume that whenever w = r;, ---1;, is a reduced expression of w € W and
for each 3 € A, such that w™!(8) < 0 there is a unique simple root «;,,) in the
sequence 3,7, (0), 7,7, (8), ..., then the claim is true. Indeed, for ¢t = 1 this trivially
holds, for in this case w = r;; = r; for some i and the only element § € A, such
that w™'(8) < 0 is 8 = «;, and we have

A—wA) =X—r;(\) =\ o) )ay.

Write w = wyr; with wy =, ---r;,_, and i = i;. Then, following the hint

A—wA) = A —wi(A) +w(A=r;(N) = Z (A, a}/(ﬁ’wl)) + (N, o Ywy (o).
BEAL
wi ™ (6)



CHAPTER 3. INTEGRABLE REPRESENTATIONS AND THE WEYL GROUP 85

To prove the second claim, we need to prove that

{BeA|w(B) <0} ={BeA[w'(B) <0}U{B(ar)},

that o;.,) = ajpw and that o;(8,w) = «o;. By Exercise [3.2.6, it suffices with
proving any of the two inclusions. Take any 3 € A, such that w™!(3) < 0. There

are two possibilities: if w;'(3), then by uniqueness () = j(Bw)- If w;'(B) >0
then r;(w;*(3)) < 0 and the only possibility is that w;'(8) = «o;, that is, 8 = w; ()
and thus «o;(8,w) = «;. The proof is now complete. O

3.2.13 Exercise 3.13

Show that the action of 724 on g(A) preserves every invariant bilinear form and
commutes with the Chevalley involution.

Solution (by C. Ajila). First note that if (-|-) is an invariant bilinear form on g(A),
and z,y, z € g(A), we have

(ad (2),y) = —(z,ad (2)y)
so by induction we obtain that
(ad (2)"z,y) = (—1)"(x,ad (2)"y), n € Z>o.
Using this, if z is ad -locally nilpotent on g(A), we have that
Sk = (=)
(exp(ad 2)x|y) = Z m(ad (2)"x,y) = Z

! n!
n=0 n=0
It follows from this that

(i (@), 17 () =

(x,ad (2)"y) = (z,exp(—ad 2)y).

(exp(ad f;) exp(—ad e;) exp(ad fi)z[ri (y))
= (x| exp(—ad f;) exp(ad e;) exp(—ad f;)ri (y))
= (z|(r?) 7' ()
= (zly)
so that (-|-) is r? -invariant.
We now show that r* commutes with the Chevalley involution w. First note
that if ¢ : g(A) — g(A) is any endomorphism of g(A), then by induction one shows
that

¢(ad (z)"y) = ad (¢(x))"o(y).
In particular, if = is ad -nilpotent, then so is ¢(z) and
¢(exp(ad (z))y) = exp(ad ¢(z))d(y).
We apply this to the Chevalley involution w to obtain
w(r*(z)) = wlexp(ad f;) exp(—ad e;) exp(ad f;)x)

= exp(adw(f;)) exp(—adw(e;)) exp(ad w(f;))w(x)

= exp(—ad f;) exp(ad ¢;) exp(—ad f;)w(z)

= (1) " w(@),

as desired. O
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3.2.14 Exercise 3.14

Show that 0 — ¢ — ¢g'(A) — ¢’(A)/c — 0 is the universal central extension of g'(A)/c,
where A is a generalized Cartan matrix.

[Let ¢ : g — ¢/(A)/c be an epimorphism with a finite-dimensional kernel. Then
¢ ' (e; 4+ fi + (§'/¢)) is isomorphic to §; @ b, where §; ~ sl,(C) and § is commutative,
and is completely reducible on g. Let é;,a), f; € § be the preimages of ¢;, o), fi;
show that they satisfy relations (1.2.1) and hence generate a quotient g’ of g'(A) by
a central ideal. Show that g is a direct sum of g’ and a central ideal from § ].

Solution (by C. Ajila). If x € g'(A) we denote again by x its image in g/(A4)/c.
Consider first a central extension

0 —— ker(yp) > g > g'(A)Je —— 0.

with finite dimensional kernel. Let ¢ = o~ !(§’/c). Then ¢ is a subalgebra of g. We
prove that ¢ is abelian. Let u,v € ¢. If p(u) and ¢(v) are linearly dependent, we can
assume that there is a scalar a € C such that u — av € ker(¢) C Z(g), where Z(g)
denotes the center of g. But then

0= [u—av,v] = [u,v] — alv,v] = [u,v].

If o(u) and ¢(v) are linearly independent, consider a linear section s : g'(A)/c — g of
¢ such that s(p(u)) = v and s(¢(v)) = v. So we have g os = idy(a),. Define a bilinear

map
e:g'(A)/cx g'(A)/c — ker(p)
by
e(z,y) = s(fz,y]) — [s(z),s(y)], =yeg(4)/e
Note that ¢ is well defined since

ple(e,y)) = p(s([z, ) = »(ls(x),s(y)]) = [z, 9] = [z,4] = 0,

so that e(z,y) € ker(y) for all z,y € ¢g(A)/c. In particular, since g is a central
extension of g'(A4)/c we have that ¢(z,y) is central in g for all z,y € g'(A)/c. It is
clear by definition that ¢ is antisymmetric. It also satisfies the 2-cocycle condition:

ez, [y, 2]) + ey, [2,2]) + e(z, [2,9]) = 0, w,y,2 € g(A)/c.

Indeed,
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Now, we have

E(Ck;/,oé;/) = ( ;/7 [ejvfj])

= —e(ej, [fj. of]) — (s, [0 ¢5])
= —e(ej, ajifj> - 6(fja ajiej)

— —aji(e(f,e;) + e(e;, £3))

= 0.

Thus 0 = s([ay, af]) = [s(e}'), s(a)] since the elements «; generates f'/c we conclude

1

that [s(z), s(y)] = 0 for all z,y € b'/c. In particular, taking = = ¢(u) and y = ¢(v) we
deduce that [u,v] = 0.

Now, for a linear function i € ¢ let g* be the generalized weight space corre-
sponding to u, that is

g ={zcg|(ad(k) — (u, k))Nz =0, N >>1, forall k c ¢}.

If « € A(A) is a root, then by Proposition 1.6 we have that « vanish on ¢ so that «
induces a functional
a:bh'/e— C.

Then the restriction ¢ : ¢ — §’/c induces a linear map ¢* : (§'/¢)* — ¢* and we write

a = @ (@).

We prove that )
ge P ker(gp) = Qp_l(g'a)

where g/, is the root space of g'(A)/c associated to the root «. Clearly ker(¢) C

¢ (g.). Let x € g° then for k € ¢

(ad(k) — (@, k))Nz = 0.
Applying ¢ to this equation, we obtain
(ad(h) — (o, b))V p(a) = 0

(
for all h € b//c so that p(z) € ¢, that is z € p~!(g.,).
To prove the reverse inclusion, let = € p~!(g,), then

[h, ()] = {a, hYp(x), forall h eb'/ec.

So, for k € £ we obtain

[k,l'] B <Ck, QD(]{?»ZE =u
for some u € ker(y). If we choose some k such that (a,¢(k)) # 0 (such k exists
because ¢ is surjective), then we have

r=u + [k ]

where v = —u/{a,o(k)) € ker(p) and k' = k/{a,¢(k)). Note that for ¢ € ¢ we have,
similar to the above,
6,2] = (@, p(0)a + v
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for some v € ker(yp) C Z(g) and thus
[, (K, 2] = [[6, K], 2] + [K, 6, 2] = [K, (o, p(€))a] = (o, p(O)) K, 7],

so that ad(¢)([¥', z]) = (a, £)[K', z], that is, [K', 2] € g® and consequently = € g® Dker(y).
Actually, this shows that the spaces g® are weight spaces corresponding to a and
not just generalized weight spaces.

Thus we obtain, by restriction, a linear isomorphism o] : g% — go. Let ¢ € g™
(resp. f, € g~%) be the unique preimage of ¢; (resp. f;) in g® (resp. g~%). Set

Then we have that B
9. :=Cfi o Ca;’ @ Cé;
is a Lie subalgebra of g isomorphic to s(C).
Now, we have that ¢; € g* so that

[07]'\/, é:] = <ai7 Oé;/>é\;7

and similarly [@;", f] = —(a;, o)) f;. By definition of ;" we have that [¢, f] = &". If
i # 7, note that for h € ¢,
(1 (@, F3)l = [[h. @), £ + (& (B, ]
= (i, p(h))[e, f5] = (az, p(h)) e, ]
= <Ozi — Qy, 90<h)>[évza fj]7
so that [é},f;] € g% = (0 as o; — a; is not a root and this weight spaces are
isomorphic as linear spaces. Thus
[évh E] = 0.
Finally, [o;",@;"] = 0 for all i, j because ¢ is abelian. Thus the elements ¢;, ;" @;
verify the relations (1.2.1) and consequently the map
i & i fi af =@

extends uniquely to a Lie algebra homomorphism ¢’ : g'(A) — g. This map pre-
serves the graduation by roots with respect to ' and to ¢, respectively, so that
any ideal in g'(A) whose intersection with ' is trivial must be mapped to 0 and we
obtain a map ¢ : g'(A) — g.

Consider the diagram

0 c ——— g(A) —— ¢g(A))c —— 0

¥ H ’
g

> g/(A)/)c —— 0

~

0 —— ker(yp) >

K

%)

where ¢, x are inclusions and = is the natural projection. It is clear (just by looking
at the generators) that

potp=m,
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so the diagram is commutative. Then ¢ exhibits its image g’ as a quotient of g'(A)
inside g by a central ideal, for if x € ker(y)) then

so that z € ker(7) = ¢. Moreover, we clearly have

g +ker(p) =g

so there is a vector subspace a C ker(¢) such that
g=goa

The subspace a is a central ideal of g since ker(y) is contained in the center of g.
Note that
po(por)=morL=0,
which by the universal property of kernels (x being the category-theoretic kernel

of ¢) implies that there exists an unique morphism of Lie algebras p : ¢ — ker(y)
such that the diagram

0 > c — ¢g'(A) —— g (A))c —— 0
& lw
g

0 —— ker(yp) >

K

H
» g'(A)Je — 0

%)

commutes. Now we need to prove that ) and p are unique. It is enough to prove
that ¢ is unique, for in this case the uniqueness part in the universal property
of kernels gives the uniqueness of p. Let ¢/ : ¢g'(A) — g be another Lie algebra
homomorphism such that po¢y’ =x. For i =1,...,n we can write

V'(e;)) =¢+u; and (o)) =a;" + a (3.8)
where u;,a; € a C Z(g). Thus

1 1 ~ ~
V'(e;) = QW([O%V’ e]) = §[Oéiv + ai, € + ui] = € = Y(e;)
and similarly ¢'(f;) = ¥ (f;) and thus ¢ = ¢’ since the elements ¢;, f; generate g/'(A)

as a Lie algebra. This completes the proof. O

Remark (by C. Ajila). The result of the exercise does not depend on the fact that A
is generalized Cartan matrix. If we omit the fact that g; = sl,(C), the only conditions
on A that we used were that the restriction of the roots « to b’ are non-zero in the
proof of the inclusion ¢~!(g.) C g% @ ker(¢) and that a; # 0 in the proof of the
uniqueness of ¢, for if in equation (3.8) we substitute the 2 in the denominator by
a;;, we obtain the desired result.

Thus the exercise remains true for all matrices A = (a;;) such that a;; # 0 for all
i and such that afy # 0 for all « € A. We give an example that these hypotheses
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cannot be ruled out. Consider the 1 x 1 zero matrix A = (0) and consider the Lie
algebra g(0). By §2.9 we have

9(0)=Ca"®&Cde Ceap Cf
where

[e>f]:av7 [d7€]267 [daf]:_f
and ¢ = Ca" is the center of g(0). Thus

g(0)=Ce® Ca’ & Cf

and, if we denote the images of ¢ and f in g/(0)/c again by e and f, respectively, we
obtain
g(0)/c=Ce®Cf, [e,f]=0

so that ¢’(0)/c is an abelian Lie algebra. But then ¢'(0)/c does not admit universal
central extensions, as it is not perfect (see van der Kallen theorem in Elaboration
3.1.3).

3.2.15 Exercise 3.15
Show that Interior X = {h € bhg | (a, h) < 0 only for a finite number of o € A, }.

Solution (by C. Ajila). For any h € by set
My, ={a€e A, |{a,h) <0} and N, ={a€ A, | {a,h)=0}.
By Proposition 3.12(c) we have that
X ={h € br | [M,] <oo}.
We wan to prove that the interior of X equals the set
Y :={h€br||M,UN,| < oo}

Note that both the interior of X and Y are W-invariant, so we can assume that
heCCX. Let
In={ie{l,...,n}| (i, h) =0}

and, after reordering the indices, assume that [, = {1,...,n'} for some n’ < n. Take
A = (a;j)i jer,- Then by Exercise we can realize g(A’) as a subalgebra of g(A),
whose root system is
A=ANnQ
where Q' = @/, Z«,. Thus
Al = Np,.
Then, we are reduced to show that |N,| < oo if and only if the stabilizer W}, is

finite (Proposition 3.12(f)). But this is immediate from the equivalence (i)<(iii) of
Proposition 3.12(e) applied to g(A’), A’ = N, U —-N,, and W’ = W,,. O
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3.2.16 Exercise 3.16

An element x of a Lie algebra g is called locally finite if ad z is locally finite on
g. Put gz, = linear span of {z € g | = is locally finite }. For a g-module V, put
Vin = {veV |dim} ,.,Caz"(v) < oo for every locally finite element = of g}. Show
that gg, is a subalgebra of g and V4, is a g-submodule of V.

Solution (by C. Ajila). Denote by S the set of all locally finite elements in g. Then
gsn = spang S. Note that for any x € S, we have that exp(ad (z)) is well defined, by
the locally-finite hypothesis. Also, the set S is closed under scalar multiplication.
Let x,y € S and ¢t € R, then from (3.8.1) we have that

ad (exp(tad x)y) = exp(tad x)ad (y) exp(—tad x)

which shows that exp(tad )y is a locally finite operator, as if U is any finite dimen-
sional subspace of g invariant under ad (y), then exp(tad (z))U is finite dimensional
and invariant under exp(tad x)ad (y) exp(—tad z). This shows that

eXp(tad x)gﬁn g Yfin-
Thus, if z € S and y € gz,, we have that

exp(tadz)y —y

[LL' y] = 11_{% t € Ofin

again by locally finiteness. This shows that [S, gs,] C gsn and by linearity that
(96, 8an) C gan, proving that gg, is a subalgebra of g.
Now, note that

Vﬁn:{vev

dlmZ(C:c <oof0rall:c€5}

k>0

First, we prove that for any z,y € g, v € V and k > 0, we have

) =3 (1) ey e o)

The claim is obvious for k£ = 0, so we assume that it holds for %k, then

2" (y(v)) = 2(z*(y(v)))
~(2 (%)
)

) (ad 2)" 9 (y)]a? (v) + (ad )" (y)a(2 (0)))

() (v))

N

(ad k
((ad z)* 7 (y)a’ (v))

Mw

.

J

= |
N

i
(

30‘7
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k

2 (l;) ((ad2)* " (y)a (v) + (ad 2)* 27 ()

((lj) i (j f 1)) (ad2)" 7 (y)a? (v)

(") e mao)

S
+
= O

(]

- O

+

EEE,

j=0

where we used Pascal’s identity and the convention that (kil) = ( fl) =0.

Using this, given any z € S, a € g and v € V;,, we have

Y Cat(a(v) =) Cad () (a)2’(v) = Y ad(x)"(a) <Z @ﬂ@))

k>0 k>0 j=0 n>0 k>0

which is finite dimensional because v € Vj, and ad (z) is locally finite. This shows
that a(v) € Vi, and as a € g is arbitrary, this shows that V4, is a g-submodule of
V. O

3.2.17 Exercise 3.17

Let g be a Lie algebra such that g = gs,; then g is called integrable. Let V be a
g-module such that V' = V4, ; then V is called integrable. Let G* be a free group on
generators S := {x € g | « is locally finite }. Given an integrable representation =
of g on V, define a representation I(r) of G* on V by I(r)(z) = Y, ., 57 (z)",z € S.
Let N* be the intersection of kernels of all I(7), where 7 runs over all integrable
g-modules. Put G = G*/N*; denote by expz the image of + € S under the canon-
ical homomorphism G* — G. The group G is called the group associated to the
integrable Lie algebra g. Show that if g is a simple finite-dimensional Lie algebra,
then G is the associated connected simply connected Lie group, and x — expx is
the exponential map. (It is a deep fact established in Peterson-Kac [1983] that the
above definition of an integrable module over a Kac-Moody algebra coincides with
that of §3.6.)

Solution (by C. Ajila). Let g be a finite dimensional simple complex Lie algebra
and G the corresponding connected simply connected complex Lie group. In this
context, every element x € g is ad-locally finite on g, and so S = g. Let

exp:g — G

be the exponential map. Then, as G* is the free group on g, this map extends
uniquely to a group homomorphism

VG — G

Since G is connected, G equals the subgroup generated by the elements exp(z),
x € g and consequently ¢’ is surjective. We now prove the equality

N* = ker(¢). (3.9)
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Before doing so, we prove the following

Claim. IfV is an integrable g-module, then it can be decomposed as a direct sum of
finite dimensional irreducible g-modules.

Indeed, let h be a Cartan subalgebra, «f,...,a’ the co-roots and e;, f; for i =
1,...,nthe corresponding Chevalley generators satisfying the Serre relations. Then
by equation (3.6.1), the fact that [e;, f;] = 0 if i # j and the Poincaré-Birkhoff-Witt
theorem, we have that, if v € V, then the vector subspace

U=U(g)v

is a finite dimensional (because V is integrable) g-submodule of V. Thus, by Weyl’'s
theorem on complete reducibility, we can write

V=>V

1€A

where V; are finite dimensional irreducible g-submodules of V. Then an easy ap-
plication of Zorn’s lemma to the collection of subsets J C A such that the sum

DV

ieJ
is direct proves, the claim.

Now, note that if (¢;,V;), for i in some index set 7, are finite dimensional irre-
ducible representations of g, then

ker I (@ @-) = [ ker I(¢y).

i€l €T

By combining this and the claim we obtain that N* is the intersection of ker I(¢)
as (¢, V) runs over all finite dimensional irreducible representations of g.

Now let x € N*, and write x = zy29-- -2, with zy,...,2, € g. Thus if (¢,V) is a
finite dimensional representation of G, we differentiate it to a finite dimensional
representation (¢, V) of g and we have

D(y ())= ®(exp(r1) - - exp(wn))
exp(z1)) - - - D(exp(zn))
¢(x1)) - - - exp(p(zn))

Xp(
¢)(w1) - 1(d)(2n)

¢)(x),

which implies, as z € N*, that ¢/(z) € ker(®) for all finite dimensional represen-
tation (®,V) of G. But since G is a complex semisimple Lie group, it admits a
faithful finite dimensional representation (see for example Corollary 7.6 in [4]) and
consequently ¢/(z) = 0, that is, = € ker(¢').
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Conversely, if = € ker(¢'), the above computation shows that for every represen-
tation (¢,V) of g, if we integrate it to a representation (¢,V’) of G (which can be
done since G is simply connected),

I(¢)(z) = (¢'(x)) = ®(1) =1

so that = € ker I(¢) and consequently x € N*. This proves (3.9).
The first isomorphism theorem (for abstract groups) now comes to play and tell
us that ¢’ induces a group isomorphism

Y G*/N* = G.
Denote by e : g — G*/N* the composition
g—G"— G"/N*

and consider the diagram

g
Z X
" > (.

This diagram is clearly commutative, thus, under the isomorphism ) we can iden-
tify e with the exponential map exp : g — G. This completes the proof. O

3.2.18 Exercise 3.18

Show that any Kac-Moody algebra g(A) is integrable. (As shown in Peterson-Kac
[1983], the associated group G(A) constructed in Exercise [3.2.17|is a central ex-
tension of the group constructed in Remark 3.8.)

Solution (by C. Ajila). Let L=hU{e;, fi|i=1,...,n} and, as in Exercise [3.2.17]
let S be the set of all elements x € g such that z is locally finite. Clearly, any locally
nilpotent operator is locally finite, so ¢;, f; € S. Also, any diagonalizable element is
locally finite, thus h C S. This shows that L C S. Now, L generates g(A) as a Lie
algebra, and thus the subalgebra generated by S is precisely g(A). But this sub-
algebra is also the subalgebra generated by the linear span of S, and by Exercise
[3.2.16] span S = g(A)s.. so that the subalgebra generated by S is precisely g(A)g,.
Thus g(A) = g(A)s., which means that the Kac-Moody algebra g(A) is integrable.
O

3.2.19 Exercise 3.19

Let g be an integrable Lie algebra and G the associated group. Then G acts on the
space of every integrable representation V' of g, so that expz is locally finite on V/
for every = € S (defined in Exercise [3.2.17).

Open problem: let V be a G-module such that every exptx is locally finite on V
and is a differentiable function in ¢ on every finite-dimensional z-invariant sub-
space. Show that V' can be "differentiated” to an integrable g-module.
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Solution (by C. Ajila). All the claims before the statement of the open problem
are quite obvious. Let (7, V) be an integrable g-module, then I(7) : G* — GL(V) is a
representation of G* whose kernel ker(/(7)) contains N*, so it produces a represen-
tation IT : G — GL(V'). Note that for z € S, we have that 7(z) : V — V is locally-finite.
Take any v € V, then there is a finite dimensional 7 (x)-invariant subspace U of V'
containing v, and thus

H(exp(a))U = I(m) (@)U = Y ()" (U) S U

n>0

where the last inclusion holds by finite dimensionality (finite dimensional complex
vector spaces are complete). Thus exp(x) is locally-finite on V. O

3.2.20 Exercise 3.20

Let A be the extended Cartan matrix of a complex connected simply connected
algebraic group CO; Show that the group G associated to the Kac-Moody algebra
g(A) is a central extension of the group G (C[t,t71)).

Solution (by C. Ajila). PENDING

3.2.21 Exercise 3.21

Let g be the Lie algebra of polynomial vector fields }_! | P,;;> such that ), 8:1: =
const. Show that g is an integrable Lie algebra and that the assoc1ated group G is
a central extension of a group of biregular automorphisms of C". Show that g is
generated by all locally finite elements of the Lie algebra of all polynomial vector

fields.

Solution (by C. Ajila). Let fix some notation. Set

0

0= 5.

Let g be the Lie algebra of all polynomial vector fields, that is

g—{ZPl

Define a grading §,. , g; on g by setting

PGCJIl,...,x ]}

deg(z;) =1 deg(0;) = —1.

Thus g; consists in the polinomial vector fields > | P,0; such that P, is homogeneous
of degree j + 1. It is easy to verify that this gives an actual gradation on g and that
this induces a gradation on g by

g, =g;Ng.
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We have in particular
g1=g1= ZC@‘
i=1

and

g0 =go = { Z a;j;0;

3,j=1

aijE(C, Z,]:l,,n}

A simple computation shows that the map

n

g0 = go — g, (C), Z aijx;0; — (aij) (3.10)

i,j=1

is a Lie algebra isomorphism. Thus g, is a reductive Lie algebra with center
spanned by the vector field

=1

and whose semisimple part g, = [go, go] corresponds, under the isomorphism (3.10),
to s1,(C) and is given by the vector fields >/, a;;z;0; such that ) a; = 0. For
1=1,...,n— 1 write

H; = 2;0; — vi10i11, FE; =20,y and F; =1;1,0;.
Thus under the isomorphism (3.10) we have
Hi—ao, Eiwe, F—f,

where oY, ..., « ; are the usual co-roots of sl,,(C) and ¢;, f; are the usual Chevalley

» “'n—1

generators.
The usual simple roots (under the map dual to (3.10)) correspond to

(0%} (X) = a; — Ajy1, for X = Z ajazjﬁj € h/
j=1
where

n—1
h = CH,
i=1

is the Cartan subalgebra of g, corresponding under (3.10) to the usual Cartan
subalgebra of sl,(C) of diagonal traceless matrices.

Claim. Assumen > 1. For j # 0, the space g; is an irreducible finite-dimensional
go-module with highest weight vector L; := #1119, highest weight Aj given by

)\](X) = (j -+ 1)(11 — Qp, fOT'X = Zajxjaj S [)/,
j=1

or, in terms of fundamental weights,

)‘j = (j + 1)&71 + Wn—1,
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and on which L, acts by the scalar j.

Indeed, it is a simple computation to see that

(Lo, X] =jX, forall X e g,

[Z @ﬂiaij] = ((j +1)ay — an)L;On,

=1

Thus the restriction of g; to a representation of g, contains L; as a highest weight

vector. We have _
dimg; =n( " +
5= +)
For j = —1 it is easy to see that L_; generates g_; as a go-module. Let j > 0, and
consider the C-linear map

ﬁj_>(c[x1;~--7$n]j7 X'-)le(X)

where C[zy, ..., ,]; is the space of homogeneous polynomials of (total) degree j and
for a polynomial vector field X = ) P,0; € g we have

: — 0P,
div(X) = Z o
i=1 '

This map is surjective, for if we are given a monomial z/" - - - 2" then

1
: mi1+1 m mq m
le(m i sy | =t
1+

The kernel of this map is precisely g;, thus we obtain

dimg; = dimg; — dim Clzy, ..., z,];

~(2)-(37)
(i =D+ +1)
G+ D(n—2)

Let M, be the gj-submodule of g generated by L., that is,
j 0 i 8 Y Lj
M; =U(go)L; C g;.

Then M; is a highest weight module of highest weight \; = (j + 1)w; + w,_; of finite
dimension and consequently an irreducible representation of g;,. We now compute
the dimension of M; by using Weyl’s dimension formula (see [4], Theorem 5.84):

HaeA+ </\j + P, av>
HaeA+ <p7 aV>

dlmM] =
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Here p is half the sum of the positive roots. Via the isomorphism (3.10) we work
everything in the context of s(,(C). Thus

p:zn:n—(%—l)gi

: 2
=1

. n—1 . .
. J+n J+n J+n
)\j_<J+2_T>61+iZQ(1_ - )51-— —En

and the positive roots are

QG = & — &, 1§i<l§n.
A direct computation shows

( 1T (j+k)> (j+n+1)( 1T (k—z’)) (11'[ (n—i—f—l))

1<k<n 1<i<k<n

(H (k:—l)) (n—l)( H (k—i)) (H (n—i))

(4D n+j+1)
G+ D(n—-2)

Thus M; = g; and g; is a finite dimensional, hence irreducible, highest weight
module. This proves the claim.

Note that for n = 1 we have that the polynomial vector fields are of the form
P(z)0 for P € C[z] and such a vector field belongs to g if and only if P'(z) € C, that
is deg(P) < 1. Thus ¢ = C0 + Cz0 and g is finite dimensional so, in particular,
integrable.

Thus we only need to care for the case n > 1, in which the claim holds. So in
what follows we assume n > 1. Note that

[220;,0,] = —2x,0;, i,j=1,...,n.
so that, fori=1,...,n—1,
1 1
Ei =011 = 5[5’1‘, 270,41) and  F; = 2,10; = 5[3z‘+1, x?+1ai])

thatis, £, F; € [g_1, g1]. Thus the vector fields L; j > —1 (recall that L, is the central
element of gy = go given by (3.11)) generate g as a Lie algebra. The vector field L,
acts by scalars on each g;, so is locally finite on g. Write

i) =Ps. j>-1
i<j
Then ad (L_1)g(j) € g(j — 1) C g(j), so that L_; is also locally finite on g. Now, we

can easily prove by induction on r that for i # 1,

my,! ;

my,.m n mi+r(+1) m Mp—1 _

(ad Ly)" (@™ e 0y) = o O
n !
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Thus if we let

- a,ma . Mn-1_bg ~ a§m1+mn(]+1)
V; = spang {m1x2 x,"1'x,0; €9 and b < m, ,
which is a finite dimensional subspace of g, the above formula implies that V is
ad(L;)-invariant. For i = 1, we have that

n mn‘ m +T(]+l) Mp— n
(ad L) (" 2 - i 0h) = —— O e g,
(my, —1)!
—r mn' Im1+7"(j+1)—1xm2 . xmn 1xmn—r+la
n
(my, —r + 1)1 2 n-l
so similarly as above, the vector field ="'z --- 2’0, lies in a finite dimensional
ad(L;)-invariant subspace. Since the vector ﬁelds of the form z7"' x5 - - - 2" 0; span

g, we conclude that L; is locally finite. Thus we have proved
9= 0in C Eﬁna

and hence g is an integrable Lie algebra.

The Lie algebra g has a natural representation in the vector space Clz1, ..., z,].
Let X € g be an ad-locally finite vector field, then for f € Clzy,...,,] the vector
space

> C(ad X)™(Pdy)
m>0

is finite dimensional. But by the Leibniz rule, we have that

m

e x)"(a) =3 (1) X" wa X0 @0),

k=0
and thus the vector space

> CX™(f)

m>0
is finite dimensional too, which shows that X is locally finite on C[z4,...,z,] and
consequently this g-module is integrable. Again by the Leibniz rule (using that X
is a derivation of C[zy,...,z,]) we have that, for f,g € Clzy,...,x,]

m

xm(fe) =3 (1) X HDAHa),

k=0

and consequently, for ¢ € C,

exp(tX)(fg) = Z%Z(f)xm (X" (9)

m>0 k=0
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so that exp(tX) is a C-algebra automorphism of C[zy,...,z,]. Because X is locally
finite on Cl[z4, ..., z,], there is a finite dimensional vector subspace V; of Clz, ..., z,]
containing z; that is X-invariant. Thus this subspace is invariant under exp(¢.X)
and we have that

Pi(zy,...,zp,t) = exp(tX)(z;), i=1,...,n

is a polynomial whose total degree in the z’s variables is uniformly bounded for
t € C (the maximum total degree of the elements in V; is a ¢t-uniform bound).
As exp(tX) is a C-algebra automorphism, the Jacobian matrix J(t) = (0;(F;)) is
invertible and consequently its determinant must be an invertible polynomial in
the variables z;, hence constant. Now

div(X) = Z 9;(X (2;))

= d
= ZZI 0; 7 . exp(tX)z;
= LTS dufexp(tX)an)
dt|,_, —
d
- &, utw
—r (J(0)

and consequently
exp(div(X)) = exp(tr(J'(0))) = det(exp J'(0)) € C*
so that div(X) € C and consequently X € g. Hence,
g= Eﬁn-

Let S be the set of ad-locally finite operators in g, G* be the free group on S
and N* the common kernel of the "integrated form” of the integrable g-modules,
so that G = G*/N* is the group associated to g. Let ¢ : g — gl(Clzy,...,2,]) the
natural representation of g in Clzy,...,z,]. Thus N* C ker I(p). But note that for
each X € §,

I{p)(X) = exp(X)
is a C-algebra automorphism, so we obtain a group homomorphism
Y G — Autc_pe(Clzy, ..., x,]) = Aut(C")

where Aut(C") is the group of birregular automorphisms of the affine space

C" = Spec(Clzxy, . .., x,]).
Set

A =9¢'(G) C Aut(C"),

so that we obtain a short exact sequence of groups

~

1 —— ker(¢) v G —2 s A > 1.

To finish, we need to prove that ker(¢)) C Z(G). But this follows from the discussion
[3.1.2]in the Elaborations section. O
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3.2.22 Exercise 3.22

Show that the group G™ described in Remark 3.8 depends, up to isomorphism,
only on the Z-span of the set of weights of 7. Show that if the g(4)-module V' is
irreducible then the kernel of the adjoint action of W™ on g(A) lies in {£Iy}.

Solution (by C. Ajila). PENDING. O

3.2.23 Exercise 3.23

Let ¢ be a complex number # 0,+1. Let U, (sl,) denote an associative algebra on
generators e, f,a and ¢! and the following defining relations:

aa ' =ala=1, aea' =q%, afa'=q%f,
ef —fe=(a—a)/(a—q7).
Let k € Z,and let V be the (k+1)-dimensional vector space with a basis vy, . . ., v.

For j € N, let [j] = (¢/ —q¢77)/(¢—q'). Show that formulas (we assume v_; =
0,vp01 = 0): e(v;) = [k — i+ v, f (v;) = [i + vit1, a(v;) = £¢*%v; define a repre-
sentation of the algebra U, (s¢;) on V. Show that this representation is irreducible
if and only if ¢ is not an n-th root of unity, where n < k, and that, under this as-
sumption, these are the only two irreducible (k + 1)-dimensional U, (sl;)-modules.
Show that as ¢ — 1, we get the (k + 1)-dimensional irreducible representation of
sl(C) (or rather of U (sly(C))) described by Lemma 3.2b).

Solution (by C. Ajila). Being a little bit more rigorous, we define C-linear endo-
morphisms F., AL, Fy of V by the formulas

Ei’l)i = :I:[k — 14+ 1]’01',1, Fivi = [2 + 1]Ui+17 Ai’l}i =4+ qk72ivi'

We show that this operators satisfy the same defining relations as ¢, f and a.
First, it is clear from the definition that A. is invertible and that A;lvi =
+q¢~(#=2)q,;. Then the relation AL A7' = A;'A. = 1 is trivially satisfied. Now, note
that
AiEiA:T:lvi = ﬂ:q_(k_Qi)AiEivi

= q_k”i[k —i+ 1]Ai’l)i_1

— :i:qkarQi[k —q 4 1]qk72(i71)7)1;1

= ¢ (£[k — i+ 1vi)

= QZEiUz‘

so that ALF. A" = (.. Similarly

AiFiAil’Ui = :l:qi(ki%)AiFi’Ui
= 4¢P 4 1] Avvig

_ q—k‘-i-Qi[Z' + 1]qk‘—2(i+1)vi+1
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= q_2 (:t[l + 1]Ui+1>
= q *Fyv;

which shows that A, F, A" = ¢~ 2F,. We prove the last relation:
(BLFy — FeBy)v = [i + 1|Ervi F [k — i+ 1 Fevi
=i+ 1k—-—0G+1)+ 1o, Flk—i+1][(i — 1)+ Lv;
=([t + 1[k —i] — [k — i+ 1][z])v;
e e e A Y s
=+ ( ) [

¢—q¢'  q—q¢'  q-q'  q-q!
AN k=2 —k+2i
_le—a ) )
(q—q1)?
1 _
= q— q,l (A:t - A:tl)vi'

This shows that V is a U,(sly)-module. We denote it by Vi (k+ 1).

Assume that V. (k + 1) is irreducible, and assume that f(v;) = 0 for some i < k.
Let V' be the C-linear span of vy, v1,...,v;. Then V' is a submodule of Vi (k + 1),
because it is clearly stabilized by e and «, and the condition f(v;) = 0 implies that
it is closed under f. By irreducibility, the only possibility is that i = k, that is, the
only i such that f(v;) = 0is i = k. In particular for any 1 < n < k we have

qn _ q—n

0% fvr) = oo, = L =1

,UTL
which means that ¢" # ¢, so that ¢ is not a 2n-root of unity, and hence not a
n-root of unity, for any n < k. Conversely, if ¢ is not an n-root of unity for any n < k
and let V' C V,(k + 1) be any nonzero U,(sl;)-submodule. Note that Vi (k + 1) is
diagonalizable with respect to the abelian Lie algebra Ca, so by Proposition 1.5, we
have that v; € V' for some i. By repeated application of ¢, we deduce that v, € V’,
and then by applying f, we deduce inductively that v; € V' for all 0 < j < k, that
is, V! =Vi(k+1).

Let V be any (k + 1)-dimensional irreducible U,(sl;)-module, assume that ¢ is
not an n-root of unity for all n < k, and let v an eigenvector of a« with eigenvalue
A(q). Because « is invertible, then A\(¢) # 0. Then we have that

ae(v) = ¢*ea(v) = ¢°Mq)e(v)

which shows that, if e(v) # 0, then e(v) is an eigenvector of a« with eigenvalue
7*X(q). Repeating this argument we have that, as long as ¢’(v) # 0, then ¢’(v) is an
eigenvalue of ¢ with eigenvalue ¢/ \(¢). But as \(q) # 0 and ¢ is not a j-root of unity,
then all this eigenvalues are pairwise distinct, so by the finite dimensionality of
V, we must have some ¢’(v) = 0. We choose j to be the smallest such j and define
vo = ¢’~!(v). Then v, is an eigenvector of a with eigenvalue 1u(q) := ¢*""Y\(q) # 0.
By a similar argument, we have that, as long as f(v) # 0 then v} := f*(v) is an
eigenvector of ¢ with eigenvalue ¢~*y(q). Then again by finite dimensionality there
is some £k’ < k such that vj,,, = 0 and v;, # 0. Then the subspace spanned over
C by the vectors vj,v},...,v,, is clearly a nonzero U,(sl;)-submodule of V', so by
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irreducibility we must have that £’ = k. Define recursively, for any nonnegative
integer j, [0]! =1 and [j]! = [j][j — 1]! for j > 1. Then set

1 r fi(UO)
ool
Note that v; = f(v;_1)/[i] for each i > 1 and also

S (o) [ w)
il =[i+1] T [i + vy
We show by induction on i > 1 that

g2 ey B
iu(g) — ()

fvi) =

6(?]2') qz — q_i Vi—1-
For : = 1 we have
ef(vo) a—a' AMg) = Mg)™!
e(wn) = Ty = Felw) + e = T —

as desired. For the inductive step, we have

‘ ef(vi)
6(’U2+1) [ ]

fe(v) a—a .
1) T )

1_ —21i

— qu plq) — 11__qq2 2
(¢ —q)i+1
=L

1

9! g% u(q) — ¢¥u(g)™
fvien) + gitl — ¢ (+1) Ui

2
11 (2—;/’(/( ) 17q2

(

J

@ ) — )
] g+t — ¢ D i
)

_qg—2(i+1) _g2(i+1) _
_1{1_7()—11(1_(12 M()l
- gitt — ¢+ Yi-

From this, and the fact that f(v;) = 0 we obtain

0=cef(vg) = fe(v) +

and then

(q)? = 1— ) 1 — g2 = P2 2
K 1— g 20+D) 1 — 2

which shows that y(q) = +¢*, so that

M(%’) — j:qk—Qi
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and

1-¢~2% & 1—¢* _k _ (f—i
qugq—lng qkll—q(kzl)
e(vi) =+

Vi—1 = :l:[k —1+ 1]Ui_1

- — Ui_lzﬂ: 1
¢ —q q9—4q

so that V is isomorphic to Vi (k + 1).
Finally, if we set

and denote by e and f the limits of e and f as ¢ — 1, we have that ef — fe = h. Then
we have, in the limit,

e(v;)) =tk —i+Dvi_1, f(vi)=0G~+1Dvi

and -1 k—2i —k+2i
- ail (v;) = £ lim %
—1lq—q qg—1 q—q
It is clear that V (k+1) is the only irreducible (k+1)-dimensional U (sl;(C))-module.
Now, consider the C-linear isomorphism p : sl;(C) — sly(C) given by e — if, h — h
and f — ie. Then we can transport the bracket on sl,(C) to itself via p, obtaining a
new (yet isomorphic) Lie algebra structure on sl,(C), which we denote by p(sl(C)).
Then a direct computation shows that V_(k + 1) is precisely the only irreducible
(k+1)-dimensional representation of p(sly(C)) (after the change of basis v; — (v,
where . denotes the imaginary unit) and hence of sl,(C) by transport de structure.

0

3.2.24 Exercise 3.24
Let for s € Z and j € N: [a;s] = (ag® —a'q7%) /(¢ — ¢ ') and

{G}S] = [a;s][a;s — 1] a;s — j + 1]/[5]".

Show that we have the following identity in U, (sf2) (which is a ” g-analogue” of
that of Exercise 3.2):

[ e fr } _ ) fri [ a;—m —n+2j em=J

[N B~ T J [m — 51"

<

Solution (by C. Ajila). We treat ¢ as a formal variable, so U, (sly) is a C(¢)-algebra.
We begin by defining an anti-involution w of U,(sl;), which is a g-analog of the
Chevalley involution. Set

wle)=—f, w(f)=-e, wla)=d", wl@)=q"
Then clearly w(a)w(a™) = w(a " )w(a) = 1. We also have

wla w(e)w(a) = —afa™ = ¢ *(—f) = w(e)w(q?),
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and
a—a'  wla)—wla™)

G Ju(e) —wle)e(f) = ef — fo = Tty = TETIE

Thus w extends to a C-algebra anti-homomorphism w : U,(sly) — U,(sly). It is clear
that w? = 1, so that w is an anti-involution. Note that we have

w([a;s]) = [a;s] and w ({GJSD = {Oﬂ .

We prove some useful relations:

la;s|f = fla;s —2] and [a;s]e = ela; s + 2. (3.12)

Indeed, write z, = e and z_ = f, then by the defining relations of U,(sl,) we have
that ez, = ¢*?z.a and hence a 'z, = ¢™?z.a~'. From this, we have

CL(]S _ afqus

la; sy = ————u4
q—q!
_aryq® — alriqg®
q—qt
_ zeaqq — wpa”lq g
q—qt
aqs:l:Q _ a—lq—(s:t2)
q—q
= x4la;s £ 2],
as desired. From (3.12) it follows that
{“5.5} F=f {‘“5._ 2] and {“5.5} e =c [‘“5.* 2} | (3.13)
J J J J

We also prove the following useful relation:
k—1

M f = fet + (Z[a; —2]'}) eb1 (3.14)
=0

For k = 1 this is just one of tje the defining relations for U,(sl;). Assume it holds
for k, then
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= fe" + (Z[a; —zﬂ) "

Jj=0

and the identity follows by induction on k.

We prove that the identity holds for 1 < m < n. First we prove the identity for
m = 1 by induction on n. For n = 1 both sides of the equation equal [q; 0] by the
defining relations of U,(sl;). Assume it holds for n, that is

{Wﬁ] - h {a;_lfwﬂ - [nfiw

[a; 1 — n].

Then we have

[Wﬁ} - [Wﬁ] [niu - [ninu! ]Lﬁﬁ]

o f noo
R A e R rEs IR
S S o
= o gmrgst T A el
_ S (ls—n =1 (6]
_[nJ!( [ +1] [n+1]>
_ " <<aff”‘1 —alg")(¢"—¢")  a-a’! )
[n]' (q"‘H — q—”—l)(q — q—l) gt — g1
_ St e —ag”
[n]! q—q!
_ ﬁ a;—n
]

so the identity holds for m = 1 and all n > 1.

Now fix m > 1 and assume that the identity holds for all £k < m and all n > 1
and deduce that it holds for m + 1 and all » > 1. We proceed by induction on n.
The base step of the induction is obtained from the already established formula

o] =

MU m+1]  [m)!'| 1

because if we apply the anti-involution w and multiply both sides by (—1)""! we

obtain 1 ; T e
{mm} - [ 1 ]W'

Assume the identity for m + 1 and n, we show that it holds for m + 1 and n + 1:

6erl fn+1 6m+l fn f fn em+1 f
[m+ 1) [n+1]!} - [[m+1]!’W] CESTRATE [[m—kl]!’ml
min{m+1,n} s . —j
7 Ja;—m—1—-n+25] et f
Z [n—j]!{ J ][m—i—l—j]![n—i—l]

Jj=1
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fn a;—m em
A 1 | g

Now, we invoke (3.14), so that we obtain

min{m+1,n}

>

min{m+1,n}
j=1
min{m-+1,n}

S frt [a; —2—1-n+2j— 2] emti=i
2o g+ 1) J m 1]
min{m+1,n}

DY
j=1

min{m+1,n}

fri [a; —-m—-1—n+ 2‘7} emti=i f
J [m+1—j4]l[n+1]

i [a; —-m —1 —n+2j] / em i +m { [a; —2K] o
[n — j]! J n+1)[m+1-4] = n+1]m+1-j]

m—j

[a; —2K] emi
n+1][m+1—j] [m — j]!

i [a;— —1—n+2j}
[n—Jj]! —
B frte a;—m—3—n+ 2]} em 1=

-2 [n—JHnJrl][ J [m+1— ]!

j=1
. mm{%’n}ﬂ frt {a; —m—3-n+ 27} mi_ b =2 e
2 fariog) j—1 2o n+im+2—]m+1—]

so that, if we write p = min{m + 1,n}

|: eerl fn+1 ‘| fn ( [TL] [ . 1] N 1 |:Cl; _m:|> em
m4+ 1" [n+1]']  [n)! \[n+1]"" m+1] | 1 [m]!
p » W
f’n+1 J eerl J
+ - b Y ) )
]Z:; L= T
_i_[a;— —n+2p—1}mp [a; —2k]
p — [n+1]m—p+1]
where b(a;m,n,j) is given by
[n+1—j][a;—m—n—2+j]+mij [a; —2k] {a,—m—n—3—|—2]
[n+1] [j] — [n+1][m+2—]] g-1
Now, observe that
1] 1 a;—m
. _ _ 1 )
[n+1][a, m-—n ]+[n+1] 1
_ qn _ qfn aqufn 1 aflqm+n+1 aq _ alflqm
_qn+1 _ q—n—l q— q qn+1 —q —n—1
aq—m—n<qn+1 - q—n—l) —a 1qm+n(qn+l _ q—n—1>

(" =g g —q)
=la; —m — n]
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[a;—(m—l—l) —1(n+1)+2-1}

m—p ._9
The sum Z m la; —2K]
k=0

vanishes if p = m + 1, while if p # m + 1 we have that
+1]j[m —p+1]

p:n<mj:11nwhichcase

a;—m —n—+2p—1] =— a; —2k] a;—m+n—1] = [a; —2K]
[ P 1hﬁn+Mm p+u_{ n }Z;m+um—n+u
_ fas—m+n- 1] (ag~™™" —a”lg™M)(g" " — g7
i n [n+1][m—n+1](q—q‘1)2
_ [as—m 40— 1] [a; —m + n]
n [n+1]
—(m+1)—(n+1) —|—2p']

/

p

where p' = min{m + 1,n + 1}, which equals n + 1 in this case. Thus, in any case we
deduce that

3

[a;— —n—|—2p—1]

p

~ [a; —2K] _ {a;—(m+ )= (n+1)+2p
p

n+1m—-—p+1] /

b
Il

0

We now work out the ugly term b(a; m, n, j). This is just a tedious computation: We
begin by computing

m+1—j | 0 MHT . -1 Ml o
kZ:O o2k = kzzo N ,;0 I
a 1— q—2(m+2—j) al 1— q2(m+2—j)
Ta—q 1-q? q—q 1-¢
_alg— ) +am (g — Y
(g—q1)? ’

but note that

a(q i q72m73+2j) + afl(q—l _ q2m+372j)

[m +2 — jlla; —m — 1+ j] =

(g—q')?
so that A
" w2 e—m—14]
]; m+1m+2-35 [m+1]

and we obtain

_ N (Im+1—=glla;—2m—2+j] Ja;—m—1+7]\ [a;—m —n—3+2j
““m”m)‘( [+ 10) BN TESY >{ j=1
_ la; —m —n — 2 + 2] {a;—Qm—S—l—Qj]
] Jg—1
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_ [a;—(m+1);(n+1)+2j}

and thus we obtain

[ ettt ]:m“ f [a;—<m+1)f(n+1)+2j i
(m 4+ 1)!" [m + 1]! “ [m+1—j]! J [m+1—j]!

which completes the inductive step, and hence the proof. OJ

3.2.25 Exercise 3.25

(Open problem.) Classify all simple Z-graded (by finite-dimensional subspaces)
integrable Lie algebras.



Chapter 4

A Classification of Generalized
Cartan Matrices

4.1 Elaborations

4.1.1 Proof of the fundamental fact (by C. Ajila)

Fundamental fact. A system of real homogeneous linear inequalities \; > 0, i =
1,...,m, has a solution if and only if there is no nonzero linear dependence with
nonnegative coefficients among the \;.

Proof. Assume the system has a solution z. Let a; > 0 be real numbers such that
Zi ai>\i = O, then

and since \;(z) > 0 the only possibility is that a; = 0 for all i.

To prove the converse, we make the notation more precise. So let 1 <: < m and
A € (R™)* for each i. By considering the standard inner product (- |-) on R, we
denote by

v RF = (R, 2 (2] )

the linear isomorphism induced by the inner product. Let z; = v,!();), so that the
inequality \;(z) > 0 becomes (z; | z) > 0.

Assume that there is no nonzero linear dependence with nonnegative coeffi-
cients among the )\;, so there is not such dependence among the z;, and let

S = {iaixi a; >0, iai: 1}.
i=1 i=1

Then clearly S is a compact subset of R and there is an element z, € S of minimum
norm. As 0 ¢ S, then ||zy|| > 0. If z € S, since S is convex, we have that (1—¢)zg+tz €
S for 0 <t <1 and consequently

[[zol| < [(1 = t)zo + tf,

110
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that is

(wo | @0) < (wo + t(x — m9) | mo + t(x — 20))

= (wo | o) +2t (2o |2 —wo) +¢* (z — w0 | x —20) .
which is easily seen to be equivalent, for 0 <t <1, to
2 (zo |z —x0) +t(x—x0 |z —20) > 0.
Taking the limit as ¢ — 0" we obtain (z, | 2 — z¢) > 0, that is
(x| 20) = (w0 [ 20) = [lo]” > 0.
Since = € S is arbitrary, we can take = = z;, and thus
Ai(wo) = (x| x0) >0

for all 1 < ¢ <n, and hence z, is a solution. l

4.2 Exercises

4.2.1 Exercise 4.1

An indecomposable generalized Cartan matrix A is said to be of strictly hyperbolic
type (resp. hyperbolic type) if it is of indefinite type and any connected proper
subdiagram of S(A) is of finite (resp. finite or affine) type. Show that a matrix

2 —a

b 2
hyperbolic) type if and only if ab < 3 (resp. ab =4 or ab > 4). Show that there is only
a finite number of hyperbolic matrices of order > 3 and that the order of a strictly
hyperbolic (resp. hyperbolic) matrix is < 5 (resp. < 10). (Note a discrepancy with
Chapter 5 where we assume a hyperbolic matrix to be symmetrizable.)

, such that a« and b are positive integers, is of finite (resp. affine or strictly

Solution (by C. Ajila). First consider the matrix

2 —a
=5

with a,b € Z-y. This is an indecomposable generalized Cartan matrix and thus
Proposition 4.7 apply in this case. The principal minors of A are 2 > 0 and det(A) =
4 — ab, thus we have

¢ A is of finite type if and only if 4 — ab > 0, that is ab < 3.
* A is of affine type if and only if 4 — ab = 0, that is ab = 4.

* In the remaining case, that is, if ab > 4, the matrix A is of indefinite type.
Moreover, since S(A) contains two vertices, any proper nonempty connected
subdiagram of S(A) must be just a vertex without any edge, and thus the only
proper connected subdiagrams of S(A) are the ones of type A;, which are of
finite type, and consequently in this case A is of strictly hyperbolic type.



CHAPTER 4. A CLASSIFICATION OF GENERALIZED CARTAN MATRICES 112

If n > 3 and A = (a;;)};-, is of hyperbolic type, since in an affine diagram two
vertices are joined by at most four edges, then for i # j we must have —4 < q;; <0,
thus there are at most 5"° " generalized Cartan matrices of hyperbolic type of order
n. Thus in order to show that for n > 3 there is only a finite number of generalized
Cartan matrices of hyperbolic type, it is enough to prove that the order of such
matrices is at most 10.

Since some of the steps are going to be useful in later exercises, I am going to

state them in a Lemma.

Lemma 4.1.A. Assume A is of hyperbolic type and n > 3.

(a) Any connected subdiagram of S(A) consisting of exactly two vertices is one of

the following
O—O O—>—0 O<—0 =0 o=——0¢
(1) @)

(b) If n > 4 the only connected subdiagrams of S(A) consisting of two vertices are
the ones of type A, By and G-.

(c) If n > 5 the only connected subdiagrams of S(A) consisting of two vertices are
the ones of type A, and B,.

(d) Any proper connected subdiagram of S(A) of affine type must contain exactly
n — 1 vertices.

(e) If S(A) contains a quadruple or higher branching vertex, then n = 5, 6.

Proof. (a) is clear from the definition. (b) is also clear since for n > 4 there is no
affine or finite type diagram containing a proper subdiagram of type Agl) or A§2).
Also, G5 only appear as a subdiagram of Gg) in tables Fin or Aff 1-3, so for n > 5 it
cannot appear as subdiagram, which proves (c), in view of (d). Claim (d) is obvious
from the fact that no affine diagram appear as a subdiagram of a diagram of affine
or finite type.

Finally if n > 7, and S(A) contains a quadruple or higher multiple point, then,
up to multiple edges, if contains a subdiagram of the following forms

T T

e o]

O
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The two at the top contain a subdiagram of the form

T

O O

i

and the two at the bottom contain a subdiagram of the form

none of which is finite or affine. If n < 5 it clearly cannot contain a quadruple or
higher branching vertex. O

Now assume n > 10. If S(A) contains a cycle as a proper subdiagram, then this

cycle must be of type AY and by Lemma 4.1.A(d) we must have » = n — 1. Thus,
by Lemma 4.1.A(c) (because n > 10) S(A) must one of the the following

(I m O
(10) m

(I1D) O——0O

En cada caso, S(A) contiene un subdiagrama conexo como sigue:

) OOOOO’\fOO

(I

(I1)
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None of them is of finite or affine type, thus it is not possible for S(A) to contain
a cycle as a proper subdiagram. Thus if S(A) contains a cycle, then S(A) itself
must be a cycle. Then, as A is of indefinite type and n > 10, S(A) must contain
a subdiagram of type B, (again, by Lemma 4.1.A(c)). In view of Lemma 4.1.A(d)
and the fact that n > 10, the only possible connected subdiagrams of S(A) with
n — 1 vertices are B,,_; (or C,_), 07(1121, A,@l (if n» is odd) or Dfi)l- Let S’ be such a
subdiagram.

* If S’ is of type B,,_;, then S(A) must contain also a subdiagram of the form

O——O—O—C=O0—O—0O——0

which is not of affine or finite type.

e If " is of type C’,Sl_)l, then S(A) also contains a subdiagram of type Déz) with
{<n-—2.

e If " is of type A,(f_)l with n is odd, then S(A) contains another subdiagram of
type Aéz) with ¢ even and ¢ < n — 2.

e If §' is of type D'? |, then S (A) contains a subdiagram of type C’él) with ¢ < n—2.

n—1°

In each case we contradict either de definition of hyperbolic type or Lemma 4.1.A(d).
Thus, for n > 10 the diagram S(A) cannot contain a cycle.

Assume that S(A) has branching vertices. By definition, it can contain at most
2 branching vertices. The subdiagram S’ consisting of the branching vertex and
the vertices connected to it contains 3 or 4 vertices, so it must be of finite type (if it
where of affine type, it must have n — 1 vertices), so S’ must be D,. There are two
possibilities:

* S(A) has two branching vertices. Then S(A) contains a subdiagram of one
the following forms

(X) O——0O
(Y) O— O
(2) O——0O
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In case (Y) there is a subdiagram of S(A) of type Agi)_l with 2/ —1<n—-2. In
case (Z) there is a subdiagram with ¢ < n — 2 vertices of type Bél). Finally, in
case (X) this subdiagram contains a subdiagram of type Dél) and since if is
of affine type, then ¢ = n — 1 and consequently S(A) is of type (X). But then if

contains a subdiagram

OOOOOOEOO

N\

which is not of finite or affine type.

* If S(A) has only one ramification vertex. Then it contains a subdiagram of
type D,,_1, Bél) or Agi)_l. If this subdiagram is of type Bél) (respectively Agi)_l),
then / =n—1 (resp. 20— 1 =n—1) and so S(A) is obtained from this by joining
and additional vertex to an extremal one. But then it is easy to see that S(A)
contains a subdiagram which is not of affine or finite type. if S(A) contains
a subdiagram of type D,,_; by the same reasoning we see that S(A) contains
a proper subdiagram which is not of affine or finite type.

The only remaining case is when S(A) contains no cycles and no ramification
points. Since S(A) is not of finite or affine type, then S(A) has one or more oc-
currences of a subdiagram of type B;. If there is only one occurrence then S(A)
contains a subdiagram of type Ff) or E((f), which is impossible if n > 10. If there are
two or more occurrences, then S(A) contains a subdiagram with n — 1 vertices of
type Cél), Aéi) or Df). Then S(A) is obtained from one of this by adding one vertex
at one end of the diagram, and then it follows that S(A) contains a subdiagram of

type Ff) or EéQ), which is impossible.

We have proved that if n > 3 and A is of hyperbolic type, then n < 10 and conse-
quently there are finitely many matrices of hyperbolic type for n > 3.

Now, assume that A is of strictly hyperbolic type and that n > 5. Then S(A) can
contain at most one double edge and at most one ramification vertex.

Then clearly S(A) cannot properly contains a cycle, since no finite type diagram
contains one. Thus, if S(A) contains a cycle, then it must be a cycle itself. In
this case S(A) contains exactly one occurrence of By, and consequently contains
F4(1) as a subdiagram, which is not possible. Thus S(A) contains no cycle. If
S(A) contains a ramification vertex, the subdiagram containing that vertex and
its neighbours must be of type D4. Since S(A) contains no connected subdiagram
of affine type, then S(A) contains no multiple arrow and consequently the only
possible connected proper subdiagrams contained in S(A) are of type A,, D,, Eg,
E; or Es. But then S(A) is of finite or affine type, which is absurd. So S(A) can
only be a path with one occurrence of B, as subdiagram. But since n > 5 then
again Ff) occurs as proper subdiagram, which is impossible.

Hence if n > 3 and A is of strictly hyperbolic type, then n < 5 and consequently
there are finitely many matrices of hyperbolic type for n > 3. OJ
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4.2.2 Exercise 4.2
4.2. Let A be of type T,,,.(p > g > r), i.e., let its Dynkin diagram be of the form

P

Set ¢ = -+ . + . Then A is of finite (resp. affine or indefinite) type if and only
if ¢ > 1 (resp. ¢ =1,¢ < 1). Show that for ¢ < 1, the signature of A is (+ +--- + —).
Show that A is hyperbolic if and only if (p,q,r) = (4,3,3), (5,4,2) or (7,3,2). Show
that det A = pqg + pr + qr — pqr.

[To prove the statement about the signature, delete the branch point.]

Solution (by C. Ajila). Without loss of generality assume that p > ¢ > r > 1.
First, note that the only finite Dynkin diagrams of type 7,,, . are the simply laced
ones. More precisely

Togr = Aprg-1, Tp22=Dpra, T332=FEs, Tizo=F; and T53,= Eg
and one can directly verify that in these cases we obtain ¢ > 1. Similarly, we have
that the only affine Dynkin diagrams of type 7, ,, are
Tyas=E, Tip=E" and Tgz.=E,

and in each case we immediately verify that ¢ = 1. Thus if ¢ < 1, then 7, ,, is of
indefinite type.

Assume now that ¢ > 1. We have to prove that A is of finite type. If » > 3, then
p > ¢ > 3 and consequently ¢ < 1. Thus r € {1,2}. Consider each case separatedly:

e Ifr=1,then7,,, = Ay, is of finite type.

e If r =2 and ¢ > 4 then since p > ¢ we obtain
1+1+1<1+1+1 1
C = — —_ —_ —_ —_ - =
p q 24 4 2 ’

which is absurd. Thus 2 < ¢ < 3. If ¢ = 2, then p > 2 and

Tp22 = Dpro
is of finite type. If ¢ = 3 then
1 1 1 1
1 _-==C
P 2 3 6

so that 3 < p < 5 and we obtain
Ts30=FEs, Tizo=1FE7; and T5390 = Fg,
which are of finite type.
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Hence T, ,, is of finite type if and only if ¢ > 1.

Now assume that ¢ = 1. Clearly r > 2. If r >4thenp >¢>4and ¢ < 3/4 < 1.
Consequently r € {2, 3}.

e If r =2, then we cannot have ¢ = 2, so ¢ > 3. If ¢ > 5 then

1 1
=1--.

+ <2<
-5 2 r

==
|

Thus 3 < ¢ < 4. If ¢ =3 then p = 6 and we see
Tes0 = BS.
If ¢ =4 then p =4 and
T47472 - E§1)
In both cases, 7, ,, is of affine type.
e If r =3 and ¢ > 4 then ¢ < 2 + ; < 1, which is absurd. Therefore ¢ = 3 and
then p = 3. Ergo
Tyss = B
which is of affine type.

Hence 7, ,, is of affine type if and only if ¢ = 1.

Finally, we see immediately by Theorem 4.3 that 7, , , is of indefinite type if and
only if ¢ < 1.

Now, attach a coordinate to each root as follows:

fzr—l
O

T X2 Tp—1 W Yg—1 Y2 n

Then the quadratic form associated to the matrix A of type 7, ,, is given by
p—1 q—1 r—1
Q(z) :2256? +22y?+222§ + w?
i=1 i=1 i=1

p—2 q—2 r—2
—2 E TiTipq — 2 E Yilis1 — 2 E ZiZi41
i=1 i=1 i=1

— 2w(xp_1 + Yg—1 + ZT_1),

where
— +q+r—2
T=(T1, Tyt YLy e oo s Yge1y Z1y e oy 21, W) € RPTE .

We evaluate this quadratic form at the vector + with components given by

x; =1i/p, i=1,...,p—1,
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yZ:Z/Q7 izl)"'aq_17
zi =1/r, i=1,...,r—1,
w = 1.

Then, after a tedious but straightforward calculation, we obtain

Qz)=c—1.

Thus, if ¢ < 1, then Q(z) < 0 and consequently A has at least one negative
eigenvalue.
Now, if we delete the branching vertex, the matrix of the remaining graph is

P
A = Q
R

where P (respectively ), R) is a generalized Cartan matrix of type A, ; (resp. A,_1,
A,_1), and thus by Proposition 4.9, A’ is positive definite. Thus its eigenvalues
verify
0<pn < pp <0 < flpygir—s.
If Ay <Xy <--- < A\pjgir—2 are the eigenvalues of A, by Cauchy interlacing theorem
we obtain that
M S KA S < S lpggar—3 < Apggr—2

and thus 0 < Ay < A3--- < A\jp44r—2. Necessarily \; < 0 and thus by Sylvester law of
inertia, the signature of A is (++---+ —).

Now, by Exercise 1 we have that if 7}, , , is of hyperbolic type, then it has at most
10 vertices, that is p + ¢ +r — 2 < 10 or, equivalently,

p+q+r <12

It follows by looking at the tables Fin and Aff that for 3 < p + ¢+ r < 9 the dia-
gram 7T, ,, is of finite or affine type. To be more precise, we obtain the following
possibilities

ptg+r (P, q,7) Tyqr
3 (1,1,1) A
1 (2,1,1) A,
5 (3,1,1), (2,2,1) A,
6 (4,1,1), (3,2,1) A,
(2,2,2) D,

- (5,1,1), (4,2,1), (3,3,1) A,
(3,2,2) Ds

(6,1,1), (5,2,1), (4,3,1) Ag

8 (4,2,2) Ds
(3,3,2) Eq

(7,1,1), (6,2,1), (5,3,1), (4,4,1) | A;

0 (5,2,2) Ds
(4,3,2) E;

(3,3,3) EM
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Thus
100<p+qg+r<12

Now, r > 2 since T}, ,1 = Apiq—1. f r =q¢=2then T,,, = D,». Thus if r = 2 then
qg>3.Assumer =2, ¢g=3then5<p<7, and

Tyso = Es, Teso = EL,

and 773, is not of finite or affine type, so it is of indefinite type:

Its proper connected subdiagrams are of types A, (1 <¢<9), D, (4 <9), Eg, E7, Es
or Eél). Thus 77 3 » is of hyperbolic type (but not of strictly hyperbolic type). Now if
r=2and ¢ =4then 4 <p <6, T4, = E7 is of finite type, and we have

T54,2 OOOOEOOO

To.4,2 OO“““T“OO

None of them is of finite or affine type and 7§ 4 contains 75,5, as subdiagram, so
that 7§ 4, is not of hyperbolic type. On the other hand the connected subdiagrams
of T5 40 are of type A, (1 < ¢ <8), D, (4<(<7), Es, E7, Eg or Eél), so that 75 45 is of
hyperbolic type (but not of strictly hyperbolic type).

If » =2 and ¢ = 5 then the only possibility is p = 5. The corresponding Dynkin
diagram is

oogﬂfﬂeoo

Y

It contains 754 as subdiagram, so T} 5, is not of hyperbolic type. This exhausts
the case » = 2. Now move to » = 3. Note that then 7 < p+¢ < 9. If ¢ > 5 then
p-+q > 10 which is not possible, thus g € {3,4}. If ¢ = 3 then 4 < p < 6. The diagram
of T4’373 is

O—O0—"C0C—"0CO—C0O—=>0

It contains A4, (1 < ¢ <6), D, 4 < ¢ < 6), Eg, £; and Eél) as connected proper
subdiagrams, so 7} ;3 is of hyperbolic (but not strictly hyperbolic) type. 7533 and
Ts33 contain 7} 3 3 as proper subdiagram, so they are not of hyperbolic type.

If g=4 (r=3), then p € {4,5}. But 7, 45 contains T 5 ; as proper subdiagram for
p € {4,5}, so they are not of hyperbolic type.
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We have proved that T, . is of hyperbolic type if and only if (p,q,7) = (4,3,3),
(5,4,2) or (7,3,2).

All that is left is to compute the determinant of A. For this, we introduce the
following notation. For a positive integer k we write A, to denote the Cartan matrix
of type A, that is

2 -1
-1 2 -1
-1 2 -1
A = . < Mathk(R).
-1 2 -1
-1 2
Also, let a;, € R* be the vector (—1,0,...,0). An easy inductive argument shows
that
det Ak =k + 1.

Now, order the vertices of the diagram of 7}, , as
p+q+r—2
p51q+r—3
/fp +q
O O op+q—1

o
p p—-1 2 1 p+1 p+q—2

Then the matrix A has the form

2 tayq tag ta,
A= ap—1 Ap—l 0 0
Qg—1 0 Aq_l 0

Ar—1 0 0 Ay

Then, expanding the determinant along the first column, we obtain

A

dot(A) =2det | | A N
+ (=1 (=1) det(X) + (=1)""*(=1) det(Y) + (=1)PTT(=1) det(Z)
=2pqr + det(X) — (=1)P det(Y) + (—1)""?det(2)
where
-1 0 ‘tag ‘tar,
o |@2 A2 0 0
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ta, 1 -1 0 ‘ta,_

A, 0 0 0
y = [

0 Qg—2 Aqu 0

0 0 0 A
tap,1 tCLq,1 -1 0
4. 0o 0o o
Z=1 0 A, 0 0

0 0 Qyr—2 AT—2

Write X = X(p, ¢,7). Then it is easy to see that after exchanging rows and columns
we obtain

det(Y) = (—1)®DC73) det(X (q,p, 7)) = —(—1)Pdet(X (g, p,7)),
det(Z) = (—1)PT72C =) det(X (1, p, q)) = (—1)7™ det(X (1, p, q)).

Thus we only need to compute the determinant of X. To do so, note that X is block
triangular, and

-1 0
det(X) = det (ap2 Ap2> qr =—(p—1)gr.

Consequently
det(A) = 2pgr — (p — 1)gr — (¢ — V)pr — (r — 1)pq = pq + pr + qr — pqr,

as desired. O

4.2.3 Exercise 4.3

Introduce the following diagrams with n vertices (n > 5):

En(: Tn73,3,2) O O O T O
AE, /O\H 5
O
BE, O—=—0 O O O
O
CFE, o—=—0 O O 0
T 0
DE, O—o0 o O

Show that F,q, BE,o, CEjy and DE), are all hyperbolic matrices of rank 10. Show
that a hyperbolic matrix of rank 7, 8 or 9 is one of the following list: 733, 7542,
AE,, BE,, CE,, DE, (n="1T,8 or 9).
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Solution (by C. Ajila). We adopt the following notation: denote a generalized
Cartan matrix of type X by X. Now, straightforward computations show that

det(E,) =9 —
det(AE,) =1—
det(BE,) = de ( n) =mn—12,
det(DE,) = 4.

So we note that for n = 10, all of these matrices have rank 10. Now we list the
proper connected subdiagrams (PCS) in each case (5 < n < 10):

X E, AE, BFE, CE, DE,
Ay Ay Ay Ay Ay

D, D, By Cy D,

PCS’s E@ E6 Dg Dg E@
of X E7 E7 E6 E6 E7
Eqg Eg E- E; Eg

E"Y Al By Es EY

B Al

Some of the subdiagrams only appear if it makes sense. For example, Fs appears
only if n > 6 in cases E,, AE, and DE, and if n > 7 in BE, and CE,. Similarly A,
occurs in £, and AE, for1 </<n-—1andin BE,, CE, and DE, for1 </ <n — 2.
Thus in each case, we see that the corresponding matrix is of hyperbolic case.

Note that from the list of determinants we see that the rank of X, is distinct from
n only in the case when X = £ and n = 9. Since for 6 < n <8, F, is of finite type,
then only F, is of hyperbolic type. XF, is of hyperbolic type for X € {A, B,C, D}
and 5 <n < 10.

Now asume that A is a generalized Cartan matrix of hyperbolic type, with 7 <
n < 10. Similar to Exercise 4.1, we can see that if S(A) properly contains a cycle,
this cycle must contain exactly n — 1 vertices and consequently S(A) is of type (1),
(II) or (III) as in Exercise 4.1. Cases (II) and (III) contain subdiagrams which are not
of finite or affine type, so the only possibility is (I), that is, A is of type AF,, which
for 5 < n < 9is of hyperbolic type. If 7 < n < 10 it is easy to see, as in Exercise 4.1
that S(A) cannot be a cycle.

Any branching vertex forms, together with its neighbours, a subdiagram of type
D, and there are at most two branching vertices. If there is only one ramification
vertex and there is no occurrence of a multiple edge, then S(A) is of type 7}, ,, and
in this case the only possibilities are, by Exercise 4.2, Ty 33, 1540 and T; 32 = Ey.
If there is a multiple edge, it must be a double edge and there an unique such
occurrence. Then it contains a proper subdiagram of type Blfl) or Agi)_l and such
subdiagram contains exactly n—1 vertices. As n > 7, we see that one of the vertices
of the double edge must be a simple vertex and consequently S(A) is of type BE,
or CE,.

If there are two ramification vertices, as we saw in Exercise 4.1 the only pos-
sibility is that there is no occurrence of a multiple edge. Thus S(A) contains a

proper subdiagram of type Dél) and then this must contain exactly n — 1 vertices.
Thus S(A) is of type DE,.
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We note that

det(Tys3) =4-3+3-3+3-4—4-3.3=-3,
det(Tsas) =5-4+4-2+42.5-5-4.2= -2,

Thus all the hyperbolic matrices of sizes 7 to 10 are of complete rank. OJ

4.2.4 Exercise 4.4
Classify all (strictly) hyperbolic matrices.

Solution (by C. Ajila). In Exercise 4.3 we classify all hyperbolic matrices of order
7, 8, 9 and 10. In Exercise 4.1 we found all hyperbolic matrices of size 2 x 2 and
sow that they are of strictly hyperbolic type.

By Lemma 4.1.A(a) we are able to count the number of hyperbolic matrices of
order 3. We call a two-vertices diagram of type B,, G5 or Ag) a one-way edge, and
Agl) a two-ways edge. First we start by counting the 3-cycles.

* There is no 3 cycle consisting only of simple edges, for this is affine of type
A,

¢ If there are two single edges, then the third edge can be any one-way or
two-ways edge. In the case of one-way edges, any change in the direction of
the arrow provides the same diagram (up to isomorphism). So there are 4
diagrams in this case. They are H}, H3, H3 and H} in Appendix A.

¢ If there is only one simple edge, we call the vertex not touching this edge the
special vertex. There are four possibilities: (1) The other two are the two-ways
edges. In this case there is only one possibility, HZ. (2) The other two are one-
way edges of the same type. For example, take and edge of type B,. There are

three possibilities:

The same three possibilities occur for types G5 and Af), for a total of 9 dia-
grams in this case, namely, H; to H},. (3) If the other two edges are distinct
one-way edges. If both point toward the special vertex, there are 3 (H;;, Hi;
and H?)) possibilities and there are also 3 (H}, H}, and Hj,) if we change the
orientation of both arrows. If one points towards the special point and the
other not, there are 6 possibilities (H3, to Hi). (4) If one of the other two edges
is a one-way edge, and the other is a two-way edge. For each one-way edge
there are two possibilities, according to the direction of the arrow. Thus there
are 6 possibilities in this case (H3, to H3,).

* There is one diagram with three two-way edges, H3;.



CHAPTER 4. A CLASSIFICATION OF GENERALIZED CARTAN MATRICES 124

* Now assume that there is no simple edge and only one occurrence of a two-
ways edge. Then we obtain all the diagrams in this case from the case of only
one occurrence of a simple edge and two one-way edges (that is, HS to H3;), by
changing every simple edge by a two-ways edge. Then we obtain H3, to H3,.

* If there is no simple edges and exactly two occurrences of a two-ways edge,
then we just take the diagrams H}, H; and H; and change the single edges
by two-ways edges, obtaining H., H3; and HZ,.

* Assume there are no single nor two-ways edges. So there are three one-way
edges in the diagram. If two of them are equal, we obtain H3; to Hg;, and if
no two of them are equal, we obtain H3, to H3,. Finally, if the three of them
are of the same type, we obtain H3, to Hg..

This classify all cycles of order 3. Now we continue with the other hyperbolic
matrices of order 3. In this case there are 3 vertices and two edges.

* If one of the edges is simple, then the other cannot be simple, one-way dou-
ble nor triple, for in this case we obtain As, Bs, C3 or Gél). Thus the other
edge must be a two-ways edge or quadruple, and there are three possibilities
according of the orientation of the quadruple edge. We obtain Hy;, Hy, and
H,.

* There cannot be two ocurrences of a one-way double edge, as this produces
diagrams of affine type, explicitely (JS), Af) and D§2). Thus any one-way dou-
ble edge must occur with a two-ways edge (two possibilities) or with a triple

or quadruple one-way edge (four possibilities in each case). We obtain H3, to
H%US‘

* There is one diagram consisting of two two-ways edges, namely H;,. There
are 4 diagrams containing one two-ways arrow and a triple or quadruple edge
(H},, to H},5) (the ones with a one-way double edges are Hy, and H;,, already
counted).

e There are 4 diagrams with a triple and a quadruple edge, H} , to H},,.

* There are 3 diagrams with two triple edges (H;,5, H},, and H3},) and 3 with two
quadruple edges H},,, H},, and H3,..

Now we proceed with the hyperbolic matrices of order 4. First, we consider
the case when S(A) contains a 3 cycle, which is of type Agl). Since n = 4, in this
particular case this proper cycle is possibly non-unique. If it is unique, then S(A)
is obtained from Agl) by adding an extra vertex and an edge from this extra vertex

to an unique vertex in AS). This additional edge can be of type Ay, B; or G, (by
Lemma 4.1.A(b)), and consequently, considering the possible orientations of the
multiple edge, there are 5 possibilities:

S S A S e

1 2 3 4 5



CHAPTER 4. A CLASSIFICATION OF GENERALIZED CARTAN MATRICES 125

If the 3-cycle is not unique, then there are (up to isomorphism) two possibilities:

L X

Now, we consider the case when S(A) is a 4-cycle. It has to have at least one
multiple edge. If there is exactly one multiple edge there are two possibilities

Hy Hg

If there are two multiple edges, they can be adjacent or not. If they are not adjacent,
by removing one vertex we automatically delete one multiple edge, and since there
are finite or affine Dynkin diagrams consisting of a multiple edge and a simple
edge, any combination of double or triple edges is possible. Thus we obtain

Hi Hi, Hy,
Hy,y Hiy Hi;

If the two multiple edges are adjacent, they can only be double (there are not finite
or affine diagrams with a triple and a double edge or with two triple edges), and
there are three possibilities:

t il

4 4 4
H16 Hl? H18

If there are three or four multiple edges, they can only be double edges and we
obtain the following Dynkin diagrams

£l L L]

4 4 4 4
H19 H20 H21 H22

SRR G

H23 H§4 H25 H26
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Now we assume there is a branhing point. As n = 4, then, up to multiplicity
of edges, it has the type of D,. Deleting one vertex we obtain, up to multiplicity
of edges, A3, and there are affine and finite type Dynkin diagrams of this type
involving two simple, a double and a simple, a triple and a simple, or two double
edges. Then, we obtain the following possibilities:

4 4
H34 H35

The only remaining hyperbolic diagrams of order 4 are the ones with no cycles
nor branching points. If they contain exactly one multiple edge, it cannot be a
double edge, as in any place we put it we obtain a finite or affine diagram. If it is
triple, then we obtain three possibilities:

O O D @ D @ O
4 4 4
H36 H37 H38

If there are two multiple edges, and they are adjacent, both of them must be dou-
ble, and we obtain

O——O—F—C0—=—0 O——O—=—=0—=<=20
H, Hj,
O——O0——0—=-0 O—O0—=—0—=20
Hy Hi,

If there are exactly two non-adjacent multiple edges, at least one of them must
be triple (otherwise we obtain an affine diagram). If one of them is double, we
obtain

O—F—0—C—20 O——0—C=<20
Hi Hi
O—=—0—C—20 O—=—=—0—C=<20

4 4
H45 H46
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and if both are triple,

Q > D C D C O

4 4 4
H47 H48 H49

If all the edges are multiple, since a double and triple edge cannot be adjacent,
the three of them must be double, and we obtain

O @) O @) O O @ @)
4 4

4 4
H52 H53

We now classify order 5 hyperbolic matrices. The only multiple edges allowed
are of type By (Lemma 4.1.A(c)). If it contains an unique proper 4-cycle, the three
possibilities are

ANV NN

Hy H; Hj

But in this special case, the diagram can contain two 4-cycles:

Hj

/

Now, if S(A) is a 5-cycle, then if must contains at least a double edge. If it
contains three or more double edges, then at least two of them are adjacent, and,
up to orientation of arrows, S(A) will contain a proper subdiagram of the form

O—O0—==—0—>=0 Or O O O 0

none of which is finite or affine. Thus S(A) contains at most two non adjacent
double edges. If there is a single double edge, then S(A) is

@ H?,

and if there are two double edges, then S(A) is one of the following:

PP PN
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Assume S(A) contains no cycles and contains a branching point. This branch-
ing point is unique, since any diagram with two branching points contain at least
6 vertices. By Lemma 4.1.A(e) this branching point can be triple or quadruple. If
S(A) contains a triple branching point, then it must contain at least one double
edge, otherwise S(A) = D5 which is finite. Again there cannot be more than two
double edges and if there are two, they are not adjacent. Then one easily find the
following diagrams:

* One double edge:

A

5
HlO

i
I

5 5
Hll H12

¢ With two (non adjacent) double edges:

1
1

5 5
H13 Hl4

1
1,

Hy Hig
Now, if there is a quadruple branching point, then there must be at least one

double edge, otherwise we obtain Df). This double edge must be unique, as oth-
erwise, up to orientation, S(A) contains a subdiagram of the form

.

which is neither finite nor affine. Thus, there are two possibilities:

T
T

5 5
Hl? HlS
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Finally, if there are no cycles nor branching vertices, then S(A) must contain

exactly two double edges, for if there is one ore none, it is of types A;, B;, Cs, F4(1),

or EéZ), and if there are three or more, then it contains a proper subdiagram not
of finite or affine type. Thus there are four possibilities:

O——0—C—F—0—20 o { ) { 0
5 5
Hyy Hy,
O—==0—-0—F—0—0 O l ) o
5 5
Hy, Hy,

All that is left are the hyperbolic matrices of order 6. If it contains a 5-cycle,
this must be unique and no double edge can occur, thus the only possibility is

A -

If S(A) is a cycle, it must contain at least one double edge. If it is easy to see that
there cannot be more than two double edges, and if they don’t occur in opposite
edges, then S(A) contains a proper subdiagram of types H},, H3,, H3, or Hy,. Thus
there are three possibilities:

H; Hy Hj

Assume S(A) contains no cycles, but contains branching points. In this case
there can be one or two branhing points, and if there is one, this branching point
can be triple, quadruple or quintuple (Lemma 4.1.A(e)).

Assume there is an unique triple branching point. Then up to multiple edges,
there are two possibilities:

D 0

@)
@)

(IN 0 O I 0

Then at least a double edge must occur, there are no more than 2 such occurrences,
and if there are two, they cannot be adjacent. Assume we are in case (I). There are
three (up to orientation) possibilities for two non adjacent double edges:
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and in each case there is a proper subdiagram not of finite or affine type. Thus
there is only one double edge, and since no subdiagram of type Hg, H;,, H}, or H},
can occur, the only possibilities are

Hg Hg

If we are in case (II), there are one or two double edges. If there is only one, there
are two possibilities:

and if there are two,

6 6
HlO Hll

If there is a quadruple branching point, it is easy to see that there can be at most
one double edge and such double edge can not occur at the branching point. Thus
there are three possibilities:

T T T

6 6 6
H12 HlS H14

If there is a quintuple branching point, the subdiagram obtained by removing any

but the branching point is Dfll), and hence it is of hyperbolic type, and the diagram
is

6
H15

Now assume that S(A) contains two branching points. Then, up to double

edges, S(A) is of type Dél) and hence must contain at least one double edge, but
any such diagram contains a proper sudiagram of 5 vertices of hyperbolic type and
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hence there is not hyperbolic matrix of order 6 whose Dynkin diagram contains
two branching points.

Thus, all that is (finally) left is to classify Dynking diagrams with 6 vertices, no
cycles and no branching points. They must contain at least one double edge and
at most two, and if there are two, they are not adjacent. Here are the possibilities:

O X ) O O ) ¢ O O
HS HS
16 17
O ) ( O
6
Z{18
O:ﬁO—Q—Q:ﬁO—Q O:ﬁO—Q—Q:g‘:O—O
6 6
H7Y, Hy,
O:<:O—Q—O:>:O—O Oj:O—O—Oj:O—O
6 [§
}Jél ]122

This completes the classification of the diagrams of hyperbolic type. The strictly
hyperbolic type generalized Cartan matrices are:

e Order 2. H?*(a,b), with a,b € Z ¢, ab > 4.

3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
b order 3. Hl’ Hg, HG’ H7, H8, Hg, HIO’ Hll’ H15, H18’ H21, H24, H58’ H6O’ H62’
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
1164’ }166’ }168’ }]%O’ }]%2’ }JQO’ }iél’ }192’ }193’ }yiOI’ }ii02’ }yiOS’ }]i04’ }iiIS’ }]i19’ }iiQO'

e Order 4. H}, H{,, H{,.

e Order 5. H:.

Observe that:

* For 4 <n < 6 we have H} = AFE,,.

* H = BE5; and Hj, = CEs.

* HY =CEs, HS = BEg and HY, = DF.

The identification HY, = DF, is may be a little controversial, since the diagrams
DE, only have meaning for n > 7, OJ

4.2.5 Exercise 4.5

Show that F is the only symmetric hyperbolic matrix with determinant —1. Show
that diag(1/2,1,...,1)(BE)) is an integral symmetric matrix with determinant —1.

Solution (by C. Ajila). From the classification, it is easy to identify the symmetric
hyperbolic matrices. These are the ones whose Dynkin diagrams contain only
simple edges, or, if a multiple edge occurs, it is a two-ways edge.

For n = 2 we have det H*(a,a) =4 — a* = (2 — a)(2 + a) # —1 for all integers a.

For n = 3 the symmetric hyperbolic matrices are H3, HS, H3,, Hy, and H;,. Their
determinants are

det(H)) = —8, det(H:) = —18, det(His) = —32, det(Hys) = —2, det(H;y) = —8.
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For n = 4 the symmetric hyperbolic matrices are Hf = AF,, Hél, H;{ whose deter-
minants are
det(HY) = =3, det(HY) = —12, det(HY) = —27.

For n = 5, the symmetric hyperbolic matrices are H; = AF; and H}, and
det(H?) = —4, det(H;) = —16.
For h = 6 we have
det(H?) = -5, det(HY,) = —4, det(HY) = —16.

For n = 7,8,9,10 we observe from the determinant formulas in the solution of
Exercise 4.3 that —1 occurs only for F,, as desired.
Now, observe that det(BE;y) = —2 and consequently

det(diag(1/2,1,...,1)(BEy)) = —1.

Also,
1 -1 0 0 O O O O 0 O
-1 2 -1 0 0 O O 0 0 O
O -1 2 -1 0 O O O O O
o 0 -1 2 -1 0 O O 0 O
: o o o -1 2 -1 0 0 0 0
d1ag(1/2,1,...,1)(BE10) = 0 0 0 0 1 9 _1 0 0 0 s
o o o0 o0 o -1 2 -1 -1 0
o o o o0 o o0 -1 2 0 0
o o o o0 o o -1 0 2 -1
o o o o0 o o o0 0 -1 2
which is integral and symmetric, as desired. O

4.2.6 Exercise 4.6

Show that if A is symmetrizable and hyperbolic, then the corresponding “sym-
metrized” matrix has signature (++--- + —).

4.2.7 Exercise 4.7

Let A be a strictly hyperbolic matrix. Show that the group Aut(X) of all linear
automorphisms of the Tits cone X acts with a compact fundamental domain.

4.2.8 Exercise 4.8

Let A be a hyperbolic matrix. Show that if A is symmetrizable, then X is linearly
isomorphic to an upper cone over a unit ball. Show that, conversely, if A is a
hyperbolic matrix of order 3, such that Aut(X) operates transitively on the interior
of X, then A is symmetrizable.



CHAPTER 4. A CLASSIFICATION OF GENERALIZED CARTAN MATRICES 133

4.2.9 Exercise 4.9

2 -1 -1
Show that the real Tits cone X for the matrix | -2 2 —1 | provides an example
-1 -1 2
of a cone in R? such that Aut(X) has a compact fundamental domain, but does
not act transitively on the interior of X.

4.2.10 Exercise 4.10

Using Exercise 1.4 , show that if A is an indecomposable generalized Cartan matrix
and A is not from Table Aff, then the Lie algebra g'(A)/c is simple.

4.2.11 Exercise 4.11

Let A = (a;;) be a symmetric matrix. Set ¢, = ), a;xc;, where ¢, are nonzero num-
bers. Check that

2
trrr 1 T Tk

E Qi LTl = E - — 3 g CiCrQip \ — — —
Cr 2 C; Ck

ik k ik v

Assume that a;; < 0 for i # j. Deduce that if there exist positive numbers
ci,...,c, such that ¢, = 0(k = 1,...,n), then the quadratic form ), , a;:&&, is
positive-semidefinite. Use this to prove Proposition 4.7e). Deduce also that this
quadratic form with an indecomposable A is positivedefinite if and only if there is
noc >0,...,¢, >0such thatt, <0 (k=1,...,n).

4.2.12 Exercise 4.12

Let S’ and S” be affine Dynkin diagrams. Let A be a generalized Cartan matrix
with the Dynkin diagram

S(A)=| S |-o-| s

Show that det A = 0.

4.2.13 Exercise 4.13

Show that an indecomposable generalized Cartan matrix is affine if and only if it
is degenerate and all its principal minors are nonnegative.

4.2.14 Exercise 3.14

Show that the following is a complete list of connected Dynkin diagrams of gen-
eralized Cartan matrices of infinite order such that any principal minor of finite
order is positive:



Chapter 5

Real and Imaginary Roots

5.1 Elaborations

5.1.1 Elaborations on Section 5.1 (by C. Ajila)

We prove that if w(a;) = «o; for some w € W, then w(e)) = of. Let G*! be the
subgroup of Aut(g(A)) generated by the elements r*¢ of Lemma 3.8. Then there
exists some w € G* such that w|, = w. We have
(CO‘;/ = [gai’g*aih
and applying w and using Lemma 3.8a) we deduce that
(Cw(oz;/) = [gaj>g—a.7'] = Ca}/.
Consequently w(«;') = ca; for some c € C. But then

2 = (o, o) = (wlo), w(ey)) = (0, ca) =2

from which ¢ =1, and w(;) = o, as desired.
Now we prove that the map
Are - AVre’ a av

is a W-equivariant bijection. Indeed, if o € A™ then a = u(q;) for some v € W and
a; € 11, so that oV = o. Let w € W, then w(a) = wu(q;) and consequently

V= wu(a)) = w(aY).

w(a@) i

From this it follows that
)WY = a. (5.1)
Indeed, write o = w(«q;) for some w € W and «; € II, then

)Y = (w(a)))” = w((a))) = w(as) = a.

7 7

(c

(cv

We finally prove that if « € A, then o > 0 if and only if ¥ > 0. Thanks to
(5.1) it is enough to prove one implication. So, assume « > 0. If ht (a) = 1 then
a = «; € Pi for some i and hence oV = o) > 0. Assume ht (o) > 1, so that +a ¢ II
and by Proposition 5.1e) there exists some i such that ht (r;(«)) < ht (o). Because
ri(Ap \ {a;}) = Ay \ {a}, then r;(«) > 0 and by induction r;(a¥) = r;(a)¥ > 0. Hence
a¥ > 0.

134
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5.1.2 Elaborations on Section 5.3 (by C. Ajila)

I'm going to reproduce the proof of Lemma 5.3 in order to add some details to it.

Proof of Lemma 5.3. Let a = ), k;o; € K, and let
Qo={rv€A;|y<a}l

The set (2, is clearly finite. Since a # 0, then k; # 0 for some i and consequently
a; € €, so that Q, is nonempty. Thus we can choose an element g = ). m;a; of
maximal height. We now prove that

supp o = supp f. (5.2)

Because 0 < g < a we have that 0 < m; < k; for all i and consequently supp 5 C
supp a. Assume that this inclusion is strict. Then as supp « is connected, there
exists some ¢ € supp « \ supp 5 connected to some j € supp 5. Thus

m;=0<k and 0<m; <k

Since 5 + a; < «, by the maximal height of 5 in (2, we have that § + «; ¢ A and
by Corollary 3.6a) this implies that (5, «) > 0. Now, for each k£ € supp § we have
that £ # i and thus (o, o) = a5 < 0 and since i and j are connected, then
(aj,a)) = a;; < 0 so we have that

0<(8,a)) = (aj,a)) + Z (ag, ) <0,
kesupp
k#j
which is absurd. Hence supp 5 = supp « as desired.
Now, we prove that o € A,. Assume this is not the case, so § # «. By definition

Let A; be the principal submatrix of A corresponding to suppa. We now invoke
Exercise 1.2 (see to identify roots of the subalgebra g(A,) with a subset of
roots of g(A)]]]

Assume A, is of finite type and rename the indices so that k;,..., ks > 0 and
kss1 = =k, =0. Let k = *(ky,...,k,) > 0, then since o« € K, we have that
A(—k) <0 and by Theorem 4.3 k < 0 or k = 0, which is absurd. Thus A; cannot be
of finite type.El Let

P={jesuppa|k; =m;}.

If P where empty, then k; > m; for all j € suppa and then g + a; < a for all
j € supp a, which means, by Proposition 4.9, equivalence (i)<(vi), and by that
A, is of finite type, which we just saw to be impossible. Hence

P=%02. (5.4)

IThis is crucial in what follows, but Kac doesn’t mention it anywhere in the proof.
2We didn’t really understand Kac’s argument in this part, so we had to use another argument
to discard the finiteness of A;.
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Let R be a connected component of the subdiagram (supp«) \ P. By and
Corollary 3.6a) we deduce that

(B,a/)y >0 forallie R. (5.5)
Set 3’ =} ..pm;a;. Note that
8,y >0 ifie R and (§',a/)>0 forsomejecR. (5.6)

Indeed, for : € R we have

(B—03,a)) = Z mi (o, ) <0

kesupp S\ R

and since supp f is connected by (5.2), at least one &k € supp 8\ R must be connected
to some j € R and in this case we have (ay,aj) = aj, < 0 and thus (8 — ', af) <0
Now (5.5) implies that (3,a)) > 0 and since

we deduce that (#',«;) > 0 and also that (3',af) > 0, as desired. Theorem 4.3
implies that R is a diagram of finite type. Set

o = Z(k’ — ;).

i€R
Since supp ¢ is a connected component of supp (o — ) = supp a \ P, we have that
(o 0y =(a—B,a)) forallie R. (5.7)
Indeed, if i € R,
(a—B,a)) = Z(k —m;){ay,a)) + Z (kj —mj){aj,a)) = (o, a)).

JER jEsupp a\ P
But since a € K, we have (a,«)) < 0 for all ¢, so that (5.5) and (5.7) imply that
(/o) <0, i€R.

This contradicts the fact that R is of finite type. Hence a € A,.
Since 2a € K too, then 2a € A, and by Proposition 5.1b), a € A™, O

5.2 Exercises

5.2.1 Exercise 5.1
Show that for a € A™(A) one has:
(90, 9-a] = Ca”

Show that if A is a nonsymmetrizable 3 x 3 matrix and o = oy + a3 + a3, then
a € A" (A) and dim [g,, g_o] > 1 (cf. Theorem 2.2 e)).
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Solution (by C. Ajila). Let W be the subgroup of Aut g(A) generated by the ele-
ments r?! of Lemma 3.8. For a real root «, there exists an element w € W and a
simple root «; € II such that

a = w(qy).

By Lemma 3.8c) there exists an element w € W such that @ |, = w. For the simple
root «; we have
804, 8-0;) = Ca/,
and applying w to both sides of this relation and using Lemma 3.8a), together with
a¥ =w(a)), we obtain
[gom g—a] = Cav-
Let A be a 3 x 3 nonsymmetrizable generalized Cartan matrix. By Exercise 2.1
we have that
12023031 # (21032013, (5.8)
and in particular, this implies that a;; # 0 for all ¢ # j (and hence for all ¢, j, since
a; = 2) and hence A is indecomposable. Thus a;; < —1 for i # j. We obtain from
this that
<CK,O(2/> = a;1 + Q2 + a;3 < 0.
It is clear that supp a = S(A) is connected, as A is indecomposable, thus « € K and
consequently a € A™(A).
Now,a direct (but lengthy) computation gives

x = [[eq, [e2, €3]], [f1, [f2, f3]]] = (aosas + Cl326l21)(2¥1v + (a2 + Cl13)a32042v — (a2 + a13)a2304g\),/

and
Yy = [[€2> [61, 63]]> [f1, [f2, f3m = —a23a31a¥ - a13a32@gv + a13&23a:¥-

Clearly =,y € [ga, 8-o] and y # 0. If x = cy for some scalar ¢ € C we obtain

(1 + C)CLQgCLgl + az2a21 = 07
a12a30 + (1 + C)a13a32 =0,
a12Q93 + (1 + c)a13a23 = 07

from which we obtain that

a320a21 a12
—1—c= = —
A23032 @13

and, after clearing denominators,

(12023031 = A21A32013,

which contradicts (5.8). Thus z and y are linearly independent elements of [g,, g_.],
which means that dim[g,,g-.] > 1. O

5.2.2 Exercise 5.2
Show that dim [g,, g-.] = 1 for all « € A(A) if and only if A is symmetrizable.
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5.2.3 Exercise 5.3
If dim g(A) = oo, then |A™| = oco.
Solution (by C. Ajila). Assume that dim g(A) = oo but that |A™| < co. Thus there
exists a positive real root « of maximal height. Now, we have
ri(a) = a — (o, ) Ya; € A,

which forces (a, o)) > 0 for all i.

If  +a; € A for some 4, then it must be imaginary and consequently 2(« + «;)
must be also a root. Now consider the «;-chain through 2(a + «;) and the non-
negative integers p and ¢ associated to it. Thus

p—q=2(a+aq),a)) >4
which means that p > 4 and consequently
2(a+ ;) — 20; = 2«

is also a root, which is absurd since « is real. Thus a + «; is not a root for all i.
This means that g,+,, = 0 and hence

(00,00, =0, i=1,....n,

that is, [z,e;] = 0 for all € g, and all <. But then Lemma 1.5 implies that =z = 0,
for all = € g,, that is, g, = 0, which contradicts the fact that « is a root. O

5.2.4 Exercise 5.4

The set A, (A) is uniquely defined by the properties (i) and (ii) of Exercise 3.5 and
the following property

(iii)’ if « € A, then supp « is connected.

[Let A’ satisfy (i), (i), and (iii). Then A’ \ {a;} is 7;-invariant, hence A’ C A’,.
If now o € A’ \A’¢, then W(a) C A/, and 3 of minimal height from W (a) lies in K]

Solution (by C. Ajila). We already know that A, satisfies (i), (ii) and (iii)". Let A,
be a set that satisfies (i), (ii) and (iii). We first prove that A’, \ {a;} is r;-invariant,
that is

(A) (AL {ai}) = AL A {au
Indeed, let a € A, o # a; and let p,q € Z, be the integers given by (ii) that verify
p—q= (a0
and that a + ko; € A’ ifand only if k € Z and —p < k < ¢. Now
ri(e) = a— (o, 0f)ai = a+ (¢ — pla

and clearly —p < ¢ — p < ¢, so that r;(a) € A’_. Note that r;(«) # o; for in other case
a = —q; ¢ @, which violates (i).
We use (A) to prove that
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(B) A C A,

We prove that for w € W, if « € AT N A/, and w(«) > 0, then w(a) € A’.. We proceed
by induction on /(w), the base case, ¢(w) = 0, being trivial. Let w = r; -7 7,
be a reduced expression, and let w' = ws;, so that {(v') < f(w). If a € AT NA/ is
such that w(a) > 0, then by Lemm 3.11b) we have that a # «;,, and thus by (A)
pi=ry(a) e A, If <0, then as
B=r,(a)=a—(a,q)a,

the only possibility is that a = ka;, for some k € Z,. As o # «;,, then k£ > 2, but
then by (ii), this implies that 2q;, € A, which contradicts (i). Thus 3 > 0, that is,
p e At N A, and by induction hypothesis w'(5) € A’,, that is w(a) € A',.

Now, by (i) we have II C A’ and by what we just proved, this implies that
A C AL

Note that

(C) A\ A is W-invariant.

Indeed, if « € A, \ A and w € W, then a # «; for all i and thus r;(a) € A/, also
ri(a) € AL
Now we prove

(D) A/, \ A™ C Am,

Let o € A’ \ AY, then Wa C A/, \ AY by (C) and we can choose 5 € Wa of minimal
height, which is an element of A, \ A¥. Then we have that (5, a,) < by the mini-
mality of the height of § and by (iii) the support of 5 is connected. Thus g € K and
consequently o € A,

Finally we prove that

(E) Alm C A,

In view of (D) this is the same as proving that A'™ \ A’, is empty. Assume the
contrary, and let « € A'™ \ A, be of minimal height. Since A, is characterized by
(i), (ii) and (iii) of Exercise 3.5 (3.2.5), by (iii) there exists i such that a — «; € A4,
and by the minimality of ht (), and by (B), the only possibility is that o — a; € A/,
Let p and ¢ be the integers given by (ii) corresponding to the «;-root string through
o — o;. We have

p—q={a—a;a’)={(a,a) —2.

Now since the set A™ \ A’ is W-invariant, the minimality of ht (o) implies that
(o, ;) < 0 and consequently

g=p+2—{(a,o)) >2,

so that o = (o« — ;) + o; € A/, a contradiction. Thus A"\ A/, = @ and (E) is proved.
By (B) and (D) we have that A/, C A,, and by (B) and (E) we have the reverse
inclusion. The proof is now complete. OJ
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5.2.5 Exercise 5.5

Let A = (a;;) be a symmetric generalized Cartan matrix. Show that

{ae Q\{0} [(afa) <2} DA

Show that the converse inclusion holds if and only if A is of finite, affine, or
hyperbolic type.

Solution (by C. Ajila). Set
R={a€Q\{0}|]a]*=2<2}

As A is symmetric, all real roots have length 2 and all imaginary roots a verify
|a)? < 0 so the inclusion A C R is proved.

Moreover, we have that v(a;) = «; for all i (again, because A is symmetric).

Now, it is impossible to deduce from the equality A = R that A is indecom-
posable, since for instance a generalized Cartan matrix of type A; x A; verify this
condition. So in order to continue, we must assume that A is indecomposable.

If A is symmetric of finite, affine or hyperbolic clase, then RA follows from
Proposition 5.10 and the fact that

a=min{|lq;*|i=1,...,n} =2.

Conversely, assume that A is an indecomposable symmetric generalized Cartan
matrix that is not of finite, affine or hyperbolic type. Thus A is of indefinite type
and the Dynkin diagram S(A) contains a proper subdiagram S(A) \ {i} for some
vertex i that is of indefinite type. Let A’ be the principal submatrix of A obtained
by removing the i-th row and column, so that S(A4’') = S(A4) \ {i}. Let A" C A (see
Exercise 1.2 be the root system of the Kac-Moody algebra g(A4’). By Theorem
5.6, there exists an imaginary root 3 € Aﬁrim with

BZZk’jOéj, k’j>0f0rj7éi
J#
and such that (5,«;) <0 for all j # i. Note that
BP =D ki (B]a;) =D ki(B,a)) <0.
j#i J#
Now, as A is indecomposable, S(A) is connected, so there exists some j # i with
(aj,a) < 0, and consequently, if £ > 0 is an integer, we obtain

(kB,af) =k Y _kjlag,0f <0.
J#
Set ;. = kS — «;. Note that 5, € Q \ {0} but 5 ¢ A since it has coefficients with
distinct signs with respect to II. On the other hand we have
|Bi|* = k2|81 — 2k(8, o) + 2,
so for k large enough we have that |3 |?
O

< 0 and consequently g, € R. Hence A C R.
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5.2.6 Exercise 5.6

Let A = (a;;) be a finite, affine, or hyperbolic matrix, let B = (b;;) be the correspond-
ing "symmetrized” matrix, and let B(z) = ) b;;z;,z; be the associated quadratic
form. Show that all the integral solutions of the equation B(z) = 0 are of the form
sw(d), where s € Z,w € W(A), and § is the indivisible imaginary root of A (A’),
where A’ is a principal affine submatrix of A. (In particular, any solution is O if A
is strictly hyperbolic.) Show that if A is symmetric, then all the integral solutions
of the equation ) a;;z,2; = 2 are of the form w (¢;), where w € W, o; € 1.

Solution (by C. Ajila). Write A = DB with D = diag(ey, ..., ¢,) and B symmetric.
Ifzez" let

n

o = E €T;0.

=1

laf? = Z%‘% o, ‘ Oéj wax r; = B(x

Then x is an integral solution of the equatlon B(z) = 0 if and only if o € @ and
la)> = 0. In this case, since A is of finite, affine or hyperbolic type, Proposition
5.10c) tells us that « is either an imaginary root or 0. Assume z # 0 (so that a # 0).
Thus « is an isotropic root and by Proposition 5.7 we have that o = w(3) where
w € W(A) and f is an imaginary root of g(A) whose support is a subdiagram of
affine type of S(A), thatis, § = sd, where s € Z and ¢ is the fundamental imaginary
root of g(A’) where A’ is a principal affine submatrix of A. Thus a = sw(d), as
desired.

Now assume that A is symmetric (thus we can take B = A and D = 1), so
that every real root has squared length 2 (and thus every real root is short). By
Proposition 5.10a) we have that the integral solutions of ) a;;x;z; = 2 correspond
precisely to the roots a with |a|? = 2, that is, the real roots and consequently
a =w(w;) for some w € W(A) and «; € II(A). O

Then by (2.1.6),

5.2.7 Exercise 5.7

Show that the sublattice of the lattice A, consisting of vectors with even sum of
coordinates is isomorphic to the root lattice of type D,

Solution (by C. Ajila). We know that D, = DE, where DE, given in Exercise
4.3. But the important thing here is that we have the orthogonal decomposition

Q(D;l3) = Q(Dno2) @ Hy

where




CHAPTER 5. REAL AND IMAGINARY ROOTS 142

where vy, ..., v,_» is the standard basis of the lattice Z" 2, and Hy = Zu; ® Zu, with
{u1,us} a hyperbolic pair. We produce such a decomposition for the sublattice

n—1 n—1
N:{inviGAn ZZ’ZEQZ}
1=0 1=0

First, we prove that the vectors

50:?)0—111,

B1 = v2 — vy,

Ba = —vo + V1 + V3 — U3,
Bi=v; —vi_1, 3<i<n—2),
ﬂn—l - 2vn—17

form a basis of N. They clearly belong to N. Also, N is the kernel of the surjective
abelian group homomorphism

n—1 n—1
A, = 7Z/27, invi > sz (mod 2),
i=0 i=0

and consequently A,,/N = 7Z /27 which means that N has rank n. Thus it is enough
to prove that the vectors fy, ..., 3,-1 generate N as a lattice. But this is easy: an

element
n—1
v = Z r;v; €N
i=0

can be written as (recall that 37" z; € 27)

n—2 7 n—1
v = (2o + x2)B0 + (—x0 — 1)1 + (o + 21 + 22) B2 + Z (Z Iz) Bi + (% Z%) Br—1-

i=3 \j=0

Now, set

n—1

Q' =Ezs and Hj =175 & L.
i=2
It is clear that ' and H/ are orthogonal subsets of A, and we have N = Q' & H).
Also, the vectors [, and , form a hyperbolic pair. Moreover, we have that the map

n—2 n—2

Q(Dp—2) — Q' Zﬂfivi = 21 (—vo + v1 + v2) + Z%”Uiﬂ

i=1 =2

is a lattice isomorphism, which completes the proof. O

5.2.8 Exercise 5.8

Show that the Weyl group W is a subgroup of index 3 in the group of automor-
phisms preserving (- | -) of the root lattice of type C,.
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Solution (by C. Ajila). We have that Q(C,) = \%Q(DQ, so that the group G of

lattice automorphism preserving ( \ ) is the same for both groups. As the Cartan
matrix of type D, is symmetric, by Proposition 5.10b) we have that

G = W(Dy) x Aut(D,).

It is clear that the group Aut(D,) is a dihedral group of group 6, which is generated
by the “rotation”
o] — 3, Q3+ 0y, Q4> 01, Q9= 09y

and by the “reflection”
a1 aq, Qg Qg Qg g, g b Qs
where a4, as, a3, ay are the simple roots of D,. Thus |Aut(D,)| = 6, and
(G W(D4)] =6.

We know that W(C,) = W(B,) and that W(D,) is a index-2 subgroup of W (By)
and thus

6 =[G : W(Dy)] = [G: W(B)|[W(Bi) : W(D4)] = 2[G : W(By)],

which shows that [G : W (B,)] = 3, as desired. O

5.2.9 Exercise 5.9

Let a € A" be such that —a € C¥ and («a,q;) # 0 for some i € suppa. Then the
subdiagram {i € suppa | (a, ) =0} C S(A) is a union of diagrams of finite type.

[Denote by 7" a connected component of this subdiagram and let a = ), k;a;;
set f =), ., kic;. Then (8,a)) > 0 for all i and > 0 for some i € T'.]

In Exercises 5.10-5.15 we assume A to be indecomposable.

5.2.10 Exercise 5.10

An imaginary root « is called strictly imaginary if for every v € A’ either a + v or
a — ~y is a root. Denote by A®™ the set of strictly imaginary roots.

a)If a € Ay and (o,a)) < 0 = 1,...,n), then a € A’ Deduce that if a €
A™ r () # o for all v € A™, then «a € A™,

b) If « € AS™ and (o, oY) <0fori=1,...,n, then a+ € A, for every § € A,.
c) If w € AS™ 3 e A", then a + f € AT

d) AS™ is a semigroup.

e) 7 = R_A'_Aiim.
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Solution (by C. Ajila). Before we proceed with the actual solution, let's make
some remarks:

(1) The sets A*™ and AS™ are W -invariant.

Indeed, let « € A and w € W. If v € A™, then w!(y) € A™, and thus
a+w (y) or a —w~!(v) is a root. Applying w we obtain that w(a)+~ or w(a)—+~
is a root and consequently w(a) € A*™, This proves that A*™ is J¥-invariant.
As

AT = AT AT

and both A®™ and A" are W-invariant, if follows that AS™ is W-invariant too.

(2) Ifa € A¥™, v € A™ and («a,7") = 0, then both a + v and o — v are roots.

Indeed, if (a,~v") = 0 then
s(aty)=a¥F,
and since one of o + v and « — v is a root, so is the other.

a) Since « is a root, supp(«) is connected, and thus a € K so that « is an
imaginary root. Let v € A, then ¥ € AY™ and " = ), k;of with k; nonnegative
integers and not all zero. Thus if p and ¢ are the positive integers according to
Proposition 5.1c) for the real root v and the arbitrary root a, we obtain

b—q= <Oéa’7v> :Zki<auaz\/> <07

thatis, 0 < p < ¢ and consequently ¢ > 1, thatis, a+~is aroot. If « € A™, the same
reasoning applied to —a shows that a — ~ is a root. Thus « is strictly imaginary.

Now assume that « € A™ and r,(a) # « for all ¥ € A™. Let p and ¢ be the
nonnegative integers corresponding to the vy-root string through «, then as r,(a) #
~+ we have that (a,~") # 0 and thus p — ¢ # 0 so that either p > 0 or ¢ > 0 and thus
either a — v or a+ vy is a root, respectively. This shows that « is strictly imaginary.

b) Let @ € AS™ such that (o, ) < 0 for all i. We prove that o + 8 € A, for all
p € A, by induction on ht (5). If ht (8) = 1, then = «; for some i. If (o, a)) = 0,
by (2) we have that o + a; € A,. Otherwise (a,«)) < 0 and by Corollary 3.6a) we
deduce that a + «; is a positive root.

Now, assume that ht (5) > 1. If 5 € K, then a + 5 € @, \ {0}. Moreover, since
B € K we have

(a+B,a)) <0

for all i. Also, since by the height 1 case we have that a + «; is a root, we have that
aU{i} = supp(a+ «;) is connected, and consequently supp(a + ) = supp(«) Usupp(f)
is connected. This shows that a + § € K and consequently a + 3 is a positive
(imaginary) root.

Thus, assume § ¢ K. Then, as [ is a root, its support is connected, so there is
some i such that (g, «)) > 0. This implies that ht (r;(3)) < ht (5), and by induction
hypothesis we obtain that a + r;(/3) is a positive root. But now if p, ¢ are the non-
negative integers associated as in Proposition 5.1c) to the real root «; and the root
a+r;(5), we have

p— q<a + Ti(6>7 a;/> < _<67a;/>
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so that, as ht (r;(8)) < ht (8),
q>(B,a)) >0,

(2

which means that o+ r;(5) + (8, ))a; = a+ (3 is a root.

c) There exists w € W such that w(a) € K. We have that w(8) € A™ and thus
by b) we conclude that w(«) + w(f) € A4, and consequently « + 5 € A and since
both a and  are positive roots, so is a + 5. Now, 27 is also a root (because f is
imaginary), and by the same reasoning, we have that o + 25 € A,. But repeating
this argument with a + 23 in place of 5, we obtain that

2Aa+B8) = a+(a+28) € As,

which means that o + 3 is imaginary.

d) Let o, 8 € AS™. By ¢) a+ 3 € A™. Now let v € A, If (o + 3,7") # 0 then by
Proposition 5.1c) we have that one of a4 5+~ is aroot. So assume that (a+3,v") =0
and consider two possibilities:

* If (a,7") =0 (and also (§,~vY) = 0), by (2) both « + v and « — 7 are roots. There
exists w € W such that w(g) € K. Because « is positive, and W preserve the
positive imaginary roots, then one of w(a 4 ) must be a positive root, and for
that root, it follows from b) that

w(B) + w(a £ )
is a root and so is f + a + v.

o If (o,7") # 0 (and also (§,~7Y) # 0), there is no loss of generality in assuming
that («,v") < 0 and (,v") > 0. Then by Proposition 5.1c) we have that «+~ is
a positive root, and since 2o € A ;im, and (2«,~v") < —2, we deduce that 2o+ 2y
is also a root. Thus a + v € A and by c¢) we conclude that § + o + v is an
(imaginary) root.

Thus o + 3 is strictly imaginary.
e) PENDING. O

5.2.11 Exercise 5.11

Let A/ denote the linear function on Qr := Ry ®z ) defined by (A, ;) = §;;(j =
1,...,n). Then Z = {a € QN —Xy | (w(AY),a) >0 for all w € W and those s =
1,...,n for which the principal submatrix (a;), ;. is of indefinite type }.

i?j

5.2.12 Exercise 5.12

Z is the convex hull of the set of limit points for R A’c.

5.2.13 Exercise 5.13

If Ais a matrix of finite or affine type, 5 € A, a € A™, then the string {f+ ko, k € Z}
contains at most five roots. Show that if A is of indefinite type, then the number
of roots in a string can be arbitrarily large.
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5.2.14 Exercise 5.14

Given g € A and o € A", the string {5 + ka} contains at most four real roots.

5.2.15 Exercise 5.15

Let A be symmetrizable of indefinite type. Then the following conditions are equiv-
alent:

(i) A is of hyperbolic type;

(i XU-X={hebg|(h]|h) <0}
(iii) Z = —X";
(V) A" = {a € Q\{0} | (o | ) < O}

5.2.16 Exercise 5.16

Let A be symmetrizable and let (- |-) be a standard form. Let a, 8 € A'". Then
(] ) <0.

[One can assume that —a € CV.]

5.2.17 Exercise 5.17

Under the hypotheses of Exercise 5.16 assume that (« | 3) < 0. Then o+ € A",

[Since the cone XV is convex, we can assume that —(a + ) € CV. But supp«
and supp [ are connected, and since (a | §) < 0,supp(a + ) is connected and we
can apply Lemma 5.3.]

5.2.18 Exercise 5.18

Under the hypotheses of Exercise 5.16, assume that a + § € AY" and that « and §
are not proportional isotropic roots. Then (a | §) < 0.
[Use Exercise 5.9.]

5.2.19 Exercise 5.19

Let o, 8 € A’ be such that («,3Y) > 0. Show that (5,a") > 0. Furthermore, show
that (Zya+Z,8)NA={a,B,a+ B} NAY.

[To show that (5, a") > 0, one can asssume that « is a simple root; then («, V) >
0 (resp. = 0) if and only if r3(a) < 0 (resp. = « ), which is equivalent to 75 (a¥) < 0
(resp. = o). Furthermore, if ma+ng € A for some m,n € Z,, then (ma + ng,3Y) >
2n, hence ma € A and m < 1 similarly, n < 1; in particular, 2(« + ) is not a root.]
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5.2.20 Exercise 5.20

Let o« =) . kio;, € K and let g = ) . m;a; € Q.be such that o — § € Q. Using the
identity

(a—B|8) = ij HNa | a;) + wa(@—m—?) ik

]

show that (o — 8 | ) < 0 unless (« | @) = 0 and g is proportional to a.

5.2.21 Exercise 5.21



Appendix A

Generalized Cartan matrices of
hyperbolic type

Here we provide a complete list of generalized Cartan matrices of hyperbolic type
and their Dynkin diagrams. Also we list the strictly hyperbolic matrices.

A.1 Strictly hyperbolic type

The strictly hyperbolic type generalized Cartan matrices are:
e Order 2. H?*(a,b), with a,b € Z ¢, ab > 4.

3 173 3 3 g3 3 s 3 3 3 3 3 3 3 3
e Order 3. Hy, H3, Hy, H;, Hg, Hy, Hyy, H},, His, Hig, Hy, Hy,, Hsg, Hgy Hgy,

3 173 3 w3 o3 g3 3 o3 g3 3 3 3 3 3 3 3
Hg,, Hgso Hgg, Hig, Hyy, Hg, Hyyo Hyy, Hys, Higy, Hige, Higs, Hipss Hiygs Hitgs Higg-

e Order 4. H}, H{,, H{,.
e Order 5. H..

A.2 Order 2

A.2.1 H?(a,b)

2 a
(b 2), a,b € Zg,ab > 4.

A.3 Order 3

A.3.1 H}

AN

148
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2 -1 -1
-1 2 -1
-1 -2 2

A.3.2 I}
2 -1 -1
-1 2 =2
-1 -2 2
A.3.3 H3
2 -1 -1
-1 2 -1
-1 -3 2
A.3.4 I3
2 -1 -1
-1 2 -1
-1 —4 2
A.3.5 H?

2 =2 -1
-2 2 =2
-1 -2 2
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A.3.6 I}

A.3.7 H?

A.3.8 H}

A.3.9 H}

A.3.10 H3,

2 -1 -1
-2 2 =2
-1 -1 2

2 -2 -1
-1 2 -1
-1 =2 2

2 -1 -1
-2 2 -1
-1 -2 2

2 -1 -1
-3 2 =3
-1 -1 2

2 =3 -1
-1 2 -1
-1 =3 2
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A.3.11 H}
2 -1 -1
-3 2 -1
-1 -3 2
A.3.12 H3,
2 -1 -1
—4 2 -4
-1 -1 2
A.3.13 H3,
2 -4 -1
-1 2 -1
-1 —4 2
A.3.14 H},
2 -1 -1
-4 2 -1
-1 —4 2
A.3.15 HJ

2 -1 -1
-2 2 =3
-1 -1 2
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A.3.16 M3,
2 -1 -1
-2 2 -4
-1 -1 2
A.3.17 H}
2 -1 -1
-3 2 -4
-1 -1 2
A.3.18 M3,
2 -2 -1
-1 2 -1
-1 =3 2
A.3.19 H3,
2 -2 -1
-1 2 -1
-1 —4 2
A.3.20 M3

2 =3 -1
-1 2 -1
-1 -4 2
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A.3.21 H}
2 -1 -1
-2 2 -1
-1 -3 2
A.3.22 H3,
2 -1 -1
-2 2 -1
-1 -4 2
A.3.23 M},
2 -1 -1
-3 2 -1
-1 —4 2
A.3.24 H3,
2 -2 -1
-1 2 =3
-1 -1 2
A.3.25 [

2 =2 -1
-1 2 —4
-1 -1 2
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A.3.26 M}
2 -3 -1
-1 2 -4
-1 -1 2
A.3.27 H
2 -2 -1
-2 2 =2
-1 -1 2
A.3.28 M3,
2 -2 -1
-2 2 -1
-1 -2 2
A.3.29 [}
2 -2 -1
-2 2 =3
-1 -1 2
A.3.30 M3

2 =2 -1
-2 2 -1
-1 =3 2
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A.3.31 H}
2 =2 -1
-2 2 -4
-1 -1 2
A.3.32 H
2 -2 -1
-2 2 -1
-1 -4 2
A.3.33 H3,
2 -2 =2
-2 2 =2
-2 =2 2
A.3.34 I,
2 -1 =2
-2 2 =2
-2 -1 2
A.3.35 Hi

2 =2 =2
-1 2 -1
-2 =2 2
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A.3.36 H3,
2 -1 =2
-2 2 -1
-2 -2 2
A.3.37 H3
2 -1 =2
-3 2 =3
-2 -1 2
A.3.38 H3,
2 -3 =2
-1 2 -1
-2 -3 2
A.3.39 [}
2 -1 =2
-3 2 -1
-2 =3 2
A.3.40 H3,

2 -1 =2
-4 2 —4
-2 -1 2
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A.3.41 H}
2 —4 =2
-1 2 -1
-2 —4 2
A.3.42 H3,
2 -1 =2
—4 2 -1
-2 -4 2
A.3.43 H3,
2 -1 =2
-2 2 =3
-2 -1 2
A.3.44 H3,
2 -1 =2
-2 2 -4
-2 -1 2
A.3.45 H3,

2 -1 =2
-3 2 -4
-2 -1 2
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A.3.46 M3
2 =2 =2
-1 2 -1
-2 -3 2
A.3.47 H3
2 -2 =2
-1 2 -1
-2 -4 2
A.3.48 M3,
2 -3 =2
-1 2 -1
-2 -4 2
A.3.49 H3,
2 -1 =2
-2 2 -1
-2 =3 2
A.3.50 H},

2 -1 =2
-2 2 -1
-2 -4 2
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A.3.51 M3
2 -1 =2
-3 2 -1
-2 —4 2
A.3.52 [},
2 -2 =2
-1 2 -3
-2 -1 2
A.3.53 [},
2 -2 =2
-1 2 -4
-2 -1 2
A.3.54 I3,
2 -3 =2
-1 2 -4
-2 -1 2
A.3.55 M3

2 =2 =2
-2 2 =2
-2 -1 2
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A.3.56 H},
2 =2 =2
-2 2 =3
-2 -1 2
A.3.57 H3
2 -2 =2
-2 2 -4
-2 -1 2
A.3.58 HJ,
2 -1 -1
-2 2 =2
-3 -1 2
A.3.59 M}
2 -1 -1
-2 2 =2
—4 -1 2
A.3.60 H},

2 =2 -1
-1 2 -1
-3 =2 2
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A.3.61 H}
2 =2 -1
-1 2 -1
—4 -2 2
A.3.62 H},
2 -1 -1
-2 2 -1
-3 =2 2
A.3.63 H},
2 -1 -1
-2 2 -1
-4 -2 2
A.3.64 I3,
2 -2 -1
-1 2 =2
-3 -1 2
A.3.65 H

2 =2 -1
-1 2 =2
-4 -1 2
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A.3.66 I3
2 -1 -1
-3 2 =3
-2 -1 2
A.3.67 I3
2 -1 -1
-3 2 =3
-4 -1 2
A.3.68 II},
2 -3 -1
-1 2 -1
-2 -3 2
A.3.69 [
2 -3 -1
-1 2 -1
—4 -3 2
A.3.70 I3,

2 -1 -1
-3 2 -1
-2 =3 2
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A.3.71 H}
2 -1 -1
-3 2 -1
—4 -3 2
A.3.72 H3,
2 -3 -1
-1 2 -3
-2 -1 2
A.3.73 M3,
2 -3 -1
-1 2 -3
—4 -1 2
A.3.74 H,
2 -1 -1
—4 2 -4
-2 -1 2
A.3.75 M3

2 -1 -1
-4 2 —4
-3 -1 2
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A.3.76 M3,
2 —4 -1
-1 2 -1
-2 —4 2
A.3.77 H
2 —4 -1
-1 2 -1
-3 -4 2
A.3.78 M3,
2 -1 -1
—4 2 -1
-2 -4 2
A.3.79 H3,
2 -1 -1
—4 2 -1
-3 —4 2
A.3.80 13

2 -4 -1
-1 2 —4
-2 -1 2
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A.3.81 [,
2 —4 -1
-1 2 -4
-3 -1 2
A.3.82 I}
2 -1 -1
-2 2 =3
-4 -1 2
A.3.83 HZ,
2 -1 —4
-2 2 =3
-1 -1 2
A.3.84 I3,
2 -2 -1
-1 2 -1
—4 -3 2
A.3.85 HZ

2 =2 -4
-1 2 -1
-1 -3 2
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A.3.86 H:,
2 -1 -1
-2 2 -1
—4 -3 2
A.3.87 [
2 -1 —4
-2 2 -1
-1 -3 2
A.3.88 H3
2 =2 -1
-1 2 -3
-4 -1 2
A.3.89 M3
2 =2 —4
-1 2 =3
-1 -1 2
A.3.90 H},

2 -1 =2
-2 2 -1
-1 -2 2
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A.3.91 H}
2 -1 -1
-2 2 =2
-2 -2 2
A.3.92 H},
2 -1 -3
-3 2 -1
-1 -3 2
A.3.93 H},
2 -1 -1
-3 2 =3
-3 -2 2
A.3.94 I,
2 -1 —4
—4 2 -1
-1 —4 2
A.3.95 Hi

2 -1 -1
-4 2 —4
-4 =2 2



APPENDIX A. GENERALIZED CARTAN MATRICES OF HYPERBOLIC TYPE 168

A.3.96 I3,
0—0¢—0
2 -1 0
-1 2 =2
0o -2 2
A.3.97 M3
oO—C=
2 -1 0
-1 2 -4
0O -1 2
A.3.98 [},
o—C=
2 -1 0
-1 2 -1
0 —4 2
A.3.99 [}
O==0¢—0
2 -1 0
-2 2 =2
0 -2 2
A.3.100 H},
O==0¢—0
2 -2 0
-1 2 =2
0 -2 2
A.3.101 H},
O——0C——0
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A.3.102 H3,

O—=—0C—-20
2 =2 0
-1 2 -1
0o -3 2
A.3.103 3,
o—=—0C=-0
2 =2 0
-1 2 -3
0O -1 2
A.3.104 3,
O—F—C==0
2 -1 0
-2 2 =3
0O -1 2
A.3.105 3,
O—F—C==0
2 -1 0
-2 2 -1
0 —4 2
A.3.106 I3,
O—=—C=—==0
2 -2 0
-1 2 -1
0 —4 2
A.3.107 H3,
o—=—C==0
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A.3.108 [T},

O—=—C==0
2 =1 0
-2 2 -4
0O -1 2
A.3.109 H3y,
O==0<—0
2 =2 0
-2 2 =2
0 -2 2
A.3.110 Hf’m
O&—T—0
2 -2 0
-2 2 -1
0 -3 2
A.3.111 Hf’n
O&—T==0
2 =2 0
-2 2 =3
0O -1 2
A.3.112 Hf’u
O&—C==0
2 =2 0
-2 2 -1
0 —4 2
A.3.113 Hf’lg
O&—C==0
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A.3.114 3,

C====0
2 -1 0
-3 2 -1
0 -4 2
A.3.115 H};
O——0==
2 -3 0
-1 2 -1
0 -4 2
A.3.116 H}
O=—C===0
2 -3 0
-1 2 -4
0o -1 2
A.3.117 H},
C====0
2 -3 0
-1 2 -4
0o -1 2
A.3.118 H},
===
2 -1 0
-3 2 -1
0 -3 2
A.3.119 M},
===
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A.3.120 H},

A.3.121 3,

2 -1 0
-4 2 -1
0 —4 2

A.3.122 [},

A.3.123 H3,

2 -4 0
-1 2 -1
0 —4 2

A.4 Order 4

A.4.1 H}

2 -1 -1 0
-1 2 -1 0
-1 -1 2 -1
0o 0 -1 2

172
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A.4.2 H!

A.4.3 H!

A.4.4 H!

A.4.5 H}

GENERALIZED CARTAN MATRICES OF HYPERBOLIC TYPE

A

2
—1

2
-1
-1

2
-1
-1

2
-1
-1

-1
2
-1

-1
2
-1

-1
2
-1

-1
2
-1

—1
—1

—1
-1
2

—1
-1
2

-1
-1
2
—1

0
0
-2

0
0
-1

0
0
-3
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A.4.6 H:

A.4.7 H!

A.4.8 H}

A.4.9 H}

%

2 -1 0
-1 2 -1
0 -1 2
-1 -1 -1

X

2 -1 -1
-1 2 -1
-1 -1 2
-1 -1 -1

[]

2 -1 0
-2 2 -1
0 -1 2

-3 2 -1
0 -1 2

—1
—1
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A.4.10 HY,

A.4.11 HY

A.4.12 Hi

A.4.13 H.

-2 2 -1
0 -1 2
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A.4.14 H,

A.4.15 H.

A.4.16 H

A.4.17 H:

-3 2 -1 0
0o -1 2 =3

-3 2 -1 0
0o -1 2 -1

-2 2 -1 0
0 -1 2 -1
-2 0 -1 2

-2 2 -1 0
0 -1 2 -1

176
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A.4.18 H

A.4.19 H}

A.4.20 H

A.4.21 HY

-2 2 -1
0 -1 2

-1 2 -1
0 -1 2
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A.4.22 Hi

A.4.23 H.

A.4.24 H:,

A.4.25 H.

2 =2 0
-1 2 -1
0 -1 2
-1 0 -1
2 -1 0
-2 2 -1
0 -2 2
-1 0 =2
2 -1 0
-2 2 -1
0 -2 2
-1 0 -1
2 -1 0
-2 2 =2

178
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A.4.26 H

A.4.27 H.

A.4.28 HL

A.4.29 H

-1 2 -1 0
0o -2 2 =2
-1 0 -1 2
2 =2 0 0
-1 2 -1 =2
0o -1 2 0
0O -1 0 2
2 =2 0 0
-1 2 -1 -1
0 -1 2 0
0o -2 0 2
2 -1 0 0
-2 2 -1 =2
0 -1 2 0
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A.4.30 [}

A.4.31 H

A.4.32 Hi

A.4.33 Hi,

2 =2 0 0
-1 2 -1 -1
0 -2 2 0
0o -2 0 2
2 =2 0 0
-1 2 -1 =2
0 -2 2 0
0O -1 0 2
2 =2 0 0
-1 2 -2 =2
0 -1 2 0
0O -1 0 2
2 -1 0 0
-2 2 =2 =2
0 -1 2 0

0O -1 0 2
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A.4.34 H

A.4.35 Hi

A.4.36 Hi,

A.4.37 Hi

2 =1 0 0

-3 2 -1 -1
0 -1 2 0

0O -1 0 2

2 =3 0 0

-1 2 -1 -1
0o -1 2 0

0O -1 0 2
O D)
2 -1 0 0

-1 2 -1 0

0o -1 2 -1
0O 0 -3 2
O )
2 -1 0 0

-1 2 -1 0
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A.4.38 [

A.4.39 Hi

A.4.40 H)

A.4.41 HY

A.4.42 Hi
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A.4.43 H

A.4.44 H)

A.4.45 H.

A.4.46 H

A.4.47 HL

-3 2 -1
0 -1 2
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A.4.48 H

2 -1 0 0
-3 2 -1 0
0o -1 2 =3
o 0 -1 2
A.4.49 Hilg
C D
2 =3 0 O
-1 2 -1 0
0o -1 2 -1
0o 0 -3 2
Ao4u50 H540
O @) @) @)
2 -1 0 O
-2 2 -1 0
0o -2 2 -1
o 0 -2 2
Ao4051 Hgll
©. ) O
2 -1 0 O
-2 2 -1 0
0o -2 2 =2
o 0 -1 2
A.4.52 I},
O @) @) @)
2 -1 0 O
-2 2 =2 0
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A.4.53 [

A.5 Order 5

A.5.1 H’

A.5.2 H:

A5.3 H

O @) @) @)
2 =2 0 0

-1 2 -1 0

0o -2 2 -1
o 0 -2 2
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A.5.4 H’

A5.5 [’

A5.6 H

A.5.7 H?

GENERALIZED CARTAN MATRICES OF HYPERBOLIC TYPE

-1 2 -1 0 O
o -1 2 -1 -1
-1 0 -1 2 O
-1 0 -1 0 2
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A0508 H85
2 -2 0 0 -1
-1 2 -1 0 0
0O -1 2 -1 0
0o 0 -2 2 -1
-1 0 0 -1 2
A.5.9 H:
2 -1 0 0 0
-1 2 -1 0 O
o -1 2 -1 -1
o 0 -2 2 0
o 0 -1 0 2
A050 10 H:?O
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A.5.11

-1 2 -1 0 O

0o -2 2 -1 -1
0o 0 -1 2 0
0o 0 -1 0 2

A.5.12 HJ,

A.5.13 H’,

-2 2 -1 0 O
-1 2 -2 -1

A.5.14 [,
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A.5.15

A.5.16

A.5.17

H

H

H

5
15

5
16

)
17

2 -1
-2 2
0 -1
0 O
0 0
2 =2
-1 2
0 -1
0 0
0 0
2 =2
-1 2
0 -1
0 0
0 0
2 -1
-1 2

0 0 O
-1 0 0
2 -1 -1
-2 2 0
-1 0 2
0O 0 O
-1 0 0
2 =2 -1
-1 2 0
-1 0 2
0 0 O
-1 0 0
2 -1 -1
-2 2 0
-1 0 2
0 0 O
-1 -1 -1
2 0 0
0 2 0
0 0 2
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A.5.18 [,

2 -1 0 0 0
-1 2 -1 -2 -1

0O -1 2 0 0
0O -1 0 2 0
0O -1 0 0 2
A.5.19 Hj,
O—F—0—O0—F—0—0
2 =1 0 0 0
-2 2 =1 0 0
O -1 2 -1 0
0 o -2 2 -1
0 0 0o -1 2
A.5.20 Hj,
O—F—0—O0—=<—0—0
2 =1 0 0 0
-2 2 -1 0 0
o -1 2 -2 0
0 o -1 2 -1
0 0 0o -1 2
A.5.21 )
o—=—0—-0O0——0—0
2 =2 0 0 0
-1 2 -1 0 0
-1 2 -1 0
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A.5.22 [,

A.6 Order 6

A.6.1 HS

A.6.2 HS

A.6.3 S
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A.6.4 M
2 -1 0 0O 0 -1
-2 2 =1 0 0 0
O -1 2 -1 0 0
O o0 -1 2 -2 0
o o0 o0 -1 2 -1
-1 0 O 0O -1 2

A.6.5 Hf
2 -1 0 0O 0 O
-1 2 -1 0 0 0
O -2 2 -1 0 0
0 o -1 2 -1 -1
o o0 o0 -1 2 0
o o0 o0 -1 0 2

A.6.6 H!
2 -1 0 0 0 O
-1 2 -2 0 0 0
O -1 2 -1 0 0
0 o -1 2 -1 -1
O 0 0 -1 2 0
o o0 o0 -1 0 2
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A.6.7 HS
@ T O
2 -1 0 0 0 0
-2 2 =1 0 0 0
o -1 2 -1 -1 0
0 0 -1 2 0 0
0 0 -1 0 2 -1
0 0 0 0O -1 2

A.6.8 Hf
o r T 0
2 =2 0 0 0 0
-1 2 -1 0 0 0
o -1 2 -1 -1 0
0 0 -1 2 0 0
0 0 -1 0 2 -1
0 0 0 0O -1 2

A.6.9 HS

0
-2 2 -1 0 0 O
0
0

o -1 2 -1 -1
0o 0 -1 2 0
o o0 -1 0 2 -1
o o0 0 0 =2 2

A.6.10 HS,
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oo oo
o
|
—_
O
o

A.6.11 HS

2 =20 0 0 0
-1 2 -1 0 0 0
-1 2 -1 -1 0

0

0

o 0 -1 2 0

0O 0 -1 0 2 -1
0O 0 O 0 -2 2

A.6.12 HS,
O I O

2 -1 0 0 0 O
-1 2 -1 -1 0 -1
0O -1 2 0O 0 O
0 -1 0 2 -1 0
o o 0 -1 2 0
o -1 0 0 0 2

A.6.13 HS,
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2 -1 0 0 0 0
-1 2 -1 -1 0 -1
o -1 2 0 0 0
o -1 0 2 -1 0
o o0 0 -2 2 0
o -1 0 0 0 2

A.6.14 HY,

2 -1 0 0 0 O
-1 2 -1 -1 0 -1
o -1 2 0 0 0
o -1 0 2 -2 0
o 0 0 -1 2 0
o -1 0 0 0 2

A.6.15 HS,

-1 2 -1 -1 -1 -1

o -1 2 0 0 0
o -1 0 2 0 0
o -1 0 0 2 0
o -1 0 0 0 2
A.6.16 HY;

o ) r 0
2 -1 0 0 0 O
-1 2 -1 0 0 O
o -2 2 -1 0 0
o 0 -1 2 -1 0
o o0 0 -1 2 -1
o o0 o0 0 -1 2
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A.6.17 HS.

O ) r 0
2 -1 0 0 0 0
-1 2 =2 0 0 0
o -1 2 -1 0 0
0 o -1 2 -1 0
0 0 o -1 2 -1
o o o0 0 -1 2
A.6.18 IS,
O ) r 0
2 -1 0 0 0 0
-1 2 -1 0 0 0
o -1 2 -1 0 0
0 o -2 2 -1 0
0 0 o -1 2 -1
o o o0 o0 -1 2
A.6.19 HY,
O——0—0—0——0—20
2 -1 0 0 0 0
-2 2 -1 0 0 0
o -1 2 -1 0 0
0 o -1 2 -1 0
0 0 o -2 2 -1
o o o0 o0 -1 2
A.6.20 M,
O——0—0—O0—=—0—20
2 -1 0 0 0 0
-2 2 -1 0 0 0
o -1 2 -1 0 0
0 o -1 2 -2 0
0 0 o -1 2 -1
o o o0 0 -1 2
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A.6.21 [,

o—=—0—0—0—0—0
2 -2 0 0 0 0
-1 2 -1 0 0 0
o -1 2 -1 0 0
O 0 -1 2 -1 0
o o 0 -2 2 -1
o o0 0 0 -1 2

A.6.22 HS,

O—=—0—0—0—=<-0—0
2 =2 0 0 0 0
-1 2 -1 0 0 0
o -1 2 -1 0 0
O 0 -1 2 -2 0
o o 0 -1 2 -1
o o0 0 0 -1 2

A.7 Orders 7,8, 9 and 10

A7.1 Ty,
O O
2 -1 0 0 0 0 0 0
-1 2 -1 0 0 0 0 O
o -1 2 -1 0 0 0 0
o o0 -1 2 -1 0 -1 0
o o o0 -1 2 -1 0 0
o o o o0 -1 2 0 0
o o0 o0 -1 0 0 2 -1
o o0 o0 o0 0 0 -1 0
A.7.2 T5’4’2
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?

)

A.7.3 T73 9 = E10

A7.4 AE, n=17.89

A.7.5 BE, n=128910

O



199

APPENDIX A. GENERALIZED CARTAN MATRICES OF HYPERBOLIC TYPE

—1

—1

—1

A.7.6 CE, n=7138,910

—1

—1

—1

A.7.7 DE, n=1738,910
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