
Non-commutative deformations of quotient
singularities.

Lien Cartaya Bermúdez
Stephen Griffeth, PhD.
Advisor

Thesis for Math Master’s Degreee
04.03.2024

We thanks to the Agencia Nacional de Investigación y Desarrollo, ANID, Chile, for
supporting this work through the FONDECYT Proyecto Regular 1231355.



Non-commutative deformations of quotient singularities. 2/27 Thesis for Math Master’s Degree

Review of the key results in Non-commutative deformations of Kleinian
singularities, by Crawley-Boevey and Holland [CH98] (1998).

Lien Cartaya (Advisor: S. Griffeth.)



Non-commutative deformations of quotient singularities. 3/27 Thesis for Math Master’s Degree

Table of Contents

1 Context.

2 Main results.

3 An example.

4 An application of the results.

5 Principal bibliography.

Lien Cartaya (Advisor: S. Griffeth.) Context.



Non-commutative deformations of quotient singularities. 4/27 Thesis for Math Master’s Degree

Deformation of the Kleinian singularity

K a field, K = K , charK = 0.

Γ ≤ SL2(K ) a non-trivial finite subgroup.

K 2 ↠ K 2/Γ = Spec(K [x , y ]Γ) the Kleinian singularity.

We study non-commutative deformations of K [x , y ]Γ, called Oλ.
Oλ := e K⟨x,y⟩⋊Γ

(xy−yx−λ) e , e = 1
|Γ|

∑
γ∈Γ

γ, λ ∈ Z (KΓ).

Lien Cartaya (Advisor: S. Griffeth.) Context.
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McKay graph

Irreducible representations, Ni , i ∈ I of Γ ↔ Vertices set I
Multiplicity of Ni in V ⊗ Nj ↔ edge between i and j
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Extended Dynkin quiver

Q an extended Dynkin quiver associated to Γ.

Γ ≤ SL2(K ) D3 = ⟨a, b|a3 = b2 = (ba)2 = 1⟩

Dynkin extended graph

Quiver Q

0

1

2 3

4

5

δ = (δ)i∈I = (dimNi)i∈I δ = (1, 1, 2, 2, 1, 1)

Z (KΓ) = K I , λ↔ (λi), λi is the trace of λ on Ni .

Lien Cartaya (Advisor: S. Griffeth.) Context.
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Deformed preprojective algebra

For an arbitrary quiver Q, with vertices set I and arrows set Q,
Π(Q) := KQ/

( ∑
a∈Q

[a, a∗]
)

the preprojective algebra of Q, KQ the path algebra.

We study the deformed preprojective algebra Πλ(Q) := KQ/
( ∑

a∈Q
[a, a∗] −

∑
i∈I

λi ei
)

,

λ = (λi)i∈I ∈ K I , ei the trivial path at vertex i .
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Theorem PBW

K ⟨x , y⟩⋊ Γ := K ⟨x , y⟩ ⊗
K

KΓ the semi-direct product algebra.

Sλ := (K ⟨x , y⟩⋊ Γ)/(xy − yx − λ), λ ∈ Z (KΓ)

Oλ := eSλe , e = 1
|Γ|

∑
γ∈Γ

γ.

Sλ has a filtration, x and y have degree 1 and γ ∈ Γ has degree 0.

Theorem
grSλ ∼= K [x , y ] ⋊ Γ and grOλ ∼= K [x , y ]Γ.

Lien Cartaya (Advisor: S. Griffeth.) Main results.
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Morita equivalence

Q a Dynkin extended quiver associated to Γ.

fi ∈ KΓ an idempotent; KΓfi ∼= Ni . The fi are orthogonal.
f = f0 + ... + fn, f0 = e

Theorem 3.8: Πλ(Q) ∼= f Sλf .

Corollary 3.9

Oλ ∼= e0Πλ(Q)e0, e0 the trivial path at vertex 0, and Sλ M∼ Πλ(Q), ∀λ ∈ Z (KΓ) = K I .

Lien Cartaya (Advisor: S. Griffeth.) Main results.
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Ringel form and Weyl group for a quiver

⟨α, β⟩ =
∑
i∈I

αiβi −
∑

a∈Q
αtaβha the Ringel form, with α, β ∈ K I .

(α, β) = ⟨α, β⟩+ ⟨β, α⟩ the symmetrization of the Ringel form.

The Weyl group is generated by the simple reflections si ∈ AutZI , α 7→ α− (α, ϵi)ϵi .

Lien Cartaya (Advisor: S. Griffeth.) Main results.
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Roots for a quiver

The simple roots are the coordinate vectors ϵi ∈ ZI for i ∈ I a loopfree vertex.
• α ∈ ZI is a real root if w ∈W and a simple root ϵj with α = wϵj .

F = {α ∈ NI |α ̸= 0, suppα is connected, (α, ϵi) ≤ 0∀i}

• α ∈ ZI is an imaginary root if ∃w ∈W and β ∈ F with α = wβ or α = −wβ.

A root is either real or imaginary.

Lien Cartaya (Advisor: S. Griffeth.) Main results.
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Classification of simple Πλ(Q)−modules

Q an extended Dynkin quiver associated to Γ.

λ · δ ̸= 0. Rλ = {α a root |λ · α = 0}.

Σλ the set of positive minimal elements of Rλ.

Theorem 7.7

{Isoclasses of finite-dimensional simple Πλ(Q)−modules} ∼→ Σλ

M 7→ dim M

Lien Cartaya (Advisor: S. Griffeth.) Main results.
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Cyclic group of order 2

Γ = C2 = ⟨σ |σ2 = 1⟩.

Letting K = C, λ = σ ∈ Z (CC2):

Sλ = C⟨x , y⟩⋊ C2
(xy − yx − σ) , Oλ = 1 + σ

2 Sλ 1 + σ

2

C2 1 σ
χ0 1 = dimN0 1
χ1 1 = dimN1 -1

Lien Cartaya (Advisor: S. Griffeth.) An example.
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Cyclic group of order 2

C2 ↔ A1
1

Two possible orientation for Q:

0 1

a

b
0 1

a

b

Q the Kronecker quiver (to the right), letting λ ∈ C2

Πλ(Q) = CQ
/

(−a∗a − b∗b − λ0e0 , aa∗ + bb∗ − λ1e1)

Lien Cartaya (Advisor: S. Griffeth.) An example.
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Kronecker quiver

α = δ + ϕ = (2, 1) ∈ Z2.

δ = (1, 1) the fundamental root for Q, ϕ = (1, 0) a simple root for Q.

Take λ = (1,−2), λ · α = 0⇒ λ1 = −2λ0,

Πλ(Q) = CQ/(−a∗a − b∗b − e0, aa∗ + bb∗ + 2e1)

Lien Cartaya (Advisor: S. Griffeth.) An example.
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Kronecker quiver

M ∈ Rep(Q), M(0) = C2, M(1) = C ⇒ dim M = α = (2, 1)

v ∈ C2, w ∈ C,

M(a) : M(0)→ M(1), (v0, v1) 7→ v0 ,

M(b) : M(0)→ M(1), (v0, v1) 7→ v1 ,

M(a∗) : M(1)→ M(0), w 7→ (−w , 0) ,

M(b∗) : M(1)→ M(0), w 7→ (0,−w)

(−a∗a − b∗b − e0) · (v + w) = 0, (aa∗ + bb∗ + 2e1) · (v + w) = 0
⇒ M ∈ Rep(Πλ(Q))

Lien Cartaya (Advisor: S. Griffeth.) An example.
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Zero-fiber ring

F a field, V a finite-dimensional F−vector space.

G ≤ GL(V ) a finite group.

F [V ]G the ring of functions on the scheme V /G .

F [V ]G ↪→ F [V ] ←→ π : V ↠ V /G

Lien Cartaya (Advisor: S. Griffeth.) An application of the results.
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Zero-fiber ring

π−1(0) ⊆ V ←→ F [π−1(0)] = F [V ]/⟨f − f (0)|f ∈ F [V ]G⟩

zero-fiber zero-fiber ring

d = d(G) the degree of the zero-fiber is the dimension of the zero-fiber ring.

Lien Cartaya (Advisor: S. Griffeth.) An application of the results.
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Zero-fiber ring of quaternionic quotient singularities

Wn(Γ) = {γ(1)
1 γ

(2)
2 · · · γ

(n)
n ω | γ1, γ2, ..., γn ∈ Γ, ω ∈ Sn}

γ(p) =


1 0 . . . 0
0 1 0

. . .
. 1 .
. γ .
. 1 .

. . .
0 . . . 1

, with γ ∈ Γ ≤ H× in position (p, p)

Seeing Sn ≤ GLn(H) the subgroup of permutation matrices.

Lien Cartaya (Advisor: S. Griffeth.) An application of the results.
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Zero-fiber ring of quaternionic quotient singularities

Letting V = Hn and G = Wn(Γ),

Theorem Zero-fiber of Hn ↠ Hn/Wn(Γ) is of degree d ≥ ((n + 1)|Γ| − 1)n.

By using Theorem 3.8, its Corollary 3.9 and Theorem 7.7.

n = 1 By a direct calculation. (=)

n > 1 By using the PBW Theorem:

Sλ is a deformation of C[x , y ] ⋊ Γ

⇒ Sλ⊗n ⋊ Sn is a deformation of C[x1, ..., xn, y1, ..., yn] ⋊ Wn(Γ)

Lien Cartaya (Advisor: S. Griffeth.) An application of the results.
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Relate Sλ to Πλ(Q) ⇒
Quiver representation

Information about Sλ

Q extended Dynkin

The article by Crawley-Boevey and Holland provides us with a tool to find representations of
the deformation of the quaternionic quotient singularity (see [GC24])

Lien Cartaya (Advisor: S. Griffeth.) An application of the results.
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Q&A

Thank you for your attention !
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