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Review of the key results in Non-commutative deformations of Kleinian
singularities, by Crawley-Boevey and Holland [CH98] (1998).
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Deformation of the Kleinian singularity

K a field, K = K, charK = 0.

' < SLy(K) a non-trivial finite subgroup.
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Deformation of the Kleinian singularity

K a field, K = K, charK = 0.
' < SLy(K) a non-trivial finite subgroup.
K2 — K2 /T = Spec(K|x, y]") the Kleinian singularity.

We study non-commutative deformations of K|[x,y]", called O*.

A o Ky)xT _ 1
or = eme,e—m%r%)\GZ(Kr).
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Extended Dynkin quiver

Q an extended Dynkin quiver associated to I'.

I < SLy(K) D3 = (a, bla® = b? = (ba)? = 1)
Po P4
P2 P3
P P
Dynkin extended graph
0 4
>93<
Quiver @ 1 5
6 = (6)ier = (dimN;)ies §=(1,1,2,2,1,1)
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Extended Dynkin quiver

Q an extended Dynkin quiver associated to I'.

I < SLy(K) D3 = (a, bla® = b? = (ba)? = 1)
Po P4
P2 P3
P P
Dynkin extended graph
0 4
>93<
Quiver @ 1 5
6 = (6)ier = (dimN;)ies §=(1,1,2,2,1,1)

Z(KT) =K', X <+ ()\;), A is the trace of A on N;.
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Deformed preprojective algebra

For an arbitrary quiver Q, with vertices set / and arrows set Q,
N(Q) :== KQ/( X [a,a*]) the preprojective algebra of Q, KQ the path algebra.
ac@
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Deformed preprojective algebra

For an arbitrary quiver Q, with vertices set / and arrows set Q,
N(Q) :== KQ/( X [a,a*]) the preprojective algebra of Q, KQ the path algebra.
ac@

We study the deformed preprojective algebra M*(Q) := KQ/( Y [a,a*] — >_ Aie)
acQ iel

A= (\)ies € K!, ¢ the trivial path at vertex i.
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Theorem PBW

K{x,y) x T := K(x,y) ® KT the semi-direct product algebra.
K
SN = (K{x,y) x ) /(xy —yx — A), A € Z(KT)

O’\::eSAe,e:ﬁny.

yer
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Theorem PBW

K{x,y) x T := K(x,y) ® KT the semi-direct product algebra.
K
SN = (K{x,y) x ) /(xy —yx — A), A € Z(KT)
o* ::eS)‘e,e:‘%| S
yer

S? has a filtration, x and y have degree 1 and v € I has degree 0.

gr&* = K[x,y] x T and grO* = K|x, y]".
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Morita equivalence

Q@ a Dynkin extended quiver associated to I'.

f; € KT an idempotent; KT'f; = N;. The f; are orthogonal.
f=f+..+f fh=e
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Morita equivalence

Q@ a Dynkin extended quiver associated to I'.

f; € KT an idempotent; KT'f; 2 N;. The f; are orthogonal.
f=fh+..+f fo=e

Theorem 3.8: NM*(Q) = fS*f.

Corollary 3.9

O* = gM*(Q)ey, € the trivial path at vertex 0, and S* X M (Q), VA € Z(KT) = K'.
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Ringel form and Weyl group for a quiver

(o, ) = Y- ;B — 3. afiha the Ringel form, with o, 8 € K.
i€l acQ

(a, B) = (@, B) + (B, ) the symmetrization of the Ringel form.
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Ringel form and Weyl group for a quiver

(o, ) = Y- ;B — 3. afiha the Ringel form, with o, 8 € K.
iel aeQ

(a, B) = (@, B) + (B, ) the symmetrization of the Ringel form.

The Weyl group is generated by the simple reflections s; € AwtZ!, o+ a — (a, €)e;.
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Roots for a quiver

The simple roots are the coordinate vectors ¢; € Z/ for i € I a loopfree vertex.

e a€Z'is a real root if w € W and a simple root ¢; with o = we; .
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Roots for a quiver

The simple roots are the coordinate vectors ¢; € Z/ for i € I a loopfree vertex.

e a€Z'is a real root if w € W and a simple root ¢; with o = we; .
F={aeN'|a#0,suppa is connected, (a,¢;) < 0Vi}
e o € Z'is an imaginary root if 3w € W and 8 € F with a = w3 or a« = —w}.

A root is either real or imaginary.
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Classification of simple M*(Q)—modules

Q an extended Dynkin quiver associated to I'.
A-6#0. Ry={aaroot |\ -a =0}

2 ) the set of positive minimal elements of R).
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Classification of simple M*(Q)—modules

Q an extended Dynkin quiver associated to I'.
A-0#0. Ryn={aaroot |\ -a=0}

2 ) the set of positive minimal elements of R).

{Isoclasses of finite-dimensional simple M*(@)—modules} = X,
M — dimM
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Cyclic group of order 2

r=G={(olo?>=1).

Letting K =C, A =0 € Z(CQ):

Cix,y) x G O/\:1+O'S)\1+O'

A _
S C(xy—yx—o0)’ 2 2
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Non-commutative deformations of quotient singularities.

Cyclic group of order 2

r=G={(olo?>=1).

Letting K =C, A =0 € Z(CQ):

S/\7C<X»Y>><]C2 O}\71+0'S)\1+O'
C(xy—yx—o0)’ 2 2
C2 ‘ 1 ‘ g
xo | l=dimMNy | 1
X1 ].Zdlle -1
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Two possible orientation for Q:
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Cyclic group of order 2

C2HA%.:.
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Cyclic group of order 2

G < A% e——»
Two possible orientation for Q:

a a

./\ —~— A

[ ] @ %
0 1 0
\b_/ \5‘/
Q the Kronecker quiver (to the right), letting A € C?

NYQ) = CQ/(—a*a— b*b— Aoeg, aa* + bb* — Arer)
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Kronecker quiver

a=6+¢=(21)ez

d = (1,1) the fundamental root for Q, ¢ = (1,0) a simple root for Q.
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Kronecker quiver

a=5+¢=(21) €2
d = (1,1) the fundamental root for Q, ¢ = (1,0) a simple root for Q.

Take \ = (1,72), ANa=0= Al = 72A0,

N*NQ)=CQ/(—a*a— b*b — ey, aa* + bb* + 2¢))
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M € Rep(Q), M(0) = C2, M(1)
veC? weC,
M(a) :
M(b) :
M(a*)
M(b*)

Lien Cartaya (Advisor: S. Griffeth.)

Kronecker quiver

=C=dmM=a=(21)
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Kronecker quiver
M € Rep(Q), M(0) =C?, M(1) =C = dimM =a = (2,1)

veC? weC,

M(a) : M(0) — M(1), (vo, v1) — vo,
M(b) : M(0) — M(1), (vo,v1) — w1,
M(a*): M(1) — M(0), w — (—w,0)
M(b*) : M(1) — M(0), w — (0, —w)

(—a*a—b*b—e) - (v+w) =0, (aa* + bb* +2¢e1) - (v+w) =0
~ M € Rep(I(Q))

P G =
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Zero-fiber ring

F a field, V a finite-dimensional F—vector space.
G < GL(V) a finite group.
F[V]® the ring of functions on the scheme V//G.

F[V]® < F[V] +— #w:V-=»V/G

Lien Cartaya (Advisor: S. Griffeth.) An application of the results.
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Zero-fiber ring

7 H0) SV «— F[r~Y(0)] = F[V]/(f — f(0)|f € F[V]®)

zero-fiber zero-fiber ring

Lien Cartaya (Advisor: S. Griffeth.) An application of the results. _



Non-commutative deformations of quotient singularities. 21/27

Zero-fiber ring

7 H0) SV «— F[r~Y(0)] = F[V]/(f — f(0)|f € F[V]®)

zero-fiber zero-fiber ring

d = d(G) the degree of the zero-fiber is the dimension of the zero-fiber ring.
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Zero-fiber ring of quaternionic quotient singularities

Wo(T) = (Y92 A0 41,92, oy ym €T, w € Sp}

10 ... 0
01 0

AP = | - ' - |, with v € I < HX in position (p, p)
. 1 .
0 A

Seeing S, < GL,(H) the subgroup of permutation matrices.
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Zero-fiber ring of quaternionic quotient singularities

Letting V =H" and G = W,,(I"),

Theorem Zero-fiber of H" — H"/W,(I') is of degree d > ((n+ 1)|I'| — 1)".
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Zero-fiber ring of quaternionic quotient singularities

Letting V =H" and G = W,,(I"),

Theorem Zero-fiber of H" — H"/W,(I') is of degree d > ((n+ 1)|I'| — 1)".
By using Theorem 3.8, its Corollary 3.9 and Theorem 7.7.

n =1 By a direct calculation. (=)
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Zero-fiber ring of quaternionic quotient singularities

Letting V =H" and G = W,,(I"),

Theorem Zero-fiber of H" — H"/W,(I') is of degree d > ((n+ 1)|I'| — 1)".
By using Theorem 3.8, its Corollary 3.9 and Theorem 7.7.
n=1 By a direct calculation. (=)

n>1 By using the PBW Theorem:

S* is a deformation of C[x,y] x I

A

= &% Sn is a deformation of C[x1, ..., Xn, Y1, .oy Y] X W,(I)
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Relate S* to M(Q) = Information about S*

Quiver representation
Q extended Dynkin

The article by Crawley-Boevey and Holland provides us with a tool to find representations of
the deformation of the quaternionic quotient singularity (see [GC24])
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Q&A

Thank you for your attention !
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