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Abstract

This thesis constitutes a review of the article "Non-commutative deformations of Kleinian
singularities" by Crawley-Boevey and Holland [10]. We will study a family of non-commutative
deformations, defined by Crawley-Boevey and Holland, of the coordinate ring of the Kleinian
singularity K?/T, with K = K, charK = 0 and I' < SL,(K) non-trivial finite subgroup. This
family is the following:

ot = ewe for A€ Z(KT), where e = 1 Yy,
(xy—yx—A) I yer
and K(x,y) , is the ring of non- commuting polynomials with coefficients in K. If A has
trace 0 on KT, then 0% is commutative. On the other hand, let Q be the extended Dynkin
quiver obtained by the choice of an orientation in the McKay graph associated to I'; we relate
O to the deformed preprojective algebra of Q, called II1*(Q). We classify the simple II1*(Q)-
modules according to the position of A relative to the root system associated with the McKay
graph of T'. For A of trace 0 on KT we construct an isomorphism between O* and the ring of

functions on the moduli space of H’l(Q)—modules of dimension §.



CHAPTER 1

Introduction

This thesis constitutes a review of the article "Non-commutative deformations of Kleinian
singularities" written by Crawley-Boevey and Holland in 1998 [10]. While not covering its en-
tirety, the focus is on the key results that are of interest in the study of the ring of polynomial
functions on the zero-fiber of the quotient map under the action of a quaternionic reflec-
tion group W, continuing the work initiated in [21], [22], [16], [17] and [19]. We specifically
studied sections 1 through 8 of the article, which consists of 10 sections.

This thesis consists of three chapters: the current introductory chapter, a second chapter
with preliminary results, and a third chapter elaborating on the findings studied in [10].

Let K be an algebraically closed field of characteristic zero (we will mainly consider
K =C) and let T be a non-trivial finite subgroup of SL,(K). There is a projection from K? to
the Kleinian singularity K? — K?/T = Spec(K|x, y]'). We study a family of deformations of
the Kleinian singularity. We are interested in subsequently generalizing to deformations of
V/W, where V is a symplectic K-vector space, and W is a symplectic reflection group.

The deformations of the Kleinian singularity: In section [1| of chapter [3| we introduce
our deformations, denoted by O* for A € Z(KT), which are in general non-commutative. The
group I' acts naturally on the ring K(x, y) of non-commuting polynomials, so one can form
the skew group algebra K(x,y) © T = K(x, y) ® KT', whose multiplication is linearly generated
by

feney)=fu-freyy
for all f, f' € K{(x,y),7,y' €T, where - denotes the action of I on K(x,y). When confusion
will not result, we may omit the tensor symbol and write multiplication as juxtaposition. For
A€ Z(KT) let
shi= (K{x, yy x D)/ (xy—yx—A).
We then define O* := eSte, where e = iy Ygry.

The ring O” is naturally filtered (see sectionin the chapter , with a filtration derived
from the degree filtration of K(x, y). The graded algebra associated with this filtration is iso-
morphic to K[x, ] by the map
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Klx,y)" — gro* = ¢(Klx,y] xT)e

f—fe=ef=efe.

We need the McKay graph and a family of deformations of the preprojective algebra to
study how O* depends on A.

The McKay graph: Let Ny, Ny, ..., N,; be the irreducible representations of I' (see sections
in the chapter, with Nj trivial, and let V be the natural 2-dimsnional representation of
I'. The McKay graph of T is the graph with vertex set I = {0,1,..., n}, and with as many edges
between i and j as the multiplicity of N; in V ® N; (which is the same as the multiplicity of
Nj in V ® Nj, because V* = V). This graph is an extended Dynkin diagram of type ADE (see
subsection in section of the preliminary chapter or for more details see [15]).

Let Q be the quiver obtained from the McKay graph by choosing any orientation of the
edges (see section [7.2]in chapter[2), and let § € N' be the vector with &§; = dimN;.

We always identify

Z(KT) =K'

A=A,

where A; is the trace of 1 on N;. For example, A-6 = Z A;6; is the trace of A € Z(KT) on the
regular representation KT'. “

The deformed preprojective algebra: Now let Q be an arbitrary quiver (the most im-
portant case is when Q is an orientation of the McKay graph of I'). In section [2] of chapter[3]
we define the preprojective algebra and its deformations. We write Q for the double of Q, i.e.
the quiver obtained by adding a reverse arrow a* : j — i € Q°P for each arrow a:i — j € Q,
and we write KQ for its path algebra. KQ has basis the paths in Q, including a trivial path e;

for each vertex i. If A = (1;) € K/, the deformed preprojective algebra of Q of weight A is

Q) =" :=kQ/( Y la,a*1- 1),
aeQ

where A is identified with the element ¥ A;e; € KQ, and [a, a*] = aa* —a* a is a commutator.
iel
In section 3] of chapter [3} we prove the first significant result that relates deformations

O and TT:

THEOREM 0.1. O} = ¢yTTtey, VA € Z(KT) = K and S* Ml’[’l, which means that the categories
S*—mod and T*—mod are equivalents. (See Theorem and Corollary.

Thus, we can see O* as a subring of the deformed preprojective algebra I1*(Q).
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Representations of the deformed preprojective algebra: In section [4| of chapter 3| we
study the representations of the deformed preprojective algebra I1*. Each element of the
K- vector space

Rep(Q,8) = @ Hom(K’',K%/) ® Hom(K®/,K°7)
“acd
determines a representation of Q with dimension vector § and the isomorphism classes of
representations of dimension vector § are in bijection with the orbits in Rep(a, 0) under the

action of the group GL(5) = [T GL(K®/). Letting

iel
End(8)o = {(6;) € [[End(K°) | Y tr(8;) = 0},
iel iel
there is a map (the moment map Rep(Q,8) = T* (Rep(Q,5)) — Lie(GL(6)) 2 End(8) )
i :Rep(Q,8) — End(8)o
x= (X, Xa*) — Y [Xa, Xqr].
aeQ
If A € KT satisfies 1-8 = 0 then A can be identified with an element in the center of
End(6)g, Rep(H’l(Q),é) = ;fl(it) is the space (and naturally a scheme) of HA(Q)—rnodules of
dimension vector 6, and we write K [Rep(HA(Q),6)] for its coordinate ring.

Another important result is proven in the section|[8}

THEOREM 0.2. For Q an orientation of the McKay graph of T', we have: -6 =0 =
ot = K[Rep(H;L(Q),é)]GL(5). (See section @

In order to understand this theorem, the previous sections of the chapter[3|are necessary.
Now, we return to the case of an arbitrary quiver Q.

In section [5] of chapter [3} we study certain reflection functors which are the key tool for
the study of the representation theory of the deformed preprojective algebra.

In section[6|of chapter[3|we introduce the root system associated to the quiver and prove

fundamental results on the classification of H’l(Q)—modules, such as:

THEOREM 0.3. Let A€ K! and let Q be an arbitrary quiver.

e A; =0 if and only if H’l(Q) has a representation, denoted S;, with dimension vec-
tor €;, which is the vector with 1 in position i and zeros in the other positions (see
Lemmal6.7).

e A-a =0 for some real root « = IT*(Q) has a simple representation with dimension
vector a real root (see Theorem|6.8).

e A-a # 0Va real root = any finite-dimensional indecomposable representation of

TM(Q) has dimension vector an imaginary root (see Theorem.
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THEOREM 0.4. Let Q be a Dynkin quiver or disjoint union of Dynkin quivers. Then IT*(Q) =0
ifand only if A-a # 0V a real root (see Corollary[6.10).

In the section using a notion of dominance we study O* when 1-8 # 0 and only the
case K = C is of interest to us. Its properties depend on the affine root system associated to
the McKay graph (see [4]). The main result in this section is the following classification of the

finite-dimensional 1*—modules if A6 # 0.

THEOREM 0.5. Let Q be a quiver, let I = {i € I|A; = 0} for A dominant and let Q) be the
full-subquiver of Q with vertex set I. If Qy is a Dynkin quiver (or disjoint union of Dynkin
quivers), then the S;, with i € I, are the finite-dimensional simple 1" —modules (see part 2 of
the Theorem|7.3).

And also there is the following theorem for extended Dynkin quivers:

THEOREM 0.6. Let Q be an extended Dynkin quiver, 1" has no non-zero finite-dimensional

modules if and only if - a # 0 for all roots a.

The results are most complete for extended Dynkin quivers in the case when 1-6 # 0.
We write R for the set of roots a (see section[6) with A-a =0, a finite set, and let =, be the

set of minimal elements of Rj.

THEOREM 0.7. If Q is extended Dynkin and A -6 # 0 then the isomorphism classes of finite-
dimansional simple 1 —modules are in 1 —1 correspondece with the set X, under the assign-

ment sending a simple module to its dimension vector (see Theorem|7.7).

The following diagram illustrates the described relationship between the Kleinian singu-
larity, its deformations, and the deformed preprojective algebra, particularly for our case of

interest, K = C.



T < SLy(C) AN C?/I =Spec(Clx,yl") ~w>  Clx,yl=T

non-trivial finite subgroup Kleinian singularity non-commutative
resolution
. McKay
Representation Correspondence Algsbraic deformations
Theory Geometry
Extended Dynkin diagram <————— Finite Dynkin diagram St = Clx,yy =T
orientation \% deformations (xy “yx- A)
ofC2/T
Q extended Dynkin quiver
0% :=eS%e
g — ger’1 = (Clx, y]r

eol1*(Q)eo = O*

M
mQ ~ s*
A -5 # 0 = Classification of IT*(Q) — modules

A-5=0= C[Rep(r1*(Q),5) | = 0t



CHAPTER 2

Preliminaries.

1. Filtration and grading.

Let K be any field. Let R be a K-algebra.
1.1. Graded algebras.

DEFINITION 1.1. We say that R is graded if there are K-vector subspaces R;, i € N, such that

(1) R= S’B\l Ri,
(2) Ri-RjSRj+j
They R; are called the homogeneous components of R. The elements of R; are the homoge-
neous elements of degree i.
If R; = 0 when i <0 then we say that the grading is positive.
DEFINITION 1.2. Let S= € S; another graded algebra over K. Let be ¢: R — S a homomor-
phism of K- algebras. Wézs%ly that ¢ is a graded homomorphism of K -algebras if ¢(R;) < S;.
Thus, a graded homomorphism is one that preserves the degree.
DEFINITION 1.3. A two-side ideal I of R is a graded ideal if I = @ (INR;).
Thus, homogeneous elements generate a graded ideal. Ancllzt(ile converse is also true: an

ideal generated by homogeneous elements must be graded.

The next proposition shows the concepts of graded homomorphism and graded ideal
are related:

PROPOSITION 1.4. Let R= @ R; and S = @ S; be graded algebras over K.

i=0 i=0

(1) The kernel of a graded homomorphism of K-algebras ¢ : R — S is a graded two-
sided ideal of R.
(2) If1is a graded two-side ideal of R then R/ I is a graded K -algebra

PROOE (1) Let a=ap®...® a; be an element of the kernel of ¢, with a; of degree
i. Thus,

¢(a) = Plag) + ... + Plas)

10
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Since ¢ is graded, the degree of ¢(a;) is i. Thus a; € ker(¢) for i = 0,..s. Hence,
a € Ker(¢p)NE;.
(2) Let I =ker(¢p) be a graded two-sided ideal. Then we may decompose the quotient

ring R/I into a direct sum of K-vector spaces,

RII=ZEP(R;/(INRy)).
i=0
If a; € R; and a; € R; then (a; + I)(aj + I) = a;a; + I corresponds to and element of
Ri+j/(INR;4j) under this isomorphism. Hence R/I is a graded ring, which proves
that R/I is a graded K-algebra.
0

1.2. Filtered modules. A graded algebra admits a special kind of module:

DEFINITION 1.5. A left R-module M is a graded module if there are K-vector spaces M;, for
i =0, such that

1) M= GBOMI',

2) Ri'Mngi+j

They M; are the homogeneous components of degree i of M.

Note that the definition of graded module depends on the graded structure chosen for
the K-algebra R.

DEFINITION 1.6. Let M be a graded left R-module. A submodule N of M is a graded submodule
if N=@(INnM;)
i=0
DEFINITION 1.7. Let M, M’ be graded left R-modules. R-module homomorphism
0:M— M'is graded if 6(M;) € M.

It follows from the previous definitions that ker(f) is a graded submodule and the quo-

tient module M/ N is also a graded R-module.

DEFINITION 1.8. Let R be a K-algebra. A family F = {F;};>o of K-vector spaces is a filtration

of R if
1) FpcFi<cF,<...SR.
(2) R= U F; and
i=0

(3) Fi-Fj < Fij.

In this case R is called a filtered algebra. We use the convention that F; = {0} if j <0.
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FACT 1.9. Every graded algebra is filtered.

In effect, suppose that G = @ G; is a graded algebra. Consider the vector spaces
i=0

k
Fi. = @ G;. Note that Fj. < Fi,; and their union is the whole of G. Since,
i=0

Fy-Fp = @ GiGj,

i+jsk+m
and G;Gj < G j, we have that FiFy, S Fiy . Thus, {F}o is a filtration of G.

On the other hand, there are filtered algebras which do not have a natural grading.

1.3. Associated graded algebra. We use a filtration of a K-algebra to construct a graded
algebra. This construction will be very useful because many properties of this graded algebra
pass on to its parent filtered algebra.

Suppose that F = {F;};ey is a filtration of R.

DEFINITION 1.10. The symbol map of order k, which is the canonical projection of vector
spaces

Ok : Fx — FilFr_;

DEFINITION 1.11. The graded algebra of R associated with the filtration F is the K-vector
space
gr’R=grR:=@(F;/Fi_1)

i=0
that is a K-algebra with the following multiplication:

Let be o (a) and o, (b) two homogeneous elements, for some a € Fy and some b € Fy,,
their product is defined by
01 (@)om(b) = 0kym(ab)

We extend this multiplication by linearity for arbitrary elements in gr’ R.

PROPOSITION 1.12. Let A and B be two filtered algebras, with filtrations F and G, respectively,

such that JF* = A, UG* =B and F' =0=G™'. Let ¢ : A— B be a map such that ¢|pa :
d d

F% — G% for all d. Then, if the graded map gr¢: grA — grB is an isomorphism, then the map

¢: A— B is also an isomorphism.

PROOR « Assume that gr¢ is surjective. It is sufficient to verify that
Glpa: F? — G% is surjective for all d. We proceed by induction on d.
The base case is when d = 0. In this case gr¢p = ¢|po : F® = grA — G° = grB, so,
$|po is surjective.
Now, let g€ G4+ = ge G41/G4 = g = grdp(f), where f € F4+1/G4
= feF%1 Then ¢(f) = gmodG? = ¢(f)—g = (f") € G, for some f' € F. Then,
by the induction hipothesis g = ¢(f — f'). Thus, ¢ is surjective.
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¢ Assume that gr¢ is injective. Let f € A a nonzero element and take the minimal
d such that f € F?, then f € F?/F4 ! is also nonzero. So, by injectivity of gr¢,

gro(f) #0. But grop(f) = ¢(f), then ¢(f) #0.
O

1.4. Induced filtration. Let R be a K—algebra with a filtration F{F;};>0, and I an ideal
of R. Then the quotient R/I has a filtration given by {m(F;)};>o, where 7 : R — R/I is the

canonical surjection. We can also define a filtration on I by {F; N I};x0

LEMMA 1.13. In the previous context, the following sequence is exact
0— grl—grR— gr(R/I)—0

LEMMA 1.14. An ideal is homogeneous if and only if it can be generated by a homogeneous
generator.

(see Chapter 7 in [6] or section 6 of Chapter 7 in [31])

2. Tensor products, tensor algebras and semidirected product.
2.1. Tensor product.
DEFINITION 2.1. Let R be a ring, let N be a right R—module and let M be a left R—module.

The tensor product of M and N over R, N %M , is the abelian group which is the quotient of the

group N x M freely generated by formal symbols n® m, n € N, m € M, modulo the relations
(m+n)em-nmem—-n,®m,

ne(m;+my)—ne®m; —ne my,
nrem-nerm,

where n,n1,n € N, m,my,mp € M and r € R.

The elements n® me N® M, for ne N, m € M are called pure tensors or simple tensors.
Note that in general, there are elements of N ® M which are not simple tensors. Every tensor

can be written (non-uniquely in general) as a finite sum of simple tensors.

DEFINITION 2.2. Let N be a right R—module, let M be a left R—module and let L be an
abelian group (written additively). A map ¢ : N x M — L is called R—balanced if

@(ny + np, m) = @(ny, m) +@(nz, m)

@n,m +mp) =@n,m)+e@(n,mp)
@(n,rm)=¢(nr,m)

for all n,ny,n, € N, m,my,mp€ M and r € R.
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With this terminology, it follows immediately from the relations in[2.1]that the map
I:NxM— N % M is R—balanced. The next theorem proves the extremely useful universal

property of the tensor product with respect to balanced maps.

THEOREM 2.3. Suppose R is a ring with 1, N is a right R— module, and M is a left R—module.
Let N%M be the tensor product of N and M over R and let1: Mx N — M% be the R— balanced
map defined above.

1) Ifg: N% M — L is any group homomorphism form N% M to an abelian group L
then the composite map ¢ = ¢poi is an R—balanced map from N x M to L.
(2) Conversely, suppose L is an abelian group and ¢ : N x M — L is any R—balanced
map. Then there is a unique group homomorphism phi: N % M — L such that ¢
factors through 1, i.e., ¢ = por asin (1).
Equivalently, the correspondence ¢ — ¢ in the commutative diagram
NxM — > NeM
ezl
L
establishes a bijection
{R — balanced maps ¢ : N x M — L} - {group homomorphism ¢ : N% M — L}.
Let M an R—bimodule, then M ® M is an R—bimodule again.
If R is a field, R—module N is canonically a bimodule. [13]

2.2. Tensor algebra.

DEFINITION 2.4. Let M a K—vector space. We define the tensor powers of M by: T°M := K
andford =1

T4M:= Medtimesg pf=: M9,
In particular, and by definition, (T M)* is the K— vector space of d—linear forms in M.

Moreover, we define the fensor algebra of M by

TM:=@T'M=KeMeT°MeT°Me...
d=0

where the product in TM is given by
T9Mx T¢M — T**M
and its unity is 1 € K = T°M. Thus, TM is a graded K —algebra.

The tensor algebra is not commutative if dimgM = 2.
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THEOREM 2.5. Universal property of the Tensor Algebra:
For all K—linear map f: M — A, where A is a K—algebra with unity, there is a unique alge-
bra’s morphism f : TM — A, such that f = foi, with i : M — TM. In its means, the following

diagram is commutative:
M_ 7 _a

Cy |;

™
(13]
2.3. Semidirect product.
DEFINITION 2.6. (1) The pair of homomorphisms X Ly ﬁ Z is said to be exact (at Y)

if Im(a) = ker(f).
(2) Asequence ---— X1 — X — X;4+1 — -+ of homomorphisms is said to be an exact

sequence if it is exact at every X; between a pair of homomorphisms.

We can also use this terminology to express the fact that for these maps f is injective

and «a is sujective:

PROPOSITION 2.7. Let A, B and C be R—modules over some ring R Then
(1) The sequence 0 — A LA B is exact (at A) if and only if B is injective.

(2) The sequence B> C — 0 is exact (at C) if and only if a is surjective.

COROLLARY 2.8. The sequence 0 — A ZB LA C — 0 is exact if and only if B is injective, a is

surjective, and Im(a) = ker(f), i.e. B is and extension of C by A. This is also called a short

exact sequence.

If A, B and C are groups written multiplicatively, the analogous sequence will be written
1—a2plcon,

where 1 denotes the trivial group. The previous results are valid with the obvious notational
changes.
Note that any exact sequence can be written as a succession of short exact sequences,

since to say X Ly LA Z is exact at Y is the same as saying that the sequence
0—a(X)—Y—Y/ker(f)—0

is a short exact sequence.
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THEOREM 2.9. Let H and K be groups, and let ¢ be a homomorphism form K into Aut(H).
Let - denote the (left) action of K on H determined by ¢. Let G be the set of ordered pairs (h, k)
with he€ H and k € K and define the following multiplication on G:

(h1, k1) (ho, k2) = (hiky - B, ki kz)

(1) This multiplication makes G into a group of order |G| = |H||K]|.

(2) The sets{(h,1)|he H} and {(1,k)| k € K} are subgroups of G and the maps h— (h,1)
for he H and k — (1,k) for k € K are isomorphisms of these subgroups with the
groups H and K respectively.

DEFINITION 2.10. Let H and K be groups, and let ¢ be a homomorphism form K into Aut(H).

The group described in the previous theorem is called the semidirect product of H and K with

respect to ¢ and will be donoted by H x K (where there is no danger of confusion, we shall
7]

simply write H x K).

DEFINITION 2.11. (1) Let R be aring and let 0 — A ZB E» C — 0 be a short exact se-

quence of R—modules. The sequence is said to be split if there is an R—module
complement to a(A) in B. In this case, up to isomorphism, B = A& C (more pre-
cisely, B = a(A) @ C' for some submodule C’, and C’ is mapped isomorphically onto
C by B: B(C'= Q).

@ If1—-A>B LA C — 1 is a short exact sequence of groups, then the sequence is
said to be split if there is a subgroup complement to a(A) in B. In this case, up to
isomorphism, B = A x C (more precisely, B = a(A) x C' for some subgroup C’, and
C’ is mapped isomorphically onto C by 8: §(C") = C).

In either case, the extension B is said to be a split extension of C by A.

There is a variant of this construction in which a group G acts by automorphisms on an
algebra A over a commutative ring K. In this case we write A x G for A % RG with multiplica-

tion defined by

(a1 ®g1) (a2 ® gr) = ai1g1(az) ® g18>.

3. Dimensions.

3.1. Gelfand-Kirillov dimension. Let K be a field. By algebra, we will mean K-algebra
unless otherwise specified.

Let A be a finitely generated algebra over K. If V is a subspace of A, we denote by V"
the subspace spanned by all products of elements of V of length n. By generating subspace

V, we will mean a finite-dimensional subspace of A which generates A as algebra, and which
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contains 1. Then V" is spanned by the products of length < n of elements of V, and because

V generates, A=JV".
n
DEFINITION 3.1. The growth function associated to a generating subspace is
fv(n) = dim]( v,

An equivalent definition is to take a finite subset X of A which generates A and which
contains 1 . Let X" denote the set of products of length n of elements of X. As before,
this includes all shorter products. Let V" be the vector space spanned by X”. Then we
set fx(n) = dim V", which is the number of linearly independent products of length < n of

elements of X.

DEFINITION 3.2. An algebra A is said to have polynomial growth if there are positive real

numbers c, r such that
fv(m)y=cn”

for all n. And A has exponential growth if there is a real number s > 1 so that fy(n) = s” for

infinitely many n.
This is independent of the choice of the generating subspace V.

DEFINITION 3.3. The Gelfand-Kirillov dimension of an algebra with polynomial growth is the

infimum of the real numbers r such that fy(n) < cn” holds for some c :
GKdim(A) = inf{r | fy(n) <cn"}
If A does not have polynomial growth, then GKdim(A) = oo.
Again, the GK dimension is independent of the choice of the subspace V.

PROPOSITION 3.4. GKdim(A) = inf{r | fy(n) < p(n)} for some polynomial p of degree r.(see VI
[y

In contexts in which the generating set is given naturally, for example if the algebra is
graded, we may also want to keep track of the constant coefficient c. In that case it would be
more natural to ask for the smallest ¢ such that (1.2) holds it for large n. Such a modification

would not change r.
PROPOSITION 3.5. GKdim(A) = inf{r | fy(n) < n” for large n}. (see VI in [1])

Example: The commutative polynomial ring A = K[x, ..., x4] has Gelfand-Kirillovdimension

d. If we let V be the space spanned by {l,xl,...,xd}, then V" is the space of polynomials of
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n+d
degree < n. The dimension of this space is ( 4 ), which is a polynomial of degree d in

n.
Ifd > 1, the freering A=K <x1, s xd) has exponential growth, hence infinite GK dimension,
because the number of noncommutative monomials of degree n is d”.
The following proposition shows that the Gelfand-Kirillov dimension is independent of

the choice of the generating space V.

PROPOSITION 3.6. Let A be a finitely generated K-algebra, let V,W be generating subpaces,
and set f = fy,g = fw. If f(n) < cn” for all n, then there is a ¢’ such that g(n) < c'n" for all n.
(see Proposition VI.1.5 in [1])

The following is a lower bound on the growth of fy.

PROPOSITION 3.7. Suppose that A is finitely generated but not finite dimensional over K. Let
f = fv be a growth function for A. Then f is is a strictly increasing function, hence f(n) = n.

(see Proposition VI.1.6 in [1])

COROLLARY 3.8. Let A be a finitely generated K -algebra. Then GKdim(A) = 0 if and only if A
has finite dimension over K. If A is infinite dimensional, then GKdim(A) = 1. (see Corollary
VL1.7 in (1)

The next three propositions derive elementary properties of the GK dimension.

PROPOSITION 3.9. Let A[f] denote the algebra of polynomials in t with coefficients in A, where
t is a central variable. Then GKdim(A[t]) = GKdim(A) + 1. (see Proposition VI.1.8 in [1])

PROPOSITION 3.10. Ify is a regular central element of a finitely generated algebra A, then
GKdim(A) = GKdim(A[y’l]). The same is true if v is a normalizing element. (see Proposition
VI.1.9in [1])

PROPOSITION 3.11. Let A be a finitely generated graded algebra. Let r = gk(A), and let

s=inf{s|dim A, < cn’}
(i) r<s+1.
(i) If there is an integer d > 0, such that dim A,, < dim A,,, 4 for all sufficiently large n,
thenr=s+1.
(iii) The condition of (ii) is satisfied in each of the following cases:
(a) dim A, is monotonic,
(b) dim Axd is a polynomial function of k, or

(c) A contains a homogeneous left or right regular element of degree d.
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(see Proposition VI.1.10 in [1])

THEOREM 3.12. (Warfield) For any real number r = 2, there is a finitely generated graded al-
gebra R with gk(R) =r. (see Theorem, of Warfield, as V1.2.1 in [1] or as 2.9 in [27])

THEOREM 3.13. (Bergman) There is no algebra A whose GK dimension is in the open interval
1< r<2. If Ais a finitely generated algebra of GK dimension 1, then every growth function
f = fv for A is bounded by a linear function, i.e., f(n) < cn for some c. (see Theorem, of
Bergman, as V1.4.1 in [1] or as 2.5 in [27])

3.2. Classical Krull dimension.

DEFINITION 3.14. A K—algebra A has classical Krull dimension cl.Kdim(A) = m, if there exists

a chain of prime ideals
Py2P12..2 P12 P
of length m, and there is no such chain of grater length. If A has chains of prime ideals of

arbitrary length, then cl.Kdim(A) = oo

The previous definition can be extended for the classical Krull dimension of an arbitrary
right Noetherian ring. (see 4.4 in 6.4.8 of [31]).

In Chapter [3} we will study algebras for which the classical Krull dimension coincides
with the Krull dimension defined in 2.2 of 6.2.5 in [31].

PROPOSITION 3.15. Let A be a commutative K—algebra. Then

(@) If A is finitely generated, then GKdim(A) = cL.Kdim(A).

(b) GKdim(A) is either infinite or a nonnegative integer.
(see VI in [1] or 4.5 in [27])
4. Categories, functors and natural transformations.

4.1. Categories.

DEFINITION 4.1. A directed graph or diagram scheme is a set O of objects, a set A of arrows
and two functions

dom cod

A— O and A— O

DEFINITION 4.2. In this graph, the following set, called the product over O, is the set of com-

posable pairs of arrows:

AéA:{(g,f)lg,fEAanddomgzcodf}
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DEFINITION 4.3. A category is a graph with two additional functions called identity and com-

position.
014 4, Ax A A
0]
c—id, (& fr—gof
such that

dom(idg) = a=cod(id,) , dom(go f) =domf , cod(go f) = cod(g),

for all object a € O and all composable pairs of arrows (g, f) € A g A, and such that the

following axioms hold:

Associativity: For given objects and arrows in the configuration

f k

abicd

one always has the equality
ko(gof)=(kog)of
Unit law: For all arrows f:a— b and g: b — ¢ composition with the identity arrow 1, gives
lpof=f and gol,=g
In treating a category C, we usually drop the letters A and C, and write

ceC and finC

for "c is an object of C" and " f is an arrow of C", respectively. We also write

Hom(b,c)={f1feC,domf=Db,codf = c}
for the set of arrows from b to c.

DEFINITION 4.4. A subcategory S of a category C is a collection of some objects and some
arrows of C, which includes with each arrow f both the object domf and the object cod f,
with each object s its identity arrow 1 and with each pair of composable arrows s — s’ — s”

their composite.

These conditions ensure that these collections of objects and arrows themselves consti-

tute a category S.
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4.2. Functors.

DEFINITION 4.5. A functor is a morphism of categories. In detail, for categories C and B a
functor T : C — B with domain C and codomain B consists of two suitably related functions:
The object function T, which assigns to each object ¢ of C an object Tc¢ of B, and the arrow
function (also written T), which assigns to each arrow f:c¢— ¢’ of C an arrow Tf: Tc— Tc'
of B, in such a way that

T(A)=1rc, T(gof)=TgoTf,

the latter whenever the composite go f is defined in C.

A functor, like a category, can be described in the "arrows-only" fashion: It is a function
T from arrows f of C to arrows T f of B, carrying each identity of C to an identity of B and
each composable pair (g, f) in C to a composable pair (Tg, Tf) in B, with TgoTf =T(go f)

Functors may be composed. Explicitly:

DEFINITION 4.6. Given functors
cLpia
between categories A, B and C, the composite functions

¢c—S(Te) f—S(TS)

on objects ¢ and arrows f of C define a functor So T : C — A, called the composite (in that
order) of S with T. This composition is associative. For each category B there is a functor

Ig : B— B, which acts as an identity for this composition.

DEFINITION 4.7. An isomorphism T : C — B of categories is a functor T from C to B which is

a bijection, both on objects and on arrows.

Alternatively, but equivalently, a functor T : C — B is an isomorphism if and only if there
is a functor S: B — C for which both composites So T and T o S are identity functors; then S
is the two-sided inverse S= T~

The previous definition of isomorphism of categories is very strong. There is a concept

more useful than this, the equivalence between categories, as we will see later.

DEFINITION 4.8. A functor T : C — B is full when to every pair ¢, ¢’ of objects of C and to

every arrow g: Tc — T¢' of B, there is an arrow f: ¢ — ¢’ of C with g=TFf.
Clearly, the composite of two full functors is a full functor.

DEFINITION 4.9. A functor T : C — B is faithful (or an embedding) when to every pair ¢, ¢’
of objects of C and to every pair fi, f>:c — ¢’ of parallel arrows of C the equality Tfy = Tf>:
Tc— Tc' implies fi = fo.
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Again, composites of faithful functors are faithful.

Then T is full when every such function is surjective, and faithful when every such func-
tion is injective. For a functor which is both, full and faithful, every such function is a bijec-
tion, but this need not mean that the functor itself is an isomorphism of categories, for there

may be objects of B not in the image of T.

DEFINITION 4.10. Moreover, the injection (inclusion) map S — C which sends each object

and each arrow of S to itself, in C, is a functor, called the inclusion functor.
This inclusion functor is automatically faithful.

DEFINITION 4.11. We say that S is a full subcategory of C when the inclusion functor S — C
is full.

A full subcategory, given C, is thus determined by giving just the set of its objects, since

the arrows between any two of these objects s, s’ are all morphisms s — s’ in C.
4.3. Natural transformations.

DEFINITION 4.12. Given two functors S,T : C — B, a natural transformationt:S — T is a
function which assigns to each object ¢ of C an arrow 7, =7c: Sc — Tc of B in such a way

that every arrow f: ¢ — ¢’ in C yields a diagram
!/

TC
c Sc —>Tc
f Sf rf

TC
c S¢/ ————=1¢

which is commutative. When this holds, we also say that 7. : Sc — Tc is natural in c.

If we think of the functor S as giving a picture in B of (all the objects and arrows of) C,
then a natural transformation 7 is a set of arrows mapping (or, translating) the picture S to

the picture T, with all square (and parallelograms!) like that above commutative:

a Sa Ta
f Sf Tf
\ \ Th \
n b Sh Sh — b
c Sc Tc

TC
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DEFINITION 4.13. We call 7a,1h,c,..., the components of the natural transformation 7.
A natural transformation is often called a morphism of functors.

DEFINITION 4.14. A natural transformation 7 with every component 7¢ invertible in B is
called a natural equivalence or better a natural isomorphism; in symbols, 7: S Z T. In this

case, the inverse (7¢)~! in B are the components of a natural isomorphism 77 : T — .

DEFINITION 4.15. More generally, an equivalence between categories C and D is defined to
be a pair of functors S: C — D, T : D — C together with natural isomorphism I¢c = T o S,
Ip=ESoT.

DEFINITION 4.16. To each category C we also associate the opposite category C°P. The ob-
jects of C°P are the objects of C, the arrows of C°” are arrows f°P, is one-one correspondence
f — f°P with the arrows f of C. For each arrow f:a — b of C, the domain and codomain of
the corresponding f°P are as in f°P : b — a (the direction is reversed).

The composite f°Pg°P = (g f)°P is defined in C°P exactly when the composite g f is
defined in C. this clearly makes C°P a category.

4.4. Adjunctions.

DEFINITION 4.17. Let C and D be two categories, and let F:C — D and G: D — C be two
functors. We say that F is a left adjoint of G or that G is a right adjoint of F, or that (F,G) is

an adjoint pair, written F - G, if there is a natural isomorphism of bifunctors
¢ : Homp (F(-),—) — Home (-, G(-)),
i.e, if A is an object of C and B is an object of D, there are bijections
@A, -Homp(F(A), B) — Hom¢ (A, G(B)),

that are natural in A and B, that is, if we have morphisms f:A— A’ inC and g: B— B’ in

D, the diagram

F(f)* g*
Homp(F(A"), ) ——> Homp(F(A), B) ——> Homp(F(A4), B)
PA"B PAB P A,B!
* )*
Home(A', G(B)) ———> Home(A G(B) —0b Home(A, B))

is commutative.
We say that ¢, or its inverse, is an adjuntion transform, and the triple (F, G, ) is called an

adjuntion. An usual notation is ¢ : F 4 G.
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4.4.1. Tensor-Hom adjuntion. Let R and S be two rings. If N is a (R, S)—module and P is
a right S—module, then Homg(N, P) is a right R—module, with the following structure:
Let f e Homg(N, P), and r € R we define the action (f-r)(n) = f(rn), Vne N.
Also, we can verify that if M is a right R—module, then M % N is a right S—module.

THEOREM 4.18. Let N be a (R, S)—bimodule, then the functor tensor over R to the right with
N, — % N, is left adjoint of take morphism over S with domain N, Homg(N,-). That is called
Tensor-Hom adjuntion.

This means:

If M is a right R—module and P is and right S—module

Anm,p: Homs(M§ N,P) — Hompg(M,Homg(N, P))
(0 — M — Homg(N, P)
m— [n— @(me n)
M% N—P — v
me n— (y(m))(n)
This is the Tensor-Hom adjuntion.

So, we have the adjuntion for right modules,
HomS(M% N, P) =Homg(M,Homg(N, P)),
and for left modules,

Homg (M% N, P) =Homg(N,Homg(M, P)).

5. Tor.

DEFINITION 5.1. If M and N are R—modules, and
5 5; 5; i1 6 5
B R LB EAR S L3R M0
a free resolution of M, it is an exact sequence of R—modules, and F; is a free R—module for

; R
all i. We define Tor; (M, N) as the homology group of the sequence

Lmelp g N Omet

6i—191 0191

o
FeN"S'F oN Foo NS MeN—0.

That is, Torf (M,N) :=Ker(d; ®1)/Img(d;+1 ® 1). This homology is independent of the resolu-
tion chosen.

PROPOSITION 5.2. 1) Torf(M,N) = MeN.
(2) IfM or N is free, then Torf (M, N) =0 for i > 0.
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(3) If M or N is flat over R, then Torf(M, N) =0 fori>0. (see section 6.2 of Chapter 6 of
(14])

For any short exact sequence 0 — M’ — M — M" — 0 of R—modules, and any R—module
N, there is a long exact sequence of Tor:
o = Torf (M, N) — Torf (M, N) — Torf (M", N) —
... —~ Torf (M, N) — Torf (M, N) — Torf (M", N)
—MeN—-MeN—-M'&N—0
R R R

6. Some results of Algebraic Geometry.

In this preliminary section, we will mention some necessary results in order to under-
stand the strategy in Sectionf8)in chapter[3] These results concern the fiber product of affine
schemes, flatness of modules, flatness of morphisms of affine schemes, and linearly reduc-
tive groups. For further details on the concepts and structures mentioned here, refer to [23]
(for the structure of affine scheme and fiber product of affine schemes), [28] (for the categor-

ical definition of pullback or fiber product), and [3] (for linearly reductive groups).
6.1. Fiber product of affine schemes.

DEFINITION 6.1. Let A, B and C be rings. Let Spec(A), Spec(B), Spec(C) be affine schemes
and let
f :Spec(A) — Spec(C) and g:Spec(B) — Spec(C)

be morphisms of affine schemes. These morphisms induce ring homomorphism f: C — A
and g : C — B. The fiber product between the affine schemes Spec(A) and Spec(B) over the
scheme Spec(C) is defined by

A B= A B) := A®B).
Spec éSpec Spec( )Speﬁ(C)Spec( ) := Spec( ® )

Diagrams arising from fiber products are frequently called Cartesian diagram; that is, the

diagram
Z : Spec A
l s s
Spec B - S Spec C

4

is said to be a Cartesian diagram if there is an isomorphism
Z = SpecA é SpecB.

(see Theorem 3.3 in Chapter 2 of [23].)
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Note that A is a C—module, considering the action c-a = f (c)a,forallce Cand all a € A.
Similarly, B is a C—module, considering the action c-b= g)b, for all ce C and all be B.

The fiber product of affine schemes exists (see Theorem 3.3 in Chapter II of [23]). It
follows immediately, from the universal property of the tensor product, that the fiber product
of affine schemes is unique up a unique isomorphism. So, the fiber product of schemes is
the product (also called pullback) in the category of schemes.

The map Z — SpecA is called the base change or the pullback of the morphism g :
SpecB — SpecC via the morphism f: SpecA — SpecC.

Example: An example of a fiber product, or pullback, is a base change. Let see a base
change in the category of affine schemes, which is to interest to us in the section[8|of Chapter
Bt

Let A be a ring, let SpecA be an affine scheme over K, and let R be a K—algebra. The
base change of SpecA to an affine scheme over R is the fiber product Z = SpecA s gec SpecA,
which is a pullback of the morphisms f : SpecA — SpecK and g : SpecR — K, induced by the

inclusions of K into the K—algebras R and A.

DEFINITION 6.2. Let A and B be rings Given X = SpecA an affine scheme. O(X) is the ring of

all regular function over X. If p € X is a point, we define the local ring of p over X, O,y =: Op

by
pen

Opz{(U,f)Iperg ,f:U—»f(U)regular}/~

where (U, f) ~(V, g) if and only if flynv = glunv is an equivalence relation.
Op is alocal ring, it means that it has only one maximal ideal. The unique maximal ideal

of O, is
my, ={[U, fle Op| f(p) =0}

The quotient O, /my, is the residual field of p. The residual field is isomorphic to K.

DEFINITION 6.3. Let f: X = SepcA — Y = SpecB be a morphism of affine schemes, and let
p €Y be a point. Let K(p) be the residue field of p, and let Speck(p) — SpecB be the natural

morphism. Then we define the fibre of the morphism f over the point p to be the scheme:
Xp=X X Speck(p)
where the product on the right hand is the fiber product of affine schemes.

The fibre X, is a scheme over k(p), its underlying topological space is homeomorphic to
the subset f ‘l(p) of X. (see 3 in Chapter II of [23])
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6.2. Flatness.

DEFINITION 6.4. Let R be aring. Let M be an R—module, M is said flat if for every monomor-

phism N’ — N of R—modules, the induced map M % N —-M % N is again a monomorphism.

Since M ® — is a right-exact functor, it means that tensor products always preserve right-
exact sequences; this definition of flat is the same as saying that M ® — is an exact functor.
(see section 2.2 in Chapter 1 of [14]

PROPOSITION 6.5. Let M; be R—modules for i in a index set I. M; is flat if and only if & M,
iel

is flat.

DEFINITION 6.6. Let ¢ : A — B be a morphism of rings. ¢ is said flat if B is flat as an

A-module.

PROPOSITION 6.7. It follows, from the definition of a R—module flat, that if M is flat as R—module
then S % M is flat as S—module. (i.e. if R — M is a flat morphism of ring, then S — S % M is
also flat).

DEFINITION 6.8. Let A and B be two rings and let X = SpecA and Y = SpecB be two affine
schemes. The morphism of affine schemes y : X — Y is said flat if Oy is flat as an Oy, (xy—module,
VxeX.

PROPOSITION 6.9. A morphism between regular smooth affine schemes is flat if and only if its

fibers have dimension constant. (see Theorem 18.16 of [14])

PROPOSITION 6.10. A morphism of rings A— B is flat, if and only if Ospec,p — Ospeca,p 1S flat
Vp € SpecA. (see proposition 9.1A (d) in Chapter III of [23])

PROPOSITION 6.11. The flatness of a morphism of affine schemes is stable under pullbacks:
Let A, B and C be rings, and let f : SpecA — SpecC, g : SpecB — SpecC two morphisms of

affine schemes. Consider the Cartesian square:

4
Z 5 Spec A

7 X f
Spec B 5 Spec C

g

In this context, if f is flat then f is also flat. And the same happens for g and g.

PROOE. Since f is flat as a morphism of affine schemes, by the definition and the

Proposition |6.10} is the same as saying that A is flat as C—module. Then, by Proposition 6.7
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A @Cb B is flat as B—module. And Again, by the deﬁmtlon and the Proposition this is

equivalent to say that f is flat. g

REMARK 6.12. A base change is a pullback (see the example in this section). So, the flat-

ness of morphisms between affine schemes is stable under base change.

6.3. Linearly reductive groups. We will give definitions and results about affine alge-
braic groups. These groups are the same as linear algebraic groups, which are closed sub-

groups of the general linear groups.

DEFINITION 6.13. Suppose that G is a group which also has the structure of an affine variety.
Let m: G x G — G be the multiplication map (g, h) — gh and let i : G — G be the map that
sends an element g € G to its inverse g7! € G.

The group G is called an affine algebraic group if m and i are morphisms of affine vari-

eties.

DEFINITION 6.14. A group homomorphism ¢ : G — H between two affine algebraic groups
is a homomorphism of algebraic groups if it is also a morphism of affine varieties. Such a
homomorphism is an isomorphism of algebraic groups if ¢ is an isomorphism of affine vari-

eties.

PROPOSITION 6.15. If G is an affine algebraic group, then there exists a finite dimensional
vector space W such that G is isomorphic, as an affine algebraic group, to a Zariski closed
subgroup of GL(W). (see Proposition 9.18 in [11])

Because of the proposition, affine algebraic groups are also called linear algebraic groups.
Now, consider the action of an affine algebraic group G on itself on the left. Then G also
acts on K[G] as follows. If h € G and f € K[G], then we have

(h-Ng=fh'g

forall geG.

DEFINITION 6.16. Suppose that G is an affine algebraic group. A linear map
R:K[Gl—K

is called a Reynolds operator if it satisfies the following 2 axioms:

1) RM=1

(2) R(h-f)=R(f) forall he G and all f € K[G].
An algebraic group G is called linearly reductive if there exists a Reynolds operator
R:K[G]— K.
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PROPOSITION 6.17. Let G be a linearly reductive group over K, and let A and B be K—linear
representations of G, then A= A% @ A', where A' is a subrepresentation of A. Moreover; if there

is a surjection A — B, there is an induced surjection A® — BC. (see [3])

7. Representations
7.1. Representation of groups.
DEFINITION 7.1. Let G be a group. A linear representation of G is a pair (V, p), where V is a
vector space over a field K and
p:G— GL(V)
is a group homomorphism.
DEFINITION 7.2. We define the degree of (V,p) as the dimension of V as a K—vector space.

The representation (V, p) is finite dimensional or of finite degree if dimgV is finite. We often

abuse the lenguage saying that p is a representation of G in V.

DEFINITION 7.3. Given two linear representations (V, p) and (W, p) of G, a homomorphism of
representations from (G, p) to (W, 6) is a K-linear map ¢ : V — W such that, for all g € G, the

diagram
®
v w
p(8) 0(g)
¢
1% w
commutes.

DEFINITION 7.4. If (V, p) is a linear representation of G, we say that a K—vector subspace W
of V is a subrepresentation of (V, p) or that is G—invariant or invariant under G if
p(gY(W)c W for all geG.

If V is a representation (we usually ommit p and say that V is a representation of G and
we ommit the term linear and call a linear representation simply a representation) of G and

W is a subrepresentation, then we define a group homomorphism
G—GL(W), g— [w— gw].

Thus W is also a representation of G.
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7.1.1. Some examples of group representations.

Example 1. The trivial representation. If G is any group and K is any field, then there is a natural
representation of G on K given by sending g to the identity map on K.

Example 2. The permutation representation. Let G be a group acting on a set X and let K be a
field. Let KX be the free K—module with bases X. Then we can define a represen-
tation of G on KX by extending linearly the action of each element of G on X. That
is, if we write

v=> axxeKX
xeX

where a, € K and ay = 0 for all but finitely many x € X, then
gU= ) A:8X= ) Gg1.X.
xeX xeX
Example 3. The regular representation. Every group G acts on itself by left multiplication. The
permutation representation associated to this action is called the regular represen-
tation of G. More precisely, we have KG, the free K—module with bases the ele-
ments of G. The action of an element /s € G on a element
V= Z agg € KG, age K

geG

is given by

hv=) aghg= ) aj.g.
geG geG

PROPOSITION 7.5. Let G be a group and let ¢ : V — W be a homomorphism of representations
of G. Then the kernel ker(¢) of ¢ are subrepresentations of V and W, respectively.

7.1.2. Modules over the group algebra. Let G be a group, K be a field, and KG be the
free K—module with basis G. The multiplication on G extends by bilinearity to KG. Explicity,

we define

(2 anh)(} bgg)= ). agbngh=3} (3 agu1p,)8-

heG geG g,heG g€G heG
This multiplication on KG is associative and the identity element 1 € G is a multiplicative

identity on KG. Thus KG is an associative K—algebra with 1.
DEFINITION 7.6. We call the algebra KG the group algebra of G over K.

Now let (V, p) be a representation of G. We define a (left) KG—module V,, as follows. As

aset, V,=V,andifa= Y asge KGand veV,then
geG

av=) agp(g) ().
geG
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Conversely, given a KG—module M we define a representation (Vz, pps) of G as follows.

As a vector space, Vj; = M and
P (W) =gV, geG,ve V).

It is clear that p : G — GL(V}y) is a well defined group homomorphism, thus (Vas, pps) is
indeed a representation of G.

This construction gives an isomorphism of categories between the category of K—linear
representations of G (Repy(G)) and the category of left KG—modules (KG —Mod).

7.1.3. Construction of representations. Let G be a group and (p, V) and (8, W) be two
representations of G. The direct sum V & W is also a representation of G, with the action of
G given by

glvw)=(gv,gw), geGveV,weW.
More precisely, we define a group homomorphism p®6: G — GL(V & W) by

(pe0)(g) (v, w)=(p(g)),0(g)(w)).

This is called the direct sum of the representations V and W. More generally, given a family
of representations (V;);c; indexed by a set I, we can define the direct sum representation

@ V; where G acts component-wise.
iel

Now let G and H be two groups. Let (V,p) be a representation of G and (W,0) be a
representation of H. Let V% V be the tensor product of V and W over K. For each g € G and
h € H, the map

VxW— V%W, (v, w)— p(g)(v)®0(h)(w)

is clearly K—bilinear, thus induces a K—linear map
X h):VeW—-VeW.
(PXO)(g h) ® ®
It is easy to see that (X 0)(g) € GL(V% W). Thus, we obtain a group homomorphism
pRO:Gx H—GLIV&W,
and hence a representation of G x H on V}(? W.

DEFINITION 7.7. With the notation as above, we call (V%W, pX0) the (external) tensor product
of the representation V and W and denote it by VX V.

If G = H then we have that pX 6 is a representation of G x G. Let A: G — G x G be the
diagonal map g — (g, 8). Then the composite

Xo
GAGxG™= GL(V 8 W)

gives a representation of G, which we denote by p ® 6.
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DEFINITION 7.8. The representation (V % W, p ® p) is called the (internal) tensor product of
the representations ¥V and W. We denote it by V& W.

DEFINITION 7.9. Let G be a group, and let V and W be two representations of G over a field
K. The K—vector space Homg (V, W) of linear maps from V to W has a structure of repre-

sentation of G given by
(gp)(x) = g(p(g_lx), geG,poeHomg(V,W),xe V.
We call this the Hom-representation.
In particular, if W = K is the trivial representation, then
V* =Homg(V,K)
is a representation of G, called the dual representation or contragradient representation of V.

PROPOSITION 7.10. Let G be a group and V and W two representations of G over a field K.

Assume that W is finite dimensional. Then
Homg(V,W) and V* @ W
are naturally isomorphic as representations of G.

Let V be a representation of a group G. We write V®" for the n-fold tensor product of n
copies of V. Then V®" is a representation of G. Let U be the subspace of V®" spanned by

the vectors
V1®...8Vy—Vg1)®...0 Vg(n), V1).., Un € V,o€S§,.

Note that U is a subrepresentation of V®", thus V®"/U is also a representation of G.
DEFINITION 7.11. The nth symmetric power of a representation V is the representation
Sym" (V) :=V®" /U
Keeping the above notation, let W be the subspace of V®" spanned by the vectors
V1 ®...8 Uy —sign(0)vg1) ® ... ® Vg(m), Va,--Un €V, 0inS,.
Then W is also a subrepresentation of V®".
DEFINITION 7.12. The nth exterior power of a representation V is the representation

AV =V W,
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7.1.4. Irreducibility and indecomposability.

DEFINITION 7.13. If V is a representation of a group G, then V is a KG—module, and we say
that V is an irreducible representation if it is a simple KG—module (i.e. hat is non-zero and

has no non-zero proper submodules).

PROPOSITION 7.14. If G is a finite group, any non zero representation of G contains a non zero
finite dimensional subrepresentation.

Moreover, any irreducible representation of G is finite dimensional.

DEFINITION 7.15. Let G be a group and V be a representation of G. V is said indecomposable

if V can not be written as a direct sum of two non zero subrepresentations.

THEOREM 7.16. Maschke. Let G be a finite group and K be a field whose characteristic does
not divide the order of G. Let (V,p) be a finite dimensional representation of G over K and W
be a subrepresentation of V. Then there is a subrepresentation U of V such thatV=UeW.

COROLLARY 7.17. Every irreducible representation is indecomposable.

(The converse is not always true.)

THEOREM 7.18. (Schur'slemma). Let G be a finite group and K be a field.

(1) IFV and W are two irreducible representation of G over K and f:V — W is a mor-
phism of representations, then f =0 or f is an isomorphism.
(2) IfV is an irreducible representation of G and K is algebraically closed, then any mor-

phism of representation V — V is a homothety. In other words,
EndRepK(G)(V) =KI=K.

THEOREM 7.19. Let V be a finite dimensional representation of a finite group G over an al-
gebraically closed field K. Assume that the order of G does not divide the characteristic of K.
Then

veviie. eV Y
where Vi are irreducible representations of G, unique up to isomorphism, and the multiplici-

ties a; are uniquely determined by V.

DEFINITION 7.20. The number a; in the previous theorem is called the multiplicity of V; in
V.

7.1.5. Character Theory. Let G be a group and K = C be the field of complex numbers.
Every representation is assumed to be finite dimensional.
If V is a representation of G we say that a bilinear form B: V x V — C is invariant under
Gif
B(gv,gw)=B(v,w), forallge G, v,weV.
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DEFINITION 7.21. Let V be a representation of G. The character of V is the map
xv:G—C, g—tr(glV).

PROPOSITION 7.22. Let V be a representation of G. There is an inner product on V that is
invariant under G, defined by
1
(vwyw=— Y (gv,gw),
Gl &

where (cdot,-) is any inner product on V.

COROLLARY 7.23. IfV is a representation of G, then g|V is diagonalizable for all g € G. More-

over, the eigenvalues of g|V are roots of unity.
COROLLARY 7.24. Let V and W be two isomorphic representations of G, then yy = yw.

PROPOSITION 7.25. Let V be a representation of G.
e yy(1) =dimV.
e yv(g H=yv(g) forallgeg.

PROPOSITION 7.26. Let V and W be two representations of G.

@) xvew =xv+xw-

) xvew =xviw.

3) xv:=7xv.

4) XHomc(v,w) = XVIW-

(5) If W is a subrepresentation of V, then yv/w = Xv — Xw-

6) Xsymz)(8) = slv(@*+xv(g?), forallg € G.
D Xazw)(8) =2xv(@*—xv (g™, foralligeG.

DEFINITION 7.27. A character is said to be irreducible if it is the character of an irreducible

representation.
7.1.6. The group algebra. Let G be a finite group. Denote by CG the group algebra of G.

Given a representation (V, p) of G, the group homomorphism

p:G— GL(V)

extends uniquely to a C-algebra homomorphism

0:CG — Endc(V)

by the formula
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p ( 2 agg) =2 agr(®
g€G g€G

Note that this is the same as giving V the structure of a left CG-module as made previ-
ously.

Now let (Vi, p1),...,(Vr, pr) be a complete family of pairwise non-isomorphic irreducible

representations of G and let

Then
PROPOSITION 7.28. p is an isomorphism of C-algebras.

By choosing a basis for each V; we can identify

Endc (V}) =M, (©)
where n; = dimVj, that is, the space of n; x n; complex matrices. Thus, we have the

following

THEOREM 7.29 (Wedderburn-Artin). The group algebra CG is isomorphic to the algebra
r
@bm,;©
j=1

PROPOSITION 7.30. Any irreducible representation of G is isomorphic to a minimal left ideal
of CG.

PROOE. Let V be an irreducible representation of G. Then V occurs in CG with multi-
plicity dim V, so there is a subrepresentation (that is, a left CG-submodule) I of CG isomor-
phic to V as a CG-module. Thus I is a left-ideal. By the irreducibility of I, the only ideals
contained in I are [ itself and 0, so that I is a minimal left ideal of CG.

Recall that minimal left ideals in any ring R are generated by primitive idempotents, that
is, elements e € R such that ¢? = e and such that e is not a sum of two or more idempotents.
Thus, the irreducible representations of G are generated as left ideals of the group algebra by
primitive left idempotents. There is no known formula for such idempotents. Nevertheless,
there are idempotents generating the isotypic components of CG, namely

dimV;
nj=

Yavi@g j=1,...r
Gl ¢e6

which follows from the second projection formula. g
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7.1.7. The regular representation.

LEMMA 7.31. Let X be a set endowed with a G—action and let V = CV be the permutation

representation assocciated to X. For g € G write
Fixx(g) = {x € X|gx0x}.

Then
xv(g) = [Fixx(g)|
forall geG.

PROPOSITION 7.32. Let CV be the regular representation of G and let chi be its character. Then
X(@=1Glifg#1

and

x(1)=0

PROPOSITION 7.33. Let (V;)ie; be a complete family of pairwise non-isomorphic irreducible

representations of G. Let n; = dimV;. Then
CG=Zjer V;Bni

as representations of G. In particular, the number of isomorphism classes of representations of
G is finite.

Observe that the previous proposition implies that |G| =) ;¢; nl2 [33]

7.2. Representations of quivers. A guiver is an oriented graph. For example

€
a Y
m .
1'!*\[3/ 2\6/" 3

is a quiver.

In this work, we consider only finite quivers, namely quivers with finitely many vertices
and arrows.

A quiver Q is endowed with a vertex set I. We write a € Q to mean that a is an arrow. Its
head or target is at the vertex h(a) and its tail or sourceis at t(a). Thus, a:i — j means that
h(a)=j and t(a) =i.

In the preceding example [ ={1,2,3} and Q = {a, §,7,0,¢}

The underlying graph of a quiver Q is the graph obtained from Q by forgetting the orien-

tation of the arrow.
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A quiver Q’ is a subquiver of a quiver Q, if I cTand Q’ cQ.

An oriented cycle is a subgraph with vertices Iy = {s1, ..., s} € I and arrows
Qo ={ay,...,a;} < Q such that t(a;) = s;, h(a;) = sj+1 if i <r and t(a,) = s;, h(a;) = s1.

In our example Qg = {a, B} with vertex set Iy = {1,2} is an oriented cycle.

A loop is an arrow whose head and tail coincide. In our example, there is only one loop,
€:2— 2.

A double quiver Q of a quiver Q is obtained by adjoining a reverse arrow a* : j — i for

each arrow a:i— jin Q.
DEFINITION 7.34. Fix a field K. Let Q be a quiver. Consider a K-vector space

V=EpVvay

iel

and a collection of K-linear maps
p={pa: V(i) — V(j)lacQ,t(a) =i, hla) = j}

Then (V, p) is called a representation of Q. The dimension vector of the representation is d,
where d; = dimV (i)

DEFINITION 7.35. Let (V,p) and (W, 0) to be two representations of Q. A morphism of repre-
sentations ¢ : (V,p) — (W, p) is a set of linear maps {¢; : V(i) — W (i) |i € I} such that

PjopPa=0yoQ;
for every a € Q, whew i = t(a), j = h(a)
DEFINITION 7.36. We say that two representations (V,p) and (W, o) of Q are isomorphic if

there is existing a morphism ¢ : (V,p) — (W, 0) such that ¢; is an isomorphism for every

iel.

DEFINITION 7.37. The direct sum (V& W, p @ g) of two representations (V, p) and (W, o) of a

quiver Q is defined in the obvious way.

DEFINITION 7.38. A representation (W, o) is a subrepresentation of (V, p) if, for every i € I, we
are given an inclusion W (i) € V(i) such that, for every a € Q, with #(a) = i, the restriction of

pq to W (i) coincides with o .

DEFINITION 7.39. A non-zero representation (V, p) is called irreducible if it does not contain
any non-trivial proper subrepresentation; it is called indecomposable if it cannot be written

as the direct sum of two non-trivial subrepresentations.
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DEFINITION 7.40. Let Q be a quiver. A path p is a sequence a,,..., a; of arrows such that
t(a;) = h(a;s1). Set t(p) = t(ag), h(p) = h(a;). The number k of arrows is called the length of

p.

DEFINITION 7.41. Let p; = ay,...,a; and pp = 61,...,0; be two paths of Q. We define the
product of p; and p» to be the path p;p, =61,...,0;, a4, ..., ai if h(a;) = t(a;) and zero other-

wise.

We introduce an element e; for each vertex i € I and define the product of e; and e; by
the formula
e; ej = 5,-]-6,-

For a path p, we set

p, ifi=h(p)
eip= .
0, otherwise

p, ifi=t(p)
pei= .
0, otherwise

7.2.1. The path algebra.

DEFINITION 7.42. The path algebra K(Q) of Q is the vector space of k-linear combinations of
all paths of Q and elements {e;};c;, with the multiplication obtained by extending the product
defined above by bilinearity.

Note that every e;, i € I, is an idempotent in K(Q) and that ) e; = 1.

iel

We write KQ for the path algebra of Q.
LEMMA 7.43. Let Q be a quiver.

(1) The path algebra K(Q) is generated by the idempotents {e; | i € I} and the paths
{alac Q} of length 1.

(2) The algebra K(Q) is finite-dimensional if and only if Q does not contain any oriented
cycle.

(3) If Q is the disjoint union of two quivers Q' and Q", then k(Q) is isomorphic to the
direct product K(Q') x K(Q").

(4) The path algebra has a natural Z-grading

KQ =@ KQw,
n=0

where K(Q) () is the span of the idempotents e; for all i € I and K(Q) () is the span
of all paths of length n.
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(5) For every vertex i € I the element e; is a primitive idempotent of K(Q), and hence

K(Q)e; is an indecomposable projective K(Q)-module.

THEOREM 7.44. The category of representations of Q over a field K is equivalent to the category
of K(Q)-modules.

PROOE. Given a representation (V, p) of a quiver Q, V = @ V(i) one can equip V with a
iel
structure of K(Q) — module in the following way

(1) The idempotent e; acts on V(j) by §;;1dy ;).
(2) For ae Qand v e V(i) we set av = p,4(v) if £(a) =i and zero otherwise.
(3) We extend this action for the whole K(Q) using a Lemma([7.43](1).

Conversely, every K(Q)-module V gives rise to a representation p of Q when one sets
V(i)=¢e;V. O

We denote by RepyQ the category representations of Q. In particular, it follows that
RepgQ is an abelian K-category.

DEFINITION 7.45. Let x € Z!, we define the support of x, suppx, to be the set of vertices i € I
such that x; #0.

LEMMA 7.46. Let Q be a quiver, X be an indecomposable representation of Q. Then the support

of X is connected. (see [7] )
7.2.2. Standard resolution. Let R be a unital ring.

DEFINITION 7.47. An R—module P is projective if for any surjective morphism ¢ : M — N

of R—modules and any morphism ¥ : P — N there exists a morphism f : P — M such that

y=gof.

DEFINITION 7.48. Let M be an R—module. A complex (P.,d) of R—modules
Linp 4 &p dp g

such that P; is projective for all i = 0, the homology groups are Hy(P.) := Kerdy/Imgd; = M

and H;(P.) := Kerd;/Imgd;,1 = 0 for all i = 1, is called a projective resolution of M. It is

sometimes useful to see a projective resolution as the exact complex
I
we—Pi— .. P —>Py—M—0,

where [: Py — M is the lift of the identity map between Hy(P.) and M.
Here, d is an R—morphism form P. to P. of degree —1, it means that d; maps P; to P;_;

for all i, such that d? = 0 for all i.
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PROPOSITION 7.49. Every R—module has a projective resolution. (see Proposition 6.13 in Chap-
ter 5 of [20])

A remarkable property of path algebras is the fact that every module has a projective
resolution of length at most 2. In order to understand this fact, we need some definitions

and results of Homologic Algebra, for more details see [32] and [30].

DEFINITION 7.50. Let R be a unital ring. An R—module P is projective if for any
surjective morphism ¢ : M — N of R—modules and any morphism v : P — N there

exists a morphism f: P — M such that ¥ = ¢o f. (See 6.1 in Chapter 5 of [20]).

LEMMA 7.51. Let P be an R—module, the following conditions are equivalent
(1) P is projective;
(2) There exists a free module F such that F is isomorphic to P& P';

(3) Any exact sequence of R—modules
0O-N—-M—-P—0

splits.
(see Lemma 6.2 in chapter 5 of [20])

DEFINITION 7.52. Let M be an R—module. A complex (P.,d) of R—modules
diy di
Lip 4 & Gpy g

such that P; is projective for all i = 0, Hy(P.) := (Kerdp)/(Imgd;+1) = M and H;(P,) :=

(Kerd;)/(Imgd;+1) =0 for all i = 1, is called a projective resolution of M.

DEFINITION 7.53. Let M and N be two R—modules and P. be a projective resolu-

tion of M. Consider the complex of abelian groups
0 — Hompg(Py, N) @» Hompg (P, N) 21

where § is defined by 6(¢)(x) := ¢@(d;+1x) for all ¢ € Homg(P;, N) and x € P;;;. We
define the i-th extension group Extf?(M, N) as the i — th cohomology group of this
complex. It means Extl, (M, N) := Kerd;/Tmgé;_;.

LEMMA 7.54. ExtOR =Hompg (M, N). (see section 6.4 in Chapter 5 of [20])

LEMMA 7.55. Let (P.,d) a projective resolution for M. We can associate the following

short exact sequence with [y] € Ext}e(M ,N)
0— Py/Kery — Py/d,(Kery) -= M — 0,

wherey € Hompg(P;, N).
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Moreover, this exact sequence splits if and only if [y] = 0. (see section 6.4 in Chap-
ter 5 of [20])

THEOREM 7.56. Let Q be a quiver, V. be a KQ—module. Recall that V = @ V(i). Then the
iel
following sequence of KQ—modules is exact:

f g
0— P KQeny ® Vi ~ P KQe;®V; =V —0,
acQ iel

where
f(ben ® V) = aepga® v - aepasav
forallbe KQ, acQ, ve Vyy, and
g(be;®v) = bv

foranyie€ I, veV;. Hence it is a projective resolution of V.
The structures of KQ-module considered in the statement are defined by the action of KQ
on the left-hand side of every tensor product. (see Theorem 3.1 of Chapter 7 in [20])

7.2.3. Extension group for modules over the path algebra.

DEFINITION 7.57. Let X and Y be two KQ—-modules. We define a linear map

d:@Homg (X;, Y;) — € Homg (X, Yagy) (7.1)
iel veQ

(d)y () = Pny) (Y- X) =Y - Qe (X),
where y € Q, x € Xy(y) and ¢ = (¢;) € @ Homg (X;, Y7).
iel

PROPOSITION 7.58. Kerd = Homgq(X, Y) = Exty,(X,Y) and cokerd = Extj. (X, Y). (see sec-
tion 3 in Chapter 7 of [20])

PROPOSITION 7.59. In the category of representations of Q, ExtII<Q(X, Y)=0 foralli=2. (see
section 3 in chapter 5 of [20])

COROLLARY 7.60. Let
0-X—-Y—-Z-X—-0
be a short exact sequence of representations of Q , then the maps
Exty(V, Z) — Extyo(V, X) and Exty(Z, V) — Extjo (Y, V)

are surjective for every representation V of Q. (see section 3 in chapter 5 of [20])

LEMMA 7.61. If X and Y are indecomposable finite-dimensional KQ—mosules and if
Ext}(Q(X, Y) =0, then every non-zero ¢ € Homgq(X,Y) is either surjective or injective. (see

section 3 in chapter 5 of [20])
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7.2.4. Canonical bilinear form.

DEFINITION 7.62. Let (C.,d) be a complex of finite-dimensional K—vector spaces, we as-
sume that C; = {0} for almost every i. The Euler characteristic of the complex is the number

Y (-1)idimgC; = ¥ (-1)idimg H; (C.).
ieZ ieZ

DEFINITION 7.63. Let X be a finite-dimensional KQ—module. We define the bilinear form
on 7! by the formula
(dimX,dimY) =) dimX;dimY;— ) _ dimX;(qdimYj,4 = dimHomgq (X, Y)—dimExt}@(X, Y),
iel aeqQ
where the second equality follows from calculating Euler characteristic in[7.1]
This bilinear form definided over Z is called the Ringel form for the quiver Q and

q(x) =(x,x), for xe 7! is called the Tits form for Q.

For a graph T, with set of vertices I and set of edges I'; we can generalize the Ringel form

as follows:
)= C-ID)xiyi— Y. Xiyj,

ielg (i,j)el
where x,y € 7% and I(i) is the number of loops at i.

7.2.5. Coxeter-Dynkin and affine graphs.

DEFINITION 7.64. A connected graph I' (it no have orientation) is called Coxeter-Dynkin if
its Ringel form is positive definite and affine is its Tits form is positive semidefinite but not

positive definite. If T" is neither Coxeter-Dynkin or affine, then we say thet it is of indefinite

type.

PROPOSITION 7.65. LetT be a Coxeter-Dynkin or affine graph. Any proper connected subgraph
of T is a Coxeter-Dynkin graph.

The following Table illustrates the Classification of the Coxeter-Dynkin and affine graphs
(below n is the number of vertices).

The affine graph, except the non-oriented loop A},

O

[
are obtained from the Coxeter-Dynkin graphs by adding a vertex. And A% is the graph
«—=0
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Coxeter-Dynkin graphs Affine graphs
(Also called finite or  (Also called Dynkin extended or
Dynkin of type ADE):  Extended Dynkin of type ADE):

Ap=o—-eo-eo—e A}IZA
Dn:’—**—< D}l=>—r4—<
EG:.—O—I—O—. Eé:b—O—L—Q

E7=H—I—0—0—¢ E1=o—o—o—I—o—o—o

7

EngiHﬂﬂ Eé:HJﬂw

7.2.6. Gabriel Theorem.

DEFINITION 7.66. A quiver is of finite type if it has finitely many isomorphism classes of in-

decomposable representations.

PROPOSITION 7.67. A quiver is of finite type if and only if all its connected components are of

finite type. (see section 7 in chapter 7 of [20])

THEOREM 7.68 (Gabriel). Let Q be a connected quiver andT be its underlying graph. Then
(1) The quiver Q is of finite type if and only if T is a Coxeter-Dynkin graph.
(2) Assume that T is a Coxeter-Dynkin graph and (X, p) is an indecomposable represen-
tation of Q. Then q(dimX) <1 and dimX; =0 forallie I.
(3) IfT is a Cexeter-Dynkin graph, then for every x € Z', such that q(x) <1 and x; = 0
for alli € I, there is exactly one indecomposable representation of Q of dimension x.

(see section 7 in chapter 7 of [20])

REMARK 7.69. For a quiver Q of finite representation type, and a dimension vector S, the lin-
early reductive group GL(f) acts on Rep(Q, ). Since there are finitely many indecomposable
representations, there are only finitely many isomorphism classes in Rep(Q, B), so there are

only finitely many orbits. One of the orbits has to be dense. (see chapter 7 in [20])

PROPOSITION 7.70. The orbit of V € Rep(Q, a) is closed if and only if V is a direct sum of
simple representations.

In particular, Let V € Rep(Q, @) be a nonzero representation.

o V is semi-stable with respect to GL(a) if and only if it is semisimple.
o V is stable if and only if it is simple.
(see Propositions 9.7.7 and 9.7.8 in [11])

(20]
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Non-commutative deformations of Kleinian singularities.

1. The algebras S* and O*.

Let K be an algebraically closed field of characteristic zero and let I' < SL, (K) be a non-
trivial finite subgroup.
In this section, we introduce relevant algebras, which are deformations of the skew group

algebra K(x, y) % KT.
DEFINITION 1.1. For A € Z(KT) let

Shi= (K(x, ) x D) (xy—yx—A) =K{x, ) %KF/(xy—yx—/l).
We then define O := eSte, where e = ITll ygry.

We also need to consider a global version of these algebras:

DEFINITION 1.2. Let R be a commutative K—algebra and let A € Z(RT'). The action of T
extends to R(x,y), with the action of y = (%) € T on R being trivial, y- x = ax + cy and
Y-y =bx+dy. We define

SBA = (Rx, yy ¥ 1)/ (xy — yx—A)
and

ORA = 5P,

- L
wheree= 7 X vy
yer

The following is a special case of the Theorem 2.1 in [18].
LEMMA 1.3. gr8®* = R[x,y] x T and grO®* = R[x, yI"
LEMMA 1.4. S* and O* are Noetherian rings.

PROOF. Since K is Noetherian, KT is also Noetherian, because it is a finitely generated
K—algebra. Then K|x, y] %K I' is Noetherian, since KT is Noetherian and K[x, y] is finitely

generated over K. By the Theorem grs* = Klx, yl %K T. Then, since S” is filtered and

grs* is Noetherian, S* is Noetherian (see Lemma 1.6.9 in [31]).
The same argument holds for O}, because K|x, y] is Noetherian and O* has a filtration

inherited from S*. O

44
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1.1. Example using the cyclic group of order 2. Part 1. In this example, we consider
K =C as the base field.
Let T = C, = {(o|o? = 11) be the cyclic group of order 2. For simplicity, use 1 = 1r for the

2mi/2

identity of the group C,. Let { =e = e = —1, the irreducible representations for C, are

(po, Vo) and (p1, V1), where
Po:Cr—C=Vp, 1—1,0—"=1

and
p1:C—C=V;,1-1=", 0~ =-1.

Note that they are the only irreducible representations, because |Cy| =2 = (dimV0)2+(dimV1)2.
Let xo and y; be the characters corresponding to the irreducible representations (pg, Vo) and

(p1, V1), respectively, the Tableis the table of characters for C,.

Cg‘ 1 \

(o

X0 1= dimV() 1

x1 | 1=dimV; | -1
TABLE 1.

Note that 0 € Z(C,), then o € Z(C(C,)). And the average element of C, is e = HTU . So,

with A = o we can construct the algebras S* and ©* over C:
Cix, »» % CCy
T xy-yx-o0)’

Oh = 1+UC(x,y)%CC2 1+0

2 (xy—-yx—o) 2
In order to exemplify the Lemma|l1.3} we will find the graded associated algebras for our
examples of St and OA, and we will verify that gr$7L =Clx,y]®CC, and grOA =Clx, yl Cz,
The invariant polynomials under the action of C, are Clx, y] C = span{xz, yz, xyh
Indeed, since C; < SL,(C), o, the generator of C, can be seen as o = (g (91) =(g %) we

shall see that x and y are semi-invariant under C,:

o0

{ ) x=0em

g-x=(

ooy=(5, %) y=Cy=-y

So, xz,yz,xy € Clx, yl G, Ttis easy to see that {xz,yz,xy} is linearly independent. Suppose

the null polynomial is written as a linear combination of x?, y? and xy. Then, by equality
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of polynomials, the scalars are equal to zero. Now, let f € C[x, y]®?,i.e. o-f = f. Since fis a
polynomial function from C? to C, we can write f by
fe,p= Y agx'y,
O<i<k,0<j<l
for some non-negative integers k and [. Then,

o-f(x,y) = Z ajjo-x'o-y’
0<i<kOs<j<lI

faey= Y a1 xeyl
0<i<k,0<j<I

= j=imod2

=>fe span{xz,yz,xy}. Thus, Clx, y] G = span{xz,yz,xy}.
Now, a graduation for C(x, y) is {V®i}, o, where V=Cx o Cy and Ve =C. Then a grad-
uation for C(x,y) ® CC, is {V® ® CCy};»9. Thus, a filtration for C(x, ) ® CC, is given by

d
{=

4

for S* is {

1

Vel CCg}d>0. And let 7 : C(x,y) ® CC, —» S* be the canonical projection, a filtration
) >
d .
n(V® e CCy)} 4=0- Therefore, the graded associated algebra of Stis
=0 =

d .
@ (Ve eCCy)
A_ i=
gr§” = @ 7
d=0

i=0

|
—|o

z(V® ®CCy)

We have a surjection
7] - R _
C[x,y]@CCz—»grSA,x®1~>x®1,y®1~»y®1, l1®o0—1®0.

And also we have that
‘p|C[x,y102®c :Clx, J/]C2 —» gr(’)l.
C

It is not easy to see that ¢ and this restriction of ¢ are also injective.

2. Deformed preprojective algebras.

In this section K is an arbitrary field and Q is an arbitrary finite quiver with vertex set I.

We define the preprojective algebra of a quiver and its deformations.
DEFINITION 2.1. We define the Ringel form for Q to be the bilinear form on Z’ with

(@, =) aifi- Y araPua

iel aeQ

for a, B € Z'. And the symmetric bilinear form is

(arﬁ) = <arﬁ> - <ﬁy a)
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Elements of K' are called weights and if A is a weight then we define the deformed pre-

projective algebra to be
' =KQ/(c-A),

where c is the commutator element of KQ

c= Z la,a*] = Z aa*—a*a,
aeQ acQ

and A is identified with the element )} A;e; of K@.
iel
If the quiver is understood, we just write T4,

LEMMA 2.2. The ideal (c — A) is the same as the ideal, with a generator

gi= ) aa*- ) a‘a-Ae
acQ aeqQ
h(a)=i t(a)=i

foreachiel.

PROOE. Note that

ei(c—Ne;=ejce;—eidej=e; Y (aa* —a*a)e;—e; ) Ajeje;

aeQ JjeI
=) ejaa*e;— ) eja‘ae;—eidie;= Y aa*- ) a‘a-Ae;
acQ acQ acQ acQ
h(a)=i t(a)=i

Since e;(c—A)e; € (c—A), so the elements g; belongs to the ideal (c—A). But also c—A is

the sum of them, so the ideal they generate contains ¢ — A. |

This deformed preprojective algebra is a generalization of the preprojective algebra
Q) =1°(Q).

There is a natural grading (see section |1) of KQ over the length of the path, with the
trivial paths e; in the degree zero and the arrows a,a* in the degree one (see section [7.2).
This induces a grading of II. It also gives rise to a filtration of KQ which induces one of IT*

More general, if R is a commutative ring and A € R!, we define HR'A(Q) = Ral (c=A)
LEMMA 2.3. Up to isomorphism, I?*(Q) does not depend on the orientation of Q.

PROOFE. Assume that a new quiver Q' is obtained from Q by reversing the arrow a € Q.
Note that Q = a Then there is an isomorphism IT%4(Q) — 1#4(Q") which send a to a*

and a* to —a. O

LEMMA 2.4. There is a natural surjective homomorphism I1° — grIT*.
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PROOE. Give the ideal (c—A) the induced filtration from the filtration for KG (see section
[1.4]in the chapter[2). Then, by Lemma there is an exact sequence

0— gr(c—A) — grkQ — gr(l1*(Q)) — 0.

Then by the First Isomorphism Theorem grkQ/gr(c — A) = gr(HA(Q)). Since grkQ = KQ,
cegr(c—A) and then (¢) € gr(c—A). Thus,

gr(M'(Q)) = KQ/gr(c— ) «- KQ/(c) =:T1°(Q)
and there is a surjection I1° — grl1* . g

LEMMA 2.5. If Q is Dynkin (or a disjoint union of Dynkin quivers) then I1(Q) is finite dimen-

sional.

PROOE. For an arbitrary quiver, the preprojective algebra I1(Q) := I1°(Q) decomposes
into the direct sum of the indecomposable preprojective KQ—modules. (see Lemma 3.4 in
[2] and Theorems 0.1, 0.2 in [8]). In particular, if Q is a Dynkin quiver then I1° is finite-
dimensional, by Gabriel's Theorem (see section[7.2]in the chapter[2) and the previously men-
tioned result. Since ng’l(Q) is a quotient of I1(Q), also H’l(Q) is finite-dimensional if Q is a
Dynkin quiver. O

3. Morita equivalence.

Let K be an algebraically closed field of characteristic zero and I' a non-trivial finite sub-
group of SLy(K).

In this section, we will prove the Theorem that S* is Morita equivalent to HA(Q) and
O* = gIT'(Q) ey, where Q is any orientation of the McKay graph of I (see The McKay graph
in the introductory chapter. This is the first significant result that relates deformations ©*
and ITA.

For technical reasons, we need to prove it for the global versions over a commutative
K-—algebra R: St 01 and H’l(Q). These global versions are:

SBA = (R(x,y) x D)/ (xy —yx—A),

OFA = gsRA,

where e = I% Y v (see deﬁnitionin section and

! yel
Y = RQ/(c—N)

(see up to lemma2.3]in section[2).
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Let V the natural 2-dimensional representation of I', it means, the inclusion of T is
SLy(K). Let {Ny, ..., Ny} the irreducible representations of I' with Ny the trivial representation,
and I =1{0,1,...,n}.

If n; (i € I) are the central idempotents in KT' corresponding to the irreducible repre-

sentations N; (see section[7.1]in preliminary chapter[2), then the following map is a bijection:
I A
R'— Z(KT),A— ) —n;
iel Vi

and we use this to identify R/ with Z(RI). In the case R = K we have the identification:
Z(KT) = KI, with 1 € Z(KT) corresponding to the vector whose i—th component A; is the
trace of 1 € Z(KT) on the regular representation KT'.

Let e € KT be the average of the group elements, and for each i € I let f; be an idempo-
tent in KT with KT f; 2 N;. The f; are orthogonal, so f = fy + fi +... + f,, is idempotent. Also

fo=e sor=fef.
Now, if x, y is the standard basis of the natural representation of I', V, the symplectic

bilinear form ¢(,) with
X, =-1{yx)=1,{x,x) =y, =0,

is I'=invariant, so defines a homomorphism (,) : V® V — K. We have also a homomorphism
(:K-VeV,{(1)=xy—y®x.

LEMMA 3.1. IfL and M are KT —modules then there are inverse bijections

o

Homgr(L, VO M) S Homgr(Ve L, M)
0—0*

where 8" = ((,.)®1)(1©0) and ¢* =1 e P)((®1).

PROOE. It follows from the Tensor-Hom adjuntion (see[4.4]in the Preliminary Chapter2).
And also we can obtain that (6%)” =6 and (¢°)" = ¢ by a direct calculation:

O =(yved)(el)=0rel()elylyred))elr)
=(Qye{)ely)(lyelyed)((el;)

= (@"":L—VeMand

O =Ayve)ely)lyely®d)(®1)l)
=(lye()elpypndyelyed)((el))1el) = (1®(,>®1)(1V®1V®6)((x®y—y®x)®l)

=(Ave()ely(xey-yexod).
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LetO(l)=x®m;+y®my e Ve M, with my,my € M. Then
O =0ve()elw(xey-yexod)
=(ly®(N®1y)(Xx@y®X®M+X@YyQY®My—y®X®X®M] —Y®X® Y ® My)
=X®(),X)®M +Xx®(),Y) @My —y®(X,X)®M1 — y®(X,Y) ® My
=x019em+0+0-(-Dy®lemy—x®m+y®my=0()
On the other hand

@V =)ol lyed’)=(yehdyel(lyed) (1)) (3.1)
=((ely)lyelyed)(lyelelr)
=>@):VelL—-M
andlet l;, b €L,

@ xeh+yek) = () elmlyelyed)(lyelel)xeh+yel)
=((MHely)dvelyep)(lyelel)(xeleh+yelel)
=()elylyelyed)(xexey-yex)®h+y®xey—yex)el)
=()elylyelyed)(x®xeye | —x®yex® 1 +y®x®y®L -y yexel,)
= (el (xexedp(yelh)-xeyedp(xel)+yxep(yeh)-yeyedxel))
=(xx0)pxeh)—(x, )Py ) +(y,x) ®P(x® L) —(y, ) ®P(y ® L)
=0-(-D®Pp(x0))+10d(y®L)+0=10¢d(x L) +10d(y® 1)

—sdpxeh+yel).

LEMMA 3.2. To each arrow a:i— j in Q one can associate homomorphisms
0,:N; — V®Nj and(pa:Nj — V®N;
in such a way that, for each vertex i,

Z (a®0a)pa— Z (1®¢a)bs=06iCe1)
aeqQ acQ
h(a)=i tla)=i
as maps N; — VeV ® N;; and the 0,4, ¢, (a € Q) combine to give a basis for each of the spaces

Hom(N;, V ® Nj).

PROOF. We will analyze separately the cases where Q is type A}, and where Q is type D},
E}, E} or Ej.
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Case 1: Suppose that Q is of type Al (see in section in preliminary chapter. Let
u, v be a basis of the natural representation V with respect to which the action of
I' is diagonal. By scaling u one can ensure that u® v—v®u=x® y—y®x. Thus,
the generator g of cyclic group I' = (g) of order n+1, acting via g-u = et u and
g v= e v (here i is the imaginary unity).

We have n + 1 irreducible representations of I', with g acting as multiplication
by (e%)j, with j €{0,1,...,n+1}. Then, by propositionin sectionof the pre-
liminary chapter[2] those n + 1 are the only irreducible representations of I, called
Nj in our notation.

Now, the arrows a; in Q connect vertices i and i +1 (0 is the vertex n+1). Ac-
cording to the orientation:

Ifa;:i—i+1let0g(z) =ve®zand ¢4 (2) = —u®z. Then we have

Y (1800)¢a(2)— Y, (18pa)0a(2) = (1804 )Pa;_,(2) — (1©Pg;)04,(2)
acQ aeQ
ha=i ta=i

=180 )~u®z)—(18¢y)04(2)
=-ue®b, (2)-vedy(2)
=—uvez—-ve(—uwez=1®1)(1®z2)

Ifa;:i+1—i,let04(2) = u®zand ¢4 (z) = v® z. Then we have

Y. (180)¢pa(2)— Y, 18¢a)04(2) = (1804,)Pa;(2) — (1@ Pg,_)04,_, (2)
acQ acQ

ha=i ta=i
=(180,)(v®z)—(a®py )(U®2)
=080y ((2)—u®py_,(2)
=veou®z—-u®evez=10®1)(1®2)

Case 2: Now suppose that Q is of type D, Eé, E% or Eé (see in sectionin prelim-
inary chapter[2). In this case Q is a tree. For each arrow a € Q choose a non-zero
homomorphism

0a: Nia) — V ® Nya),

and a non-zero homomorphism
(Pa : Nh(a) - Ve Nt(a) .

Note, that V' ® N; are multiplicity-free, it means that the irreducible representations
N; appears in V ® N; once at most. And recall that ¢ : V ® Nj,4) — Ny and 67 :
V ® Ny(a) — Ni. Then, the map ¢*0,: Ny — Ny(q is a non-zero endomorphism

of Ny(g and the map 0% ¢, : Njya) — Npa) @ a non-zero endomorphism of Ny ).
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Now, by rescaling 6,4, one can simultaneously rescale these two endomorphism.
Since, Q is a tree, and Ny and Ny are irreducible representation, by Schur’s
lemma (see , (J)’Z@u and ezea are scalars, it means, that there are scalars m; for

each vertex i such that the following equations hold

00 = Mp@ Iy (3.2)

0hiba =m0 1Ny (3.3)

for every arrow a € Q.

One proceeds as follows: First fix the value of m; for one vertex. At this mo-
ment, the piece of Q consisting of vertex i is known. Since Q is of type D, E§, E;
or Eé, there is a arrow a connecting the vertex i in the piece to a vertex j outside.
Without lost of generality, assume that a: i — j. Then the equation are deter-
mined by m; = my, by rescaling 6,. Therefore, are fixed 8, and ¢, and now, we
obtain m; = my, from the equation We can recursively define non-zero scalars
m; such that[3.2]and [3.3] holds for all i € I and all arrow a € Q.

Thus, Ha(/)*; is my, times the projection of V ® N, onto Ny, and (paefl is My,
times the projection of V ® Ny, onto Ny,.

Let m;4:V® Npy — Nig and mp, 0 V ® Niy — Npy, be the canonical projections.

Then for every i € I:

Z 9a¢§— Z ¢a92= Z MpaTlta — Z (=Dmamtpg

acQ aeqQ aeQ acQ

ha=i ta=i ha=i ta=i
=mi( ) Mia+ Y, Tpa) = milyen,.

aeQ acQ

ha=i ta=i

Let’s call this map v := mjlygn;. Then considering (1y ®y)((®1y,) : N; — V®VON;
and using Lemma 3.1] one obtains:

Y Qvebdpa— Y. Uveda)la= Y (lvel)dvedh)lely,)— Y Qved)lyedh)(ely,)

acQ acQ acQ agqQ
ha=i ta=i ha=i ta=i
=(X (vebveplh- ¥ Gvep)lveoh)Csely)
acqQ acqQ
ha=i ta=i
=( X avetuh- ¥ vegoh)cely)
acQ acQ

ha=i ta=i
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= (1V®( Z(Zg Ha(PZ_ Z;,)Qbag#c;))((@ 1n;)

ha=i ta=i

=(1lyemlyen)(®1ln)=Q1Qy®@ly®@1y)m;((®1y,)
=m;(®1y;). (3.4)
Now, composing this with the map (,)® 1y, : V® V® N; — Nj;, the resulting en-
domorphism of N; is multiplication by —2m;: Let n € N;, we can identify n with
1®ne K® Nj, then
(relymi((ely)den) =()eln)(mixey®n—m;y®x®n)

=-2m;®n<— —-2m;n

From [3.4) we have,
(o1 X (v o0da— X (lv8$a0a) = () 8 1n)mi®1n,)
aeQ acQ
ha=i ta=i
Y (e IN)Ay®0)pa— Y ()@ 1n) 1y @ Pl =—2m;ly,
acQ aeQ
ha=i ta=i

Y Ohpa— Y Ph0a=-2m;ly,

aeQ acQ
ha=i ta=i
— 2 Mualn; = Y Mpgln; =-2mily,
aeqQ aeqQ
ha=i ta=i
=) Mua— ), Mpg=-2m;
acQ aeqQ
ha=i ta=i

Now, using the symetric bilinear form (-,-) defined in section from the Ringel
form, consider the vector (m;);c; = m € K! and the coordinate vector ¢, then
(m,e') = (m, e’y + (€', m) = > mjej. -y mmeim +y mje§ -y Mpqe',
jel aeQ Jjel aeQ
=2m;— Z Mig— Z Mug=2m; —2m; =0
acQ acQ
ha=i ta=i
So, (m,e!) =0 for all i, then, by definition, m belongs to the radical of the form (., -).
Since Q is an affine quiver, this forces m to be a multiple of §, because § is the basis
of the radical of (-,-) (see [26]). The assertion follows by rescaling all 8,,.

O

In order to understand the following lemma and the main result of this section (Theorem

3.8) and its consequences, we need the definition of the Morita equivalence:
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DEFINITION 3.3. A left R—module M is called a generator for R if MM* = R. (see definition
5.3, for right R—modules, in section 3.5.3 of [31])

DEFINITION 3.4. A left R—module M is called a progenerator if and only if M is projective

and generator for R. (see definition 5.4, for right R—modules, in section 3.5.3 of [31])

DEFINITION 3.5. Two rings R and S are Morita equivalent if there is a progenerator M such
that S = Endr(M). We write R Ms. (see definition 5.5, for right R—modules, in chapter 3 of
1311

REMARK 3.6. Morita equivalence arose first in terms of category equivalence. Indeed, one
can define R ¥ S to mean there is a category equivalence between their categories of left
modules; F: R—mod — S—mod. Given such an F it follows that F(R)s is a progenerator with
End(F(R)s) = R. It turns out that the two definitions agree. (see 7.5 in chapter 3 of [31])

LEMMA 3.7. To each arrow a: i — j in Q one can associate elements

0a€ fiC1fj and pg € fiCy f;

in such a way that, for each vertex i,

Z Oapa— Z $aba=06ifj(xy—yx)
acQ aeQ
h(a)=i t(a)=i

and the ¢, ¢4 (a€ Q) combine to give a basis for each of the spaces f;C; f;.

PROOE. Let C=K(x,y) xT = K{x,y) %KF, graded with x, y is degree 1 and elements of
I in degree 0. Let V = spanf{x, y} the natural representation of I' considered above. Since
(Ve is a graduation for K(x, y), then { V®d @ KT} is a graduation for C. Thus C is the tensor
algebra over KT of the bimodule V ® KT (see[2.2)in the preliminary chapter[2). Thus Cy = KT
and C; = V ® KT'. Remark that we consider V ® KT as a bimodule with a diagonal left action
of KT over V® KT and the right action of KT over V & KT given by multiplication only on the
second term in the tensor product.

Since the idempotent f is such that fN; # 0 for all i, induces a Morita equivalence (see
Example IV of 3.6.3 in [31]), it follows that fCf is the tensor algebra over fKT'f = fCyf of
f(VOKD)f=fCif.

Now,

(b)

fCof =fKTf (g)@fNi =@ fiNi = P fiKTf; (é)@HomKr(KFfi,Krf,-)

iel iel iel iel

(d) (e)
= @HOHIKF(N;',N;') = EBK
iel iel

For (a), (b) and (d): Use that KT'f; = N; and f = fo+... + fu-
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For (c): Use a more general fact, let R be a ring, M € R—mod and f2 = f € R we have the
inverse bijections:
fM —Hompg(Rf, M),
fm—=lrf—rffm=rfm],
and
Homg(Rf,M) — fM,
9= o) =92 = fo(f).
In the case of the identification (c¢), KT is the ring, f; € KT is the idempotent and KT f; €
KT —mod.
For (e): Apply the Schur’s Lemma (see in section [7.1] of the preliminary chapter 2),
remark that K is algebraically closed.
Thus, fCyf = K.

And, we have the following identifications:
fiCifi (i Homgr (KT f;, C1 fj) = Homgr (KT f;, V@ KT f}) é Homgr (N;, V@ Nj).

For (1): Use the same general fact that in (¢). In this case, the ring is KT, fi2 = f; € KT
and C; fj = V® KT fj € KT —mod, so:

ficlfj = HomKr(KI“f,-,lej).

For (2): Recall that KT f; = N; and the right action of KT insures that C, fj = (V® KT) fj =
Ve (KT) f;.

Thus, we can restate the Lemma|3.2| as in the statement. O

THEOREM 3.8. There is an isomorphism fS®" f = IR (Q). Under this isomorphism e corresponds

to the trivial path ey.

PROOF. There is an isomorphism:
KQ— fCf,
ei— fi,
la:i—jl—0a€ fiC1fj,
la*:j—il—¢a€ fiCifi.
Let CE be the induced R—algebra R(x,y) % RT, then we have an isomorphism Ra —

fCRFT.
Observe that a(xy—yx)—aA=a(xy—yx)—Aa= (xy—yx)a— Aa for all a € KT. The first
equality comes from the fact that A € Z(RT') c Z(KT), and the second equality it follows from
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that x® y—y®x belongs to a trivial submodule of V® V by using {, and because, let g = (‘Cl Z),
g-x=ax+dyand g-y=cx+dy, then

glxy-yng t=gxglgyg ' -gyg tgxg ! = (ax+by)(cx+dy)—(cx+dy)(ax+by) = xy—yx.

Now, let I = (xy — yx—A) be an ideal in CR then J = InfCRf is generated as an ideal in
fCRfby flxy—yx—Nf=ff(xy—yx—A)= f(xy—yx—A). Since f corresponds to a Morita
equivalence (see Example IV of 3.6.3 in [31]), so there are a;, b; € KT with } a;fb; =1 (see

iel
Lemma 5.2 in 3.5.2 of [31]). Then the ideal in C¥ generated by f(xy— yx— A) contains
Y ai((xy—yx—Nfbi=(xy-yx—N)) aifbi=(xy-yx—A).
iel iel

Then f;(xy—yx—A)eJ. And
J=(foxy—yx—N+...+ falxy—yx—1N))

which implies that J < (fo(xy—yx—A), ..., fo(xy—yx—A)). Thus, ] is generated by the elements
fi(xy — yx—A). Identifying A with an element in R, fi(xy — yx—A) < fi(xy—yx—A;/5;).

Now, from the Lemma|3.7

1
filxy—yx—NA;16;) = fi(xy—yx)— fiNil6; = 5( Y Oapa— Y. Paba)— filil6;

aeQ aeQ
ha=i ta=i
1
= _( Z Oatpa — Z (ybaga_fiAi)r
I aeQ acQ
ha=i ta=i
which is the defining relations for IT®A(Q) via the isomorphism RQ = fCf. g

There is an immediate corollary of the previous theorem:
COROLLARY 3.9. S®? is Morita equivalent to HR’A(Q) and ORA = eOHR'A(Q)eO.

PROOE. First, since f induce a Morita equivalence (see Example IV of 3.6.3 in [31]), srM
Q).
Now,

B3
Ot =este=fefS'fef = fell*(Qef = f ol (Q fof = /HITMQ) fo = el (Qeo.

We have a consequence of this corollary for the deformed preprojective algebras:

COROLLARY 3.10. If Q is an extended Dynkin quiver with vertex set I and A € K! then the
natural map T1(Q) — grTT*(Q) is an isomorphism. and ' (Q) is of GK dimension 2.
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PrOOF. Consider an extended Dynkin quiver, then it arises by orienting the McKay graph
of some Kleinian singularity. By the Corollary 1*(Q) is Morita equivalent to S*, so I1(Q)
is also a ring of GK dimension 2. Also, the map I1(Q) — grlI*(Q) is surjective, by lemma
So this surjection must also be injective since every proper quotient of I1(Q) has GK
dimension strictly less than 2 (see Theorem in section[3of the preliminary chapter[2} for
more details see Theorem, of Bergman, as VI1.4.1 in [1] or as 2.5 in [27]).

Remark that in the case of the quiver consisting of one vertex and one loop, II(Q) is

the polynomial algebra in 2 variables K[x,y] and IT*(Q) is the Weyl algebra of differential

Klx,yl N

operator in 2 variables with parameter A, D"

LEMMA 3.11. Let Q be an extended Dynkin quivers, then TI*(Q) is a Noetherian ring.

PROOF. We know from the Lemrna in section |1} that S* is a Noetherian ring. Now,
since being Noetherian is a Morita invariant property (see Proposition 3.5.10 in [31]), and by
CorollaryS’1 ¥11(Q), then I* is Noetherian. O

3.1. Example using the cyclic group of order 2. Part 2. Consider the field K = C and
the finite group C, of SL,(C), just as in the example[I.1]in section|[I}
Let (p, V) be the 2-dimsional natural representation of C, given by V = C? and
0 1
p:C=S12©), 1= (§ )= (1), o= (§ )= (3 %).

Let y be the character of (p, V), then y(1) =2, x(0) = —2. Let yv,ev = ;X be the character
of the representation (p; ® p, V; ® V), i =0,1. We concluded that

po®p=p1®p1 and p1®p =Py & Po.

Then, the extended Dynkin quiver for C, is A{ :
e—————

There are two possible orientations for A}:

A cycle, to the left, and the Kronecker quiver, to the right. We will consider the Kronecker
quiver, which we will call Q. The problem of classification of the finite-dimensional repre-
sentations of Q, up to isomorphism, is also the problem of classification of linear transfor-
mations S, T : Vo — V3, up to left multiplication by X € GL(V;) and right multiplication by
Y € GL(V}). In the section 7.1 of [11] the classification of the indecomposable representations

of Q can be seen.
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Now, we construct the deformed preprojective algebra of Q for some A € C2. Take, for

example 1 = (1,—-1), then
Q) = CQ/(-a*a—b*b-Ageg, aa* +bb* —A1e1) =CQ/(—a*a—b*b- ey, aa* + bb* + ey).

Now, A = (1,—1) € C? is identified with g—gno + %nl e Z(CCy).
Let’s calculate the fundamental root § for Q, for which one of its components is 1, take

this component as §p = 1.

0=1(6,00=2(5,6,y=2( Y. 6:0i— Y, 8upSn(p)=2(05+08%) —2(8061 +0001) =2+255 — 48,
i=0,1 f=ab
0=(5-1?°

36121.

So, the fundamental root for Q is § = (1, 1).

By the other hand, the primitive idempotent elements of CCy, n;, are:

= i OE (%) —_1(11 +1 a)——1(1+(7)——e
1o Gyl Yer?(oYY 2 r >
and
n= I ! E ()y——l(l 1 1 O')——l(l o)
1 1Cy | X1ty 2 r 2 .

yel'

Then, A = (1,-1) is identify with }3(1+0) + T3 (1-0) = HFHT = g,

4. Representations of deformed preprojective algebras.

Let K be an arbitrary field and Q is and arbitrary quiver with vertex set I.
In this section, we begin to study the representations of the deformed preprojective al-

gebra 11 (Q) of a quiver Q.
DEFINITION 4.1.
o The variety of representation of Q with dimension vector «a € Zéo is given by the

elements of the vector space

Rep(Q, a) := @ Hom(K*!@, K*na),
acQ

« For representations of Q with dimension vector a we write

Rep(Q, @) := Rep(Q,a) ® Rep(Q°?,a) = @ Hom(K*',K*/)® Hom(K*/,K*),

ai—j

when Q°P is the opposite quiver to Q.
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¢ Also, we define the following algebra

End(a) := @ End(K%).

i€l
LEMMA 4.2. IfA-a #0 there is no representation of 1* of dimension vector a.

PROOF. Assume that there is a representation X of I1* of dimension vector a. Then X

satisfies the condition

0=c-A1<=0= Z XaXa* — Z Xg*Xq—Aje; foralliel,
aeQ aeQ
h(a)=i tla)=i
which implies

O:tr( Y XaXar— ), xa*xa—/liei)ztr( Y XaXar— ), xa*xa)—tr(/liei)=tr(/1iei)=)l,--ai
aeQ aeQ aeqQ aeqQ
ha)=i ta@)=i h(a)=i t(a)=i
—0=1-a.

But, this is impossible because 1 -« # 0. |

LEMMA 4.3. If x = (Xaq)acq € Rep(Q, a) and X is the corresponding KQ-module, then there is

an exact sequence
0 — DExt' (X, X) — Rep(Q°”, a) 5 End(a) — DEnd(X) — 0,

where ¢ sends (y4+) € Rep(Q°P, @) to Y. [X4, Va+] and D is duality with the field.
acQ

PROOE. We consider the map f defined by
f:End(a) — Rep(Q, a)
01)ier = OnwyXa— Xabt(a) acq-

Note that ker(f) = End(X) and using the standard projective resolution of X (see Propo-
sition in section[7.2] of preliminary chapter 2} for more details see section 3 in chapter 7
of [20]), coker(f) = Ext! (X, X).

Thus, the following sequence is exact
0 — End(X) - End() N Rep(Q, @) L Ext!(X, X) — 0,

where ¢ is the inclusion map and { is given by the isomorphism coker(f) = Ext! (X, X). Now,

the dual of this sequence is the following exact sequence
0 — DEnd(X) «— DEnd(a) — DRep(Q, a) — DExt' (X, X) <0,
and because

DRep(Q,a) = D @ Hom(K*"@, K@) = ) Hom (K@, K*@)
acqQ acQ
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= @ Hom(K®", K®ia")) = Rep(Q°, a)
a*eqQ
and DEnd(a) = End(a) via the trace form, we obtain the required exact sequence. U

THEOREM 4.4. If A-a =0 and there is a representation of Q of dimension vector a and endo-

morphism algebra K, then there is a representation of I1* of dimension vector a.

PROOFE. If x € Rep(Q, @) has an endomorphism algebra K, then the map c: Rep(Q°?, a) —
End(a), of the previous lemma, has one-dimensional cokernel, because its cokernel is iso-
morphic to DEnd(X). Since the image of ¢ is contained in End(a)y and dim(End(a)q) =
dim(End(a)) — 1, ¢ has image End(a)y.

Now, if A is identified with a central element of the ring End(a), then the condition A-a =
0 implies that A € End(a)o. Thus ¢~ '(A) is not empty. Now, any element of this fiber extends

X to a representation of IT4, g

In particular, we can apply the previous results for extended Dynkin quivers and the

dimension vector §. See, for example, the following lemma (in [12]).

LEMMA 4.5. If Q is an extended Dynkin quiver and 6 is the minimal positive vector with
(6,0) =0 then there is a representation of Q of dimension vector § whose endomorphism alge-
bra is K. In addition, if K is algebraically closed then the representations with endomorphism
algebra K form a dense open subset in Rep(Q,08), and its complement is the union of only
finitely many GL(68)—orbits .

4.1. Example using the cyclic group of order 2. Part 3. According to what was established
in parts 1 and 2 of our example (see [L.1]in section [I] and [3.1]in section [3), we will continue
using K = C as the base field, I' = C; and Q the Kronecker quiver.

In order to exemplify the Lemma let A € C? such that 1-a = 0, for some root « and let
M be a representation of Q with dimension vector a and let’s find a representation of IT*(Q)
of dimension vector a.

Leta=0+¢¢e 72, where 6 = (1,1) is the fundamental root for Q (see the Part 2 of our
example and ¢ = (1,0) is a simple root for Q (see section@. So, a =(1,1) +(1,0) = (2,1).
Let A € C? such that 1-a =0, then A; = —21,. Take, for example 1 = (1,-2), then

M (Q) =CQ/(-a*a-b*b-ey, aa* + bb* +2ey).

Now, we exhibit a representation of 6 with dimension vector a = (2, 1), which is also a repre-
sentation for IT*.

Let M € Rep(Q) given by the C—vector spaces M(0) = C2, M(1) = C and the linear trans-
formations:

M(a):M(O)_)M(]-)r(UO)Ul)'_’ Vo,
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M(b): M(0) — M(1), (vo, 1) — v1,
M(a*):M(1) - M©0), w— (-w,0),
Mb*): MQ1) - M), w— (0,—w).

Remark that M is also a representation of II* if and only if the ideal
(—a*a-b*b-ey, aa* + bb* + 2e;) annihilates M. Indeed, let v+ w € M(0) ® M(1), where

v = (vg, 1), we have
(ma*a-b*b-ey)-W+w)=—-a"av—-a*aw-b*bv-b* bw—eyv—eyw
=—-a‘*av-b*bv-eyv=-a*vy—b* v, - (vy, 1)
=—(=v0,0) = (0,—v1) = (vo,v1) =0
and
(aa™ +bb* +2e1))-(v+w)=aa*v+aa*w+bb*v+bb*w+2e1v+2e;w
=aa*w+bb*w+2e;w=al(-w,0)+ (0,—-w) +2w

=—w-w+2w=0
5. Reflection functors.

In this section we will define certain reflection functors which are the key tools for study-
ing deformed preprojective algebras.

Let be K an arbitrary field and let be Q an arbitrary quiver with vertex set I.
DEFINITION 5.1. We say that a vertex i is loopfiee if there are no arrows a: i — i.

DEFINITION 5.2. In the case of a vertex i loopfree, the simple reflection s; : Z' — 7' is de-
fined by:
si(@) = a—(a,€i)e;

where ¢ is the coordinate vector at i.

DEFINITION 5.3. Let be s; the simple reflection of a loopfree vertex i, there is a dual reflection
ri : K — K with the property that
rid-a=2A-s;a

forall e K’ and all a € Z'. Explicitly, (r;A)j =A; - (e;,€)A;.

DEFINITION 5.4. The Weyl group W is the group of automorphisms of Z/ generated by the
simple reflections for loopfree vertices.
It acts on K', with

(wl)-a=1-(w'a)
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forall we W, 1 e KT and a € 7.

DEFINITION 5.5. The length of an element w € W, denoted by I(w), is the smallest number
n so that w is a product of n reflections by simple roots. In particular, a simple reflection has

length one.

It follows immediately from the definition that I(w™') = I(w) and that [(ww'™!) < I(w) +
l(w", forall w,w' e W .

THEOREM 5.6. Ifi is a loopfree vertex and A; # 0, then there is an equivalence
E; :TT'(Q)-mod — IT""*(Q)-mod
which acts as the simple reflection s; on dimension vectors.

PROOE. By Lemma H’L(Q) does not depend on the orientation of Q, then we can

assume that no arrows have tail at i, in this case i is called a sink for Q.

First: We consider a H’l(Q) —module V as a representation of 6 with vector space V; at
vertex j and linear map V,, for each arrow a € Q, satisfying the relation
Y VaVar— Y VarVa—Ajly,
aeqQ acQ
h(a)=j ta)=j
for each vertex j.
Given such a representation, let
VGB = @ Vt(ﬂ)y
acQ
h(a)=i
and write y, : Viq) — Ve and m, : Vg — Vy(y for the inclusion and the projection
between Vy(4 and Vg. Define the maps p: V; — Vg and n: Vg — V; as follow
1
p= Z HaVar , = 1 Z Valta.
aeQ i aeQ
h(a)=i h(a)=i

Then mu = 1y;. In effect,

1 1 1
TU=— Z Vana( Z ,uaVu*) =— Z VartapbaVar = — Z VaVigr.
Ai aeQ acQ Ai acQ Ai aeQ
h(a)=i h(a)=i h(a)=i h(a)=i
Note that Y. V,+V, =0 because no arrows have tail at i. Then
aeqQ
tla)=i

1 1
= > VaVa*—T Y Vg Va=1y,.
1 aeQ I aeQ
h(a)=i t@=i
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And also umn is an idempotent endomorphism of Vg:
(,LUT)2 = umun = ply, T = um.

Second: Starting from V, we will construct another representation or Q, V'. Consider the

representation V' of Q as follows:
V]f =Vj, for j#i
and for j=1i
V{ =Img(1 - un) = kerr,
with the linear applications
V,=Vgand V. = Vg, if h(a) # i

while if h(a) =i
V{,; =-Ai(1-pumg: Vt/(a) - Vi,

v - V!

ro_
Ve =g f a)

|v! '
In (*) we claim that Img(1 — pum) = kerz. Indeed, if v € kerr,
v=v—un(v) = (1-pum)(v) which implies that v € Img(1 — ux). On the other hand, if
v e Img(1l — um), there is w € Vg such that v = (1 — un)w = w— un(w). Then
n(v) = w(w) —mun(w) =0, because wu = 1y, then v € kerr.
Third: We shall prove that V' € IT"i*(Q) — mod.
For the vertex i:
Y vvi.= ) A —pn)uana| =-Ai(Q-pm) Y ,uanai
acQ acQ v acQ v/
h(a)=i h(a)=i h(@)=i
=-1;(1 _'u”)i = —/lilvj +/1i/.t7'[|
v l v
=-Aily + Z HaVar Vaﬂal =-Aily
1 V.’ 1

acQ
h(a)=i

And (riA); = Ai— (ei,€)Ai = A = 2e,€) = A —2| Y ei(k)ei(k) — Y ei(t(@))e;(h(a) | A;
kel acQ
=1;-21-0)1; =-1;.
Note that, for i # j two vertices in I

ey =) €i(kejk)— Y eit@)ejh(a) =— ) ei(t(@)e;(h(a)
kel acQ acQ
is the number of arrows in Q with tail in i and head in j. And because i is a sink

for Q, {e;,€;) =0.
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Therefore, for i # j, (€;,€;) = (€;,€;) +(€j,€;) = {€j,€;) is the number of arrows
with tail in j and head in i.

Now, if a:i — j is an arrow in Q then
Vo Vi =ma(=Ai(1 = um i) = =Aifapla + AiTapiipta = —Ailv,, + Var Va,
thus, if j # i then

Y ViV = Y VuVi= Y VaVar— Y VerVa— Y VLV,

acQ aeQ acQ agQ aeQ
h(a)=j ta@)=j h(a@)=j ta)=j t(a)=j
h(a)#i h(a)=i

= Z VaVar — Z Var Vg — Z (_Ailvt(a)"‘va*va)

acQ acQ aeQ
h(a)=j ta)=j H(a)=j
h(a)#i h(a)=i
= Y VaVar— Y VaVa+thdi Y 1y,
aeQ aeQ acQ
h(a)=j ta)=j ;L((“)):f.
a)=1
= Z Vo Var — Z Va*Va—(ej,Ci)/lilvj
acQ aeqQ
h(a)=j ta)=j

= /lllvj - (ej)ei)lil‘/j

= (ri/l)jlvj.

Fourth: The assignment V — V' extends to a functor E; : ' Q — mod — I"i*Q — mod, where
i is a sink for Q.
We have defined how E; acts on objects in H’lQ —mod. Now, we need to define
how it acts on morphisms in Rep(Q):
Let ¢p: V — W be a morphism in IT*Q — mod and let i be a vertex in Q which is
a sink. We define (E;p)j =¢;:V; = V]f—> Wj= ij for j #1.
For the vertex i we know that the following diagram is commutative

Vi Vi

_—
Pt(a) bi
Wa
Wie S W;

from ¢ is a morphism of representation.
Let Y be the inclusion p, for V, )/ be the projection , for V, uV be the map

u for V and & be the map n for V; respectively for W. We define ¢ : Vo — Wy by

— W \%4
ba =HUg ¢t(a)”a'
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Then,
1 1 1
pin’ = . 2 piVary = En > WadrT, = e > Warty iy duaymy
Ai agQ Ai aeQ Ai aeQ
h(a)=i h(a)=i h(a)=i
w
=7 (l)a

and the following diagram is also commutative,

%
ba bi
W, ™
® W

Finally, we define (E;¢); : V/ — W/ as the unique linear application such that

the following diagram is commutative,

v, Ve

i - >
Ep); ba
Voow
W, —— We

which exists from the Universal Property of the Kernel, since Vi’ =kerzV (see 1in
Chapter III of [28]).
Now, we prove that E; is, in fact, a functor.
a) Let 1y : V — V a trivial morphism in Rep(Q). Let see that E;1y = 1.
For j #1i, (Eily)j = (1y); = 1v,.
For i, by definition, (E;1y);: Vl.’ — Vl.’ is the unique linear application such that
the previous diagram for 1y commutes.
Then, by the uniqueness of (E;1v);, (E;ly); = lvir =(1y);.
b) For the another axiom, lety : U — V and ¢p: V — W be two morphism in RepQ.
Let see that E;(¢poy) = E;(¢p) o E; (w).

We have the following diagram with each small square commutes:
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Ew); Ya Vi
‘;ll lv HV
i Vs V;
Ei) %a ¢;
Y,

w W
Vvi ' We 144

Since, 7" (pawatV) = p;nViV = ¢y nY1V = 0, by the universal mapping property
of the Kernel W/ = kerz", there is a unique linear application ¢ : U {— W/ such
avatV) =V
So, by definition of E; this application is ¢ = E;(¢ oy);. Thus, by the unique-
ness ¢ = Ej(poy); = (Eid); o (E;p);.
Thus, Ej; : 1* — mod — IT"* —mod is a functor.

Fifth: We shall prove that E; acts as s; on dimension vectors.
If dimV = a. Recall that

si(@) =a—(a,e;)e; = a—{a,€;)€; —{€;, A)€E;

=a—-Q) ale; D)+ ) alt@)e;(h(@))+ Y ei(t(@)a(h(a)e;

iel acQ acQ
=a-2ae;+ Yy, a(t(@)e;,
acqQ
h(a)=i
then
si(@)(j) = a(j)
and

si@@=al)-2a+ Y alt@)= Y alt@)-al.

aeqQ acqQ
h(a)=i h(a)=i

By the other hand, the exact sequence

v

/lV 3
0—-V.-»Vg—V;—0

1

shows that

dimV/ = dimVe —dimV; = ) a(t(a) - a(i).

acQ
h(a)=i
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Sixth: The reflection also defines a functor
! oA A
E;:II""Q-mod — I1"Q — mod.

Let V be a II"* —mod. Just define E(V), in the same way as E;. By analogous
calculation, it is obtained that E}(V) is a I"1"iY —mod, but r?(1) = A, so E}(V) is a

" — mod.
Seventh: There is a natural isomorphism V — E: (E; (V). It follows that E; is an equivalence.
O
COROLLARY 5.7. (1) I* is Morita equivalent to TI* for any p e WA.

(2) In fact, if p = wA and w has a minimal length with this property, then there is an

equivalence

" — modules — TI* — modules,

which acts as w on dimension vectors.

PROOE. The first assertion is immediately from the Theorem 5.6/and the Remark 3.6

We prove the second assertion by induction on the length of w, and hence reduce to

the case when w is a simple reflection s; (I(s;) = 1). Assume that 1; =0, so (r;d); =—-1; =0
and (wA);-a=A;-(w™'a) =0 for all @ € Z’. Then, since (rid)j=A; =W, wA=riA=A
contradicting the minimality of w. Thus A; # 0, therefore, the reflection functor exists. |

5.1. An example using the cyclic group of order 2. Part 4. Consider the Kronecker
quiver Q associated to the group C», just as in the previous parts of our example, we will give

the Weyl group for Q. The simple reflection for Q are:
S04 xZ—7x7Z,(ag,a1) — a—(a,eo)eo

and

S1:2x2—7x17Z, (ao,al)r—ra—(a,el)el,

where €° = (1,0) and ¢! = (0,1). We have,

(a,€") = (@, + (e, = ) ae; - Zh“t(f)f(;)z(fﬁzme?“i— Zhe(t)(f)“h(f)
=0, =a,

i=0,1 f=a,

=2a9—-2a; =2(apg—ay)

and

(@)= ey +e'ay= Y ajel - Zba,(f)e}l(f)+ 'Zo:1€}ai_fzb€}(f)ah(f)
i=0, =a,

i=0,1 f=a,

=2a; —2050 =2(ay —CK())
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Then

ot (ag, a1) — (@p — 29 + 21, 1) = 2ay — ap, a1)
and

s1: (ag, 1) — (ag, @1 — 2a1 + 2a0) = (@, 209 — @1).

And let W be the Weyl group for Q, W = (sy, 51).

6. Roots for a quiver.

In this section K is an arbitrary field and Q is an arbitrary quiver with vertex set I. We
will introduce the root system associated to a quiver, and we will prove fundamental results

of classifications of the representations of IT*.
DEFINITION 6.1. The simple roots for Q are the coordinate vectors of loopfree vertices.

DEFINITION 6.2. An element a € Z' is a real root if it is an image of a simple root under the
Weyl group W. It is standard that any real root is either positive or negative, i.e. either a or

—a belongs to N/,
DEFINITION 6.3. Let be a € Z! a root, we define a support of a as
supp(a) ={iel|a; #0}
DEFINITION 6.4. The fundamental region is
F={ace N/ | @ # 0, support of a is connected, and (a,¢;) <0 for all i}
(a,€;) <0 is automatic if i is not loopfree.

DEFINITION 6.5. An imaginary root is an element of Z! of the form wp or —wp with we W

and B € F. The elements w}p all belong to N/, so these are the positive imaginary roots. [26]
A root is a real or imaginary root.
DEFINITION 6.6. We say that 1 € K'is on a wall, if 1 - a = 0 for some real root a.

THEOREM 6.7. TI* has a representation of dimension vector €; ifand only if A; = 0. It is unique

if i is loopfree.

PROOE. = Representations of IT* with dimension vector ¢; are the same things as
representations of KQ with dimension vector e; on which c— A acts by 0.

Since ¢ = Y, XxgXqa* — Xa* X as an operator on such a representation, with x, = 0 unless
aeQ
a is a loop based at i and x,x4+ — x4+ X4 = 0 if a is a loop based at i, we see that ¢ acts by 0

on such representations.

This implies that 1; = 0.
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<= On the other hand, let X be the representation of Ka with dimension vector ¢;, such
that x, = 0 = x,+ for all arrows a € Q.

If A; =0 then X descends to IT%, since both ¢ and A acts by 0. g

THEOREM 6.8. Suppose that A € K'

(1) If A is on a wall, then I* has a simple representation whose dimension vector is a
real root.
(2) IfAis noton a wall, then the dimension vector of any indecomposable finite-dimensional

representation of ' is an imaginary root.

PROOE (1) Since A is on a wall, there is @ € R, such that A-a =0. And a = v(8;)
for B; a simple root, some v € W and some i € I, by definition of real root.
By the action of W on K

0=A-a=A-vB)=v"'N)-B;

This implies that (v~ (A)); = 0,for some loopfree vertex i.

By Theoremm "' ™ has a representation of dimension vector €;, obviously
simple. And, by Corollary there is a simple [I*—module of dimension vector
w'e; for some w' e W.

(2) Since A is not on a wall, (w-A); #0 for all we W and for all i € I. In particular, for
w=1,A;#0foralliel.

Let X an indecomposable representation of I1* of dimension vector d. By The-
orem for some loopfree vertex j, E; X is an indecomposable representation of
11" whose dimension vector is sj(d).

By Lemma supp(dim(X)) = supp(d) is connected, so supp(s;(d)) is connected.
It follows that supp(w(d)) is connected for all we W.

We can apply any sequence of reflection functors, because (w-1); #0 for all w e
W and for all i € I. We are looking to obtain (w’'(d),e;) <0 for all i € I and for some

n
w' € W. We choose w' such that Y (w'd); is minimal. If (w'd, €;) >0, we apply the
j=1

n
reflection functor E; to obtain a smaller Y (s; w'd) j» which is a contradiction. Thus
j=1
w'(d) belongs to the fundamental region, so d is an imaginary root.

O
PROPOSITION 6.9. If Q is a Dynkin quiver, then it does not have imaginary roots.

PROOE. If Q is a Dynkin quiver, then (-,-) is positive definite (see section[7.2]in the chap-
ter[2). Let a = ¥ a;e;, with a; =0, if (a,¢;) = 0 for all i € I, this implies that

0<(a,@) <) ai(ae)=<0,
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which is a contradiction. Then the fundamental region F for Q is empty, which implies Q

have no imaginary roots. d

COROLLARY 6.10. If Q is Dynkin (or is a disjoint union of Dynkin quivers) then IT*(Q) # 0 if

and only if A is on a wall.

PROOE. First, note that by Lemma HA(Q) is finite dimensional.

= If A is not on a wall, by Theorem [6.8] part 2, the dimension vector of any indecom-
posable finite-dimensional representation of I1*(Q) is an imaginary root. Since Q is a Dynkin
quiver, by Proposition I1*(Q) has no indecomposable finite-dimensional representations.

Thus, it must be zero, because it is finite-dimensional.

<= Now, if A is on a wall, by Theorem part 1, IT*(Q) has a simple representation

whose dimension vector a real root, so IT*(Q) # 0. O

We shall prove another Corollary, but first we need two definitions for R—modules over

aring R.

COROLLARY 6.11. Let Q be an arbitrary quiver, A € K! and J c 1. Suppose that the Q', the

full subquiver of Q on ], is a disjoint union of Dynkin quivers. If e = Y e; then, the module
ie]

MY (Q)e is a progenerator if and only if the restriction A' of A to J is not on a wall for Q'. In

this case, 1*(Q) is Morita equivalent to ell*(Qe.

PROOF. In general, let R be a ring and let e be an idempotent element in R, we have the
following three facts:
i) Re is a projective left R—module.

Clearly Re is a left R—module, because sre € Re for all s,r € R.

Now, by the idempotence of e, ¢? = e which implies (1 — e)2=1-eand
1=e+1-e. On the other hand, x € ReR(1 —e) = ae = x = b(1 — e) for some a,
beR = x=xe=b(e—e?)=0 = ReNR(1—¢)=0. So R=Re® R(1—¢) and Re is
a projective R—module.

Now, Re is progenerator if and only if Re is a generator.

ii) (Re)* := Hompg(Re, R) = eR via the map:
Hompg(Re, R) — eR
f—fle),

which inverse is
eR — Hompg(Re, R)

er — [se— ser]

— Re(Re)* = ReeR = ReR.
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iii) eRe = EndgRe, via the map:
eRe — EndgRe

ere— [se— sere]
Obviously is injective and let ¢ € EndgRe, ¢(e) = @(e?) = ep(e) € eRe and
@(se)=sple) = S(p(ez) = sep(e), which implies that the map is surjective.
—> eRe =EndgRe.
Then,

ii B5and (iii
Re is a progenerator g R=Re(Re)" &g ReRanz»(m) R¥ eRe

In particular, for R = [1*(Q) and the idempotent e = ¥ e; we have:
ie]
A . A _h A
1" (Q)e is a progenerator <= I1"(Q)e =I1"(Q) ell" (Q).
Also, in this case IT*(Q) MeH’l(Q)e

On the other hand, there is a canonical isomorphism
Q) Qe (Q =0 (@),

because on the left hand we make the quotient on all class of path in I1*(Q) which begin or
end at a vertex of J.
Then,
Qe =1 QeI (Q) = 0 =1* (Q)/I Qe (Q) =11 (Q).
And because Q' is a union of Dynkin quivers, by Corollary[6.10} A" is not on a wall for Q'
if and only if Y (Q") = 0.
So IT*(Q)e is a progenerator <= A’ is not on a wall. O
6.1. An example using the cyclic group of order 2. Part 5. Continuing with our exam-
ple, using group C, and the associated Kronecker quiver Q, we give some examples of the
real root for the quiver Q. In the part 4 of our example, we find the simple reflections which
generate the Weyl group for Q:
S0 : (@o, a1) — (@0 —2a0 +2a1, a1) = Cay — ag, a1)
and
s1: (@, 1) — (@p, a1 —2a7 +2ap) = (ap, 2a0 — a1).
So,
$0(1,0)=(2-0-1,0) =(-1,0), 5(0,1)=(2-1-0,1) =(2,1),
511,00 =(1,2-1-0)=(1,2) and s;(0,1) =(0,2:0-1)=(0,-1)

are some real roots for Q.
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7. The case when 1-6 #0.
Consider K = C and fix a total ordering < on K as follows:
z< 7' if and only if either Rz< Rz or Rz=Rz and Zz<Zz .

In this section, using a notion of dominance, we study O* when 1-6 # 0. The next results are

also true for any field of characteristic zero.
DEFINITION 7.1. We sat that a weight 1 € K!is dominant if 1; =0, for all i € I.

DEFINITION 7.2. If A is dominant, or more generally a non-zero scalar multiple of a dominant
weight, we define Iy ={i € I|A; =0}.

We write Q, for a full subquiver of Q with vertex set I,.

If i € I is a loopfree vertex, as in Theorem we have a simple module for II* with

dimension vector €;, we denote it S;.

THEOREM 7.3. If A is dominant then any finite-dimensional II*-module has support con-
tained in Iy, so is a module for the algebra 11(Q,). In particular:

(1) IfQ is a disjoint union of Dynkin quivers, then IT* =T1(Q,).

(2) If Qy is a disjoint union of Dynkin quivers, then the S;, with i € I, are the finite-

dimensional simple IT* -modules.

PROOF. Let be M a finite-dimensional I1*-module with dimension vector @. Then, by
Lemmal4.2l A-a=0,i.e. Y A;a; =0. Now, since A is dominant, all 1; = 0 so the sum is also
iel

>0, and if { € I such that a; #0 then A1; =0.
(1) If Q is a disjoint union of Dynkin quivers, then, by Lemma H’l(Q) is finite di-

mensional. We write

ci= ) aa*- ) a‘a-Ae;,

aeQ aeqQ

h(a)=i tla)=i

/

=Y bb*- Y b*b.
bEQ)L bte
h(b)=i t(b)=i

Thus, TT*(Q) = k(Q)/(c; |i € I) and TI(Qx) = k(Qy)/(c}1i € I)
We define a map
y:1Q) — TM(Q)
given by ¢ (c) =¢.
This map is well-defined, because there is an obvious inclusion k(Q,) — k(Q)

and by this inclusion (c}|i € I}) — (c;li € I).
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Letpe H’I(Q) and let p its path class representative in k(@). There is a arrow
a€ Qin p such that h(a) ¢ I} and t(a) ¢ I;.

=>p=..(eja.)=0=p=0€lI(Qy).

Thus v is surjective and I1*(Q) is a quotient of I1(Q).

Now, we define a left inverse for y:

¢ k(Q) — k(@Qy),

given by
a, ifaeQ,
a— ,foracqQ,
0, otherwise
a*, ifae
a*— ?A,foraeQ"”,
0, otherwise
e, ifiely .
ej— "o, foriel.
0, otherwise

We can note that (p((ci |ie I)) c (c; |i€Iy). In effect, if i ¢ I), then ¢(c;) =0. By
the other hand, if i € I}, then ¢(c;) = c;. This implies that ¢ descends to a map

¢ : TTMQ) — TI(Qy).

Finally, (poy)(a) = ¢p(a) = a and (pow)(e;) = ¢p(e;) =¢;, for a € Q and e; any
idempotent with i € I. Thus ¢oy = idng,), then ¥ is an injective map and
M =11(Qy).
(2) First, note that:

FACT 7.4. If Q) is a Dynkin quivers, then Q, is a tree.

Now, we will prove by induction on the number of arrows, that for a tree T each
simple T4 (T)-module is isomorphic to S; for some i € I, where I7 is the vertex set
of T. The initial case is for |T| =0, i.e. T is a quiver with |I7| vertices and no arrow,
then kT = H’l(T) = K®lrl g0 the simple modules are the S;, with i € IT. We assume,
as induction hypothesis that its true for | 7| = n, and we will prove it for |T|=n+1.

Let 0 a label for a leaf in T. This means that 0 is a vertex connected to a single
vertex in T, with |I7| = n+1. Let 1 be the label for its adjacent vertex. Let a€ T be
the arrow between 0 and 1, with #(a) = 0 (without loss of generality). Let S a simple
I (T)-module and write S = _EB Sy, where S; is the vector space corresponding
to the vertex i (remark that it iéelllz)t the same as the module S;).

Case 1: a*Sy)=0= @ Sy; is a [1M(T)—submodule. Then, since S is a simple module:
i#0

Subcase 1: @ S(;) =0, then S = S, so S= Sp.
i#0
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Subcase 2: @ S;) =S, then §() = 0.
11“#1(1)13 is the only place we use the induction hypothesis. Consider now
@ S(i) and let ITM(T'\ {a}), where T\ {a} is the quiver obtained by remov-
ifl(é the vertex 0 and the arrow a from T. For example: The figure [2|il-
lustrates an example of a quiver 7, this figure is an orientation for the
extended Coxeter-Dynkin graph Eé. The figure [2|illustrates an example
of the quiver T\ {Eg} and it is the Coxeter-Dynkin graph Eg . (see[7.2.5)in

section [7.1] of the preliminary chapter

FIGURE 1. The graph E; with an orientation.

R

2 3 4 5 6

FIGURE 2. The graph Eg with an orientation.

Since S satisfies the defining relations for [1*(T), then @ S, satisfies the
i#0

definig relations for H’l(T\{a}), because there is a relation for each vertex.
Then, @0 S; is a module of A (T \ {a}). So, by hipothesis induction, the
simplel;IA(T\{a})—modules are the S;, for i € I\(43. Then S= 63 Si =S,
for some j € IT\(g < IT. 70
Case 2: a*Sq) # 0. Because of the defining relations for I[1*(T) we have aa*Sq) = 0.
Thus a* S is a submodule and because S is simple, a*S) =S, so S = S.

O

We now use reflections to transfer results known for dominant weights to general wights
A€ K, if either Q is a Dynkin quiver, or Q is an extended Dynkin quiver and A -8 # 0. In this
case, we give some notations:

We write Ry for the set of roots a with 1-a =0, a finite set.
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If @ € Ry, let s, denote the automorphism of Z! given by g — B - (a, f)a, and let W) be
the subgroup of W generated by these s,.

Let ), be the set of minimal positive elements of R).

LEMMA 7.5. Let Q be either Dynkin or extended Dynkin and let A € K'. In the latter case,
suppose that 1-6 # 0.

(1) If Q is Dynkin then A is conjugate under the Weyl group to a unique dominant
weight.

(2) IQ isextended Dynkin then A/(A-6) is conjugate under the Weyl group to a unique
dominant weight A*. Furthermore, there exists a unique element w* € W of minimal
length with w*(A/A(-1)) = A*.

(3) R, is the set of roots for a reduced root system (in the vector space it generates). W)
acts faithfully on Ry and identifies with the Weyl group for this root system.

(4) Zp is the unique basis of Ry and consisting of positive roots. Further, wtZ); =% +.

(5) W) is the stabiliser of L in W.

(6) If A is dominant, then Z) = {e;|i € I} and Q, is a disjoint union of Dynkin quivers.
(see [26] [25] for more details)

THEOREM 7.6. If Q is a disjoint union of Dynkin quivers and A € K then T (Q) is Morita
equivalent to TI(Q') for some subquiver Q' of Q.

PROOE. By Corollary gives us that IT* MmwA where w e W. Then applying Theorem
for 1“}(Q), we obtain that T¥*(Q) = I1(Q") ¥ I for some full subquiver Q' of Q. O

THEOREM 7.7. If Q is extended Dynkin and A -6 # 0 then the isomorphism classes of finite-
dimansional simple ' —modules are in 1 -1 correspondece with the set £, under the assign-

ment sending a simple module to its dimension vector.

PROOE. In the case A is dominant, by Lemma (part 6), X3 ={e;li € I}} and Q, is a
disjoint union of Dynkin diagrams, then £, can be identified with 1. Now, Lemma [7.3] (part
2) implies.

In general, for A € K! with A -8 # 0, without loss of generality, we may suppose that
A-8 =1. Then, by Lemma (part 2) w*(A) = A* for a unique element w* € W of minimal
length. So, by Corollary there is a Morita equivalence from IT* —modules to IT* " —modules,
which acts as w* on dimension vectors. Finally, Lemma (part 4) implies w*Zj; =2+, so

the assertion is proved. g

THEOREM 7.8. IfQ is extended Dynkin then 1" is simple if and only if has no non-zero finite-

dimensional modules if and only if - a # 0 for all roots «.
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PROOE. First, recall that a root is either real or imaginary, and any imaginary root is a
multiple of the fundamental imaginary root 6.
= If 1-a =0, where «a is a real root, i.e. 1 is on a wall, by Theorem (part 1), [1* has a
non-zero finite-dimensional representation. While if -6 = 0, by Lemma[4.5/and Theorem[4.4}
[1* has a non-zero finite-dimensional representation. Thus, in both cases, 1% is not simple.
<= Now, if A-a # 0 for all real root a, i.e. 1 is on a wall then, by Theorem (part 2), the
only possibility for an indecomposable finite-dimensional representation of I1* is one with
dimension vector an imaginary root, i.e. a multiple of §, which is impossible by the trace
condition.

The result follows from a general fact:

A finitely generated, prime, Noetherian K—algebra R of GK dimension 2 and with no

non-zero, finite-dimensional modules is simple. O

8. The case when 1-6 =0

In this section K is an algebraically closed field of characteristic zero and I" < SL,(K) is a
non-trivial subgroup finite. Let Q be the affine quiver corresponding to I'.

In this section, we present the most relevant theorem in the case when 1-6 =0, it is
O* = K[Rep (14, 8)]5@. In order to understand this result, the sections|6} [7]are necessary.

FacT 8.1. Rep@, a) is the cotangent bundle of Rep(Q, a).

PROOE. Indeed, let V be a K—vector space, its cotangent bundleis T*V = V* x V. In the

case of

Rep(Q, @) = @) Hom(K*1@, K@) ,
acQ

note that Homg (K®#@, K%@) is isomorphic to Homg (K%@,K%@)", via the following map:

Homy (K®Ha), K%@) = HomK(K“f‘“),Kah(“’)*

f—lg—tu(fgl

Thus, Rep(Q, @) = @ (Hom(K%@, K*@) @ Hom(K*@, K*@)) = T*Rep(Q, @). O
aeqQ
On the other hand, Lie(GL(a)) = End(a) := @ End(K%) is the Lie algebra of GL(«). More
iel

relevant for us is its subalgebra

End(8)o = {(0)ic1 € End(®)| ¥ tr(0) =0}
iel
Now, there is a map u:

p: T*Rep(Q, @) = Rep(Q,8) — End(8)o < Lie(GL(a)), X = (Xa, Xa*)ac@— Y [Xa Xa*].
acQ
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This map has image contained in End(a) since any commutator has trace zero.
Let h = {1 € K'|A-6 = 0}. Since tr(A;1ys;)iecr = ¥. A;+8; = A+ 8, we can identify A with
iel
(Ailgs;)ier € Z(End(6)o) and Rep(I14,8) = w1 (1), with the natural scheme structure.
The coordinate ring of Rep(Q, §) is the polynomial ring

KlSapql :=Klsapq|a€ Q1= p<bp, 1 = qG=6a),
where 5454 is the p, g entry of the matrix of x,, corresponding to x € Rep(Q,d).

LEMMA 8.2. The scheme Rep(IT*,8) has a coordinate ring Kl[Sapql/Jr, where ], is generated

by the elements

O 1(a) 05(a)
Y X SaprSarrg= Y, Y. Sa*prSarg—Opqhi
acQ r=1 acQ r=1
h(a)=i t(a)=i

for each vertex i and for1 < p,q < 9;.

PROOF. Let

p* : K[End(8)o] — K[Rep(Q,8)]

p—pou

be the ring homomorphism corresponding to the affine scheme homomorphism p.

We wrrite
@ K[End(K?))]
iel

Oi

(z xt,)

r=1liel

K[End(6)o] =

where t!’;q € K[End(K?%)] gives the pq — th entry of an endomorphism of K%,
We define the ideal,

Iy =), —bpq-Aili€ ,1< p,q <8;) < K[End(&)ol.
Now, let x = (X4, X4*) aeQ € Rep(a, 0),

WD = o)) = 1 ¥ XaXe = Y Xa*Xa)

aeQ acQ
ha=i ta=i
= Z t,lyq(xaxa*)_ Z t,lgq(xa*xa)_(qu/lizjl-
acQ acQ
ha=i ta=i
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8.1. The map ¢, : O 5 AL, The group GL(6) = H GL(KY) acts on Rep(@, ) and

iel
Rep(l'[’l,(?) c Rep@, 0) is invariant under this action.

Letting [ = ¥ &;. Identify Mat;,;(K) with Endx (& K?), then its subset GL(5) acts on
EndK(@ Kéi) b}ieclonjugation as follows: !

Leltejg = (g)ier € GL(), and let m = (m;); jes € EndK(?IK‘si), where m;; € Homg (K%, K%1),
then (g'm)ij=g,-mijgjfl. l

Now, observe that

Mat;;(K[Rep(Q,8)]) = {Polynomial functions from Rep(Q,6) to Endx (P K%}

iel
= K[Rep(Q,8)] ® Endx (P K77).
K iel
Since GL(6) acts on Rep(a, 0) and also on EndK(GB K5i), there is an action of GL(6) on
iel
{Polynomial functions from Rep(Q,8) to Endx (& K°!) given by:
iel

(g ) (x) = glp(g~'-x)), for g€ GL(), ¢ € Mat;;(K[Rep(Q,0)]) and x € Rep(Q,d).

Thus, we define the map
f:KQ— Mat,;(K[Rep(Q,d)])
ei — [(Xa) 4o 15, € Homg (K%, K9]
a — [(xb)bea — Xg4 € HomK(K‘M“),K‘”‘(“))]

Then g- f(e;) = f(e;) and

(g f(@)(xp) g = g(f(a) (g;_l(lb)xbgr(h))bea)
= 8(8htp*ai@) = Xa = F(@ (D) e
=>g-fla) = f(a).

Then, f (Ka) is invariant under GL(6). Moreover, f induces a map

— GL(6
M =KQ/(c-A) — Matlx,(K[Rep(n‘,a)]) o

Let O* := ¢yIT' ey < 14, then
1 1 GL(5)
Flor =t pp: O — f(eo)Matlxl(K[Rep(H ,5)]) fleo).
Note that

)GL )GL(&)

()]
fleoMat.i(KRep1",6)]) " feo) = K[Rep(1*, )% = (Klsapq] /12

because dg = 1.
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Thus, it gives a map ¢, : O* — AL,
In this section, we shall prove that ¢, is an isomorphism. Our strategy is to first prove it

for the generic element of b, explicitly for elements of the set
' ={Aeh|A-a#£0, for all real roots a},

and then to extend to all elements of h by the flatness of .
We say that A € b’ is Weil-generic, i.e. ' is an open and dense set in the classic topology.
In order to understand this strategy, we need to be familiar with some results about flat-
ness, fiber product of affine schemes and linearly reductive groups. (see section [f]in the pre-

liminary chapter

LEMMA 8.3. The map ¢, : OF — A preserves the filtration, and there is a commutative
square

%o
OO _ AO

¢
gr Ol$ gr A

where the left hand vertical map is an isomorphism and the right hand vertical map is

surjective.

PROOE. By the Corollary there is a natural isomorphism between IT and grII*, this
isomorphism induces an isomorphism ©0° = e,Iley — grOA = eogrl'[Aeo.

Observe that A% := (K[sapq]/],l)GL(m c K[sapq]/];L := B}, ©* has also a filtration inherited
from KQ, because O” is an ideal of a quotient of KQ.

Because of B’ and B* are quotients of polynomial rings, they have a filtration associated
to the degree.

Thus, the obvious short exact sequence
0— Ja — KlSapql - B* =0
induces the following sequence, also exact,
0—grjy — Klsgpqgl — grB’1 -0

So, there is a surjection

Klisapql = ng[Sapq]/])L
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Moreover, by the Lemma[8.2] there is a surjection
K[Rep(I1,6)] — grK[Rep(IT4, 8)]

Then, by the linear reductivity of GL(), since the previous map is a surjective of GL(6)—modules,

this induces a surjection

K[Rep(IT,5)]® = A° — grK[Rep(IT", 6)] = grA*

Since the following diagram commutes,

— f _
KQ — > Mat; (K[Rep(Q, 8)))
gKQ =KQ ¥ o g Maty, (K[Rep(Q, 8)))

by descending to the respective quotients, it follows the commutativity of the statement. [

LEMMA 8.4. The map p:Rep(Q,5) — End(6)o is surjective and very irreducible component of
every fiber has dimension 1+ Y. &5. Thus, u is flat.

iel
PROOE. Let A such that 1-6 =0, we apply the Lemma 4.5, and we obtain that there is a
representation X of Q with dimension vector § whose endomorphism algebra Endg(q)(X) =
K. Then, by the Theorem thereisa M € Rep(l'[’l,(?) = ,u’l(/l). So, u is surjective.
This implies that d = dim(Rep(Q, §)) — dim(End(8)o) < dim(C), for all C irreducible com-
ponent of u~!(A). Recall
dim(Rep(Q,8) = Y_ 26;5;,

i~j
dim(End(6)) = }_ 6% = dim(End(6)o) = ¥ 6% -1,
iel iel
and
0=(6,00=2) 65— 6;6j+6;0;.
iel i—j
Thus

A=) 26;6;-) 65+1=) 67+1.

i—j iel iel
We consider the projection Rep(Q,5) — Rep(Q,8) and for 6 € End(6)y we first analyze

the fibers of its restriction 7 to u='(0)

7 (0 — Rep(Q, ).
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Consider the fiber of 7 over any point x € Rep(Q, §) Note that the map ¢ = ¢, of Lemma
depends on the representation x € Rep(Q,d). We also note that the map y — (x,y) is a
bijection from c;!(6) to 771 (x). So, the fiber 77! (x) is empty or of dimension
dim(C;1(0)) = dim(kerc,) = dim(Ext! (X, X)).

On the other hand, let X the kQ—module corresponding to x. Using the Ringel form ¢, )
for Q we have:
0=1(5,6)=) 65— 6;8; =dim(End(X)) - dim(Ext' (X, X)) = dim(r ' (x)) = dim(End (X))

iel i—j
(see[7.63]in section[7.2]in preliminary chapter[2} for more details see 3.3 in Chapter 7 of [20]).
Thus
dim(z ™! (x)) = dim(End(X)) if 771 # . 8.1)
Now, by Lemma [4.5]
k
Rep(Q,0)=YulJO;,
i=1
where O; are GL(6)—orbits and Y is the following dense open subset

Y = {x€Rep(Q,d) |Ende (X) = K, where X is the corresponding KQ—-module}.
So, the fibers of the map 771(Y) — Y all have dimension 1. We have that
dim(0;) = dim(GL(8)) — dim(Stab(x;)) = Y_ 62 — dim(End(X;)),
iel
where x; € O; and X; is the corresponding KQ—module (see chapter 8 of [24] or propositions
6.4 and 6.7 in Chapter II of [3]).
This implies that, if x € 771(0;),
dim(7 ™ (x;)) = dim(0;) + dim(r ! (x;)) = dim(0;) + dim(End(X;)) = dim(GL(5)) = )_ §2.
iel

Since

k
pt@=rtvyuJr o
i=1

=dimu @) =) 67 +1,
iel
which shows that dim(u~'(6)) =d = ¥ 65 +1.
It follows that p is flat, becauséealmy morphism of smooth varieties such that all irre-
ducible components of all fibers have the same dimension is flat (see Theorem 18.16 of [14],
with the choices: f=pu, X = Rep(6,6), Y =End(8)g, A=0xx, Q=my <X, R= Oy, ) and

P:mf(x) <Y). O

LEMMA 8.5. Rep(IT},6) /| GL(8) has dimension at least 2 for L€ by,
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PROOE First: note that since A € )’ any representation of I1* of dimension vector &

Second:

is simple.
Indeed, let M be a representation of [1* of dimension vector &, write a decom-

position series for M:
M=My2M2..2M,=0,

with M;/M;j,, simple for all j €{0,...,p—1}. Then
p-1
§=dimM =) M;/Mj,,.
j=0
Since 6 = 1, 3j such that (dimM;/Mj1), =1 and (dimM;/Mj,1), =0 for all j' #
j-
We write A = A’ + meg, where 1’ is obtained by removing the vertex 0 and A-€p =
Ao = m € Z is the 0—th component of A. Specifically, A’ € K!, with Ay = 0. Also, we
write a = B+ k6 for all real root a of Q, where f is a finite root, it’s means that it is
aroot for Q' and k € K. (see Lemma 6.1 in section 6 of Chapter 8 of [20])
Now, since A € h’ <, 0 # A-a, where a is an arbitrary real root, and 0 = 1- 6§,

where ¢ is the fundamental root for the extended Dynkin quiver Q. Then

0=1-0=A+meg)- =N -8+mey-6=A-6+m

0#A-a=A-(B+ ko) where §is an arbitrary finite root and k€ Z
=\ +mep)-(B+k&) =N+ A kb + meg- f+ meg+ kb
=N -B+mey-B—km+km=A-B+mey-f=1"-8

Since A’ is identified with an element in K!\°, B is an arbitrary finite root for Q'
and Dynkin quivers have no imaginary roots (see Proposition[6.9), A’-a’ # 0, for all
real root o’ of Q'.

It means that A’ € K'\* is not on a wall. Then, by Corollary l'l’v(Q’) =0.
Then, by Corollary (see the final of its proof), [1*(Q)/TI*(Q) eoIT* (Q) = 0, which
implies IT*(Q) = 11" (Q)eoIT*(Q). It follows that M;1/Mjr,; = 0 for all j' # j, thus M
is simple.

By the representation theory of extended Dynkin quivers (see Chapter 7 in [11]),
there is a one-dimensional subvariety C of Rep(Q, ) consisting of non-isomorphic
representations with endomorphism algebra K. Now, consider the map 7 used in
the proof of the previous lemma, since dimC = 1, dimz~'(c) = 1 for all c € C, we
have that dimz~1(C) = 2. So 771(C) is a two-dimensional subscheme of Rep(l'l’l,(?),

consisting of pairwise non-isomorphic representations.
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Third: Recall that Rep(l'l’l, 0)/GL(0) is the set of orbits under the action of GL(d) and Rep(l'IA, 1Y
GL(8) = SpecK[Rep(ITM?)]S1®)  where the closed GL(§)—orbits correspond to the
closed points. And by [29], the GL(d)—orbits also correspond to the isomorphism
classes of semisimple IT* —modules of dimension &.

O

LEMMA 8.6. ¢, is an isomorphism for L€ b’

PROOE. Let x = (X4) ,c55 € Rep(Q,8) and let p = ay...a,, be a path in KQ with t(p) = h(p).

We define the trace function tr, given by
tr, :Rep(Q,8) — K

try (x) =tr(xg, -+ Xa,,),
which is invariant under the action of GL(5).

Indeed, let p = a;...a,, be a path in Ka with t(p) = h(p), g€ GL(6) and x = (xa)aea,
g-trp(x) = trp (8" ) = 1) ((8h(@) Xa&rit) ue)

= tr(8h(ay) Xar g{&h)gh(@)x@ g;(ilz) “* &h(am) Xam g[_é;m))
Since p is a path, t(a;) = h(a;+1), for 1 <i < m—1 and because ¢(p) = h(p), h(a)) = t(anm).
Thus,
g trp(x) =tr(xg, - Xq,,) = trp(x).
By Theorem 1 in [29], the algebra of polynomial invariants K [Rep(Q, 5)]°"® is generated
by the trace functions tr, (of bounded length).

Now, since GL(0) is a linearly reductive group and char(K) = 0, the surjection
K[Rep(Q,8)] — K[Rep(I1*,8)]

induces a surjection

K[Rep(Q,)]°"® — K[Rep(IT*, 5)] 5L

(see proposition|6.17|in section|6.3|in the preliminary chapter, and for more details see Chap-
ter IV of [3]). It follows that K[Rep(IT*,5)]® is generated by images of the trace functions
try.

Recall that in this section Q is an affine quiver, because it is the corresponding quiver to
I' < SL,(K). Consider 0 as the extending vertex in Q and the full subquiver Q' given by all the
non-zero vertices of Q. Note that A € h’ means that A is not on a wall (see Definition [6.6).
Then, we can apply the Corollary[6.11]for Q. Thus, we have IteoI1* = .

So, any element a of e,-l'[ﬂe,- = el-l'[’leol'[’le,- can be written as a sum of paths py which

pass through vertex 0, i.e. @ =) ajpx, where a € K.
k
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Let ¢ = c;...c;y be a cycle which not pass through vertex 0, with ¢; € Q, forall i =1,...,m,

and let x = (xa)aea € Rep(H’l,(?), we claim that
tre(x) = Z aptrp,,
k

if ¢ =) arpy and py are paths which pass through vertex 0.
k

Indeed, tr.(x) = tr(x, ---xc,,), which is the trace of the action of ¢ on X, X being the
corresponding KQ—module.
On the other hand,

Zk:aktrpk = Zk:aktr(xa{C Xk Xgr) = tr(; XX gl Xgk)
where py = af...ak with a¥ € Q for all i = 1,.,n and n depends on the path py. The last

equality follows from the linearity of the trace function. Finally, note that Y axx k- X is
k 1 "

also the action of ¢ =) aypy on X. Thus,
k
tre(x) = tr(xe, -+~ Xe,,) = tr(} ApX g+ Xgk) = Y agtry,.
k k

Furthermore, if p’ is a cyclic permutation of p and p is a path which pass through vertex
0, since trp = tr, then K [Rep(HA,(S)]GL(‘S) is generated by the trace functions try, for paths p

starting and ending at vertex 0, i.e.
K[Rep(IT",6)]M? = K(try, | p is a cycle in KQ, £(p) = h(p) = 0).

Next we shall that ¢, (p) = tr, for such p that starts and ends at 0. In effect, let
p = ay...ay be a path such that h(a)) = t(a;;) =0,

f(p)= flepar...ameo) = f(eo) f(ar) - fam) f(eo) and

F(P)(x) =moxg, -+ Xq,,TT0 = tr(Xg, -~ Xg,,)T0 = P (P).

The penultimate equality follows from the fact that x,, --- x4, is a matrix with a single non-
zero element at position 00. Thus, this proves that ¢, is surjective.

Now, ¢, is an isomorphism, for since ©* has GK dimension 2, and any proper quotient
of O* has dimension at most 1 (see Theorem, of Bergman, as in section of preliminary
chapter in this thesis, as VI.4.1 in [I] or as 2.5 in [27]). But by the previous lemma, the ring

of invariants has dimension at least 2. O
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8.2. Situation over the K—algebra R. Until now, we have worked with the fiber of p
given by the following fiber product of affine schemes over K:
g
Z > Spec K

l % li
Rep(Q,d) > End(®)o
"

where g is a morphism of affine schemes over K, A € h < End(8), induces the application A

from the morphism of rings:
A
K[End(6)o] = K , p—pW),

and p~'(1) = Z=Rep(Q,5) x  SpecK is the fiber of .
End(8)o
From the sectionwe have that this pullback of affine schemes is ,u’l ) = Rep(l'[*,é).

We consider a global situation, let R be a commutative ring, we consider the K—algebra
R = K[b], we shall give R-versions for the situation around the map ¢,.
We define Rep (6, 6)r as the fiber product of affine schemes:

Rep(Q,8)r =Rep(Q,8) x SpecR:=Spec (K[Rep@, I R) ,
SpecK K

it means that Rep(Q,5) is the base change of Rep(Q,) to the base R. (see example in
section 6| of the preliminary chapter [2)
Similarly, we define the base change of End(d), to the base R:

End(d)o, :=End(6)o x SpecR :=Spec (K[End(é)ol ® R) .
SpecK K
The version in R of h is
bhr:={A€R'|A-6=0} End(6)o,,
taking A as the canonical element in R/, with A-§ =0, A is defined by
A=(Ayier€ RT=K[h]! with A;(A) =2; € K.
Thus, we have a version of the map u

Ur:Rep(Q,d)g — End(d)op,

a morphism of affine schemes over R.

Now, consider the fiber product
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YrA > Spec K

l g s

Rep(Q,d)r > End()o,
KR

Again, the map A comes from the evaluation in A, now in the global context over R:
R[End(8)o,] = R =KIb], p— p(A).

And Yg A := u ' (A)g = Spec (R[sapq]/]/\) is the fiber of ug in A € hg. Here
Rlsapql = Klsapq] %R is the base change of K[s;p4] to the new base R, and J, is like the J
in the context over K except for A; € R in the global version.

There is a natural action of GL(d) over K[Yga] = R[sa,,q]/]A. Since GL(9) acts on K[sgpq]

with J stable under this action, we define the action GL(§) ~ R[s4p4] as following:
g-(f%r) =g~f}eér, for re Rand f € K[sgpql.

Our goal is to work R of the map ¢,. First, for A € hr c R consider the version on R of

the deformed preprojective algebra (see up to lemma [2.3]in section 2] of chapter [3)
A% = RQ/(c-N),
the version on R of O and identify, such as the case over K,
eol'[R'Aeo = ORA,
This time there is a natural ring morphism

Ra — Mat;,; (K[Rep(@, 6)])%R = {Polynomial functions from Rep(a, 0) to EndK(ZEEBI K‘si)}%R,
which first descends to a morphism

fr: PN — Maty, (K[Yr,al),
and then restricts to a morphism

PrA = fRloRA : ORA _, ARA

LEMMA 8.7. ARA is flat over R. (Equivalently Yg » /| GL(6) — SpecR is flat.)

PROOE. By Lemma 8.4} u is flat as morphism of affine schemes over K. Let see that g
is also flat. By the definition [6.8] and the Proposition (in section [] of the preliminary
chapter, is the same as saying that K[Rep(Q,d)] % R is flat as (K[End(6)o] }cg R)-module:
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Let C — D be an inyective morphism of [K [End(6)o] % R)—modules. Note that, since R
and K[End(6)¢] have unity,

K R 16 ®R E ®RC ’

[ eP(Q )] KT d®(5)0]K [Rep( )]K[End(6)0]
KRep Q,é ®R ® D_KREI 2’ En

[ ( )]K K[End(&)o]K®R [ ( )]K[ d(d)o]

Then, the induced map

K[Rep@Q0)l@R ®  C— K[Rep(Q0)]®R

®
K K[End(ﬁ)g]%R K[End(ﬁ)g]%R

is also inyective, because of the flatness of p. Thus ug is a flat morphism between affine
schemes.

Because of the flatness is also stable under pullback (see Proposition|[6.11]in section 6] of
preliminary chapter [2), Yz o — SpecR is flat since it is the pullback of ug. This implies, by
the definition [6.8] and the Proposition (in section [6] of the preliminary chapter [2), that
R — K[Yg,al is also flat, it means, that K[Yg 5] is flat as R—module.

Now, ARA = K[V A1, then ARA is a direct summand of K[Yg 4], then it is also flat

as R—module (see Proposition [6.5]in section [6|of preliminary chapter [2). O

LEMMA 8.8. IfR is a domain with quotient field F, and A -« # 0 for all real roots a, then
PraA®1: 0% e - ARNg F

is an isomorphism. In particular, AR is a domain.

PROOE It suffices to show that the map is an isomorphism on tensoring with an alge-
braic closure F of F, and then restrict this to ¢ 5 ® 1. Now, Lemma applies with the base
field K replaced by F. Then we obtained the isomorphism

b = g OFA S AFA,
where
Aebli={Aehz|A a0 forall roots a} , with bz =: {A cF'1-6=0).
So, we have the following commutative diagram

$rA® 1y

ORJL % f AR,?L

® F
R
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therefore, ¢g A ® 1% is an isomorphism.

For the second assertion, since F is the quotient field of R, there is an inclusion R — F,

then by flatness of A®” as an R—module, the induced map A®A = ARA %R — ARA %F is also

an injective map (see definition of flatness[6.2)in section|[6 of chapter 2).

Then, by the commutative diagram above, ARA % F is isomorphic to OF'A, which is a
domain, because grO“ = Flx, y]r (see Lemma in section |1{ of Chapter , and this poly-

nomial’s ring F[x, y]' is a domain since R is one. Thus A®? is also a domain. g

LEMMA 8.9. Rep(IT4,6) // GL(8) has dimension 2 for any A € b.

PROOE First: Since R = K[h] and R is a domain, then h = SpecR is an irreducible

Second:

affine scheme. Similarly, since AR is a domain, SpecA®™ = Yz 5 / GL(&) is also
an irreducible affine scheme. (see Proposition 3.1 and the previous definitions in
section 3 of Chapter II of [23]). Then the map

Yra J GLO) = b

is a morphism of irreducible affine schemes. This map is flat, because, AR is flat
as R—module, so by the definition[6.8]and the Proposition [6.10] (in section [6] of the
preliminary chapter[2) the map considered is flat as a morphism of affine schemes.
Also, we have that this map is surjective, because for each A’ € h < K '« R! we can
define Yy 5’ / GL(6), with A’,(1") = A}. Thus, by Proposition 18.16 in [14], all fibres
have the same dimension.

The fibre over A of v is Rep(I1*,5) // GL(6).

Before this, we will prove that K'® ARA = A1 Note that K is an R—module via

the map K[h] =R A K, p— p(1). We have

GL(5) )]

GL(6) (1) 1
= A (8.2)

K% AR = K% (R[Sapq]/]R,A) = (K% R[Supq]/]R,A

For the isomorphism (1), we shall prove a more general result:

Let A be an R—module and R be a polynomial ring over the field K, with K = K
and charK = 0, and let G a linearly reductive group which acts on R trivially, the
following holds:

K%AG = (K%A)G.
In effect, note that G acts on A R-linearly and then G also acts on K % A. As-

A
sume A% = 0: We have R - K, which is surjective, then by (- % A) is a right exact

Aol
functor, R % A=A —» K % A is also surjective. And because G is linearly reductive

AG - (K % A)Y is surjective. (see proposition in section in the preliminary



Third:

8. THE CASEWHEN 1-6=0 89

chapter, and for more details see Chapter IV of [3]) So, (K %A)G =0 because A% = 0.
Then
K @ AG =K ® 0=0=(K ® A)°. Assume now that A® # 0: Since G is reductive, we

write A= A%@® A/, with A° =0 (see proposition in section in the prelimi-
nary chapter, and for more details see Chapter IV of [3]). By the previous reasoning

K % A =0, Now, tensoring with K on the left:
KeA=(K® A% e (Ks A)
R R R
and there is a split exact sequence
0—- A= ACeA =A—A 0.
By (K % —) is a right exact functor, the following sequence is also exact
K®A° - (Ko A e (Ko A)=KeA— Ko A —0.
R R R R R
Then, because of the reductivity of G, the sequence of the invariants is right exact
(Ko A9 =Ko A® - (Ko A°e Ko A)° = (Ke)° — (Ko A)® —0.
R R R R R R
So,
0=2(KeA)=(KoA/Ke A= (Ko A®=Ke A°.
R R R R R
For the isomorphism (2), consider the following exact sequence
0— JrA = RlSapgl = Rlsapql /Jra — 0,

by (K % —) is a right exact functor, the following sequence is also exact
1
K@ Jpn - K& Risapql = K@ Rlsapq/ T — 0.

= K@ Rlsapq] [JrAZ (KgR[sap,,U /a ®0(K @ Jg,).
Let fapgn; be the generators of Jg 5 and fypga, the generator of Jy, let’s calcu-
late (1 ®L)(K%]R,A):

(1®L)(k%faqui) = k%L(faqui) = k%faqu,'y (8.3)

which belongs to K%]A = J), because the A; € R in the expression for fupga,; is
moved to the left side of the tensor, via the map A;(1) = A;. Thus

:>K%R[Sapq]/]R,A = K%R[Sapq]/K%]/l-

Now, by the arguments in the final of the proof of Lemma[8.6} the general fibre has
dimension 2.
g
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DEFINITION 8.10. Let C be an R—module, we define
Torsion(C) = {ce€ C|3r € R\ {0};rc =0}.
We say that C is a torsion R-module, if Torsion(C) = C.

LEMMA 8.11. Suppose R is a Dedekind domain, m is a maximal ideal and C is a torsion

R—module, not necessarily finitely generated. If Torf (C,R/m)=0 then C® R/m =0.

PROOF. Assume C® R/m #0. Let ce C #0, since C is a torsion R—module, there is r € R
such that r- ¢ =0. Then anng(C) # 0, which implies that anng(C) = m" for some n € Z.

Write m = (p), for some p € R, then p"-c=0 and p”’1 -c#0. Thusmg annR(p”’lc) <R
and anng(p"*"'c) # R, then anng(p""'c) = m.

Thus, the map R A C, r— r-p"1.c, with kernel m, induce an injection R/m — C.

And by the long exact sequence with Tor, considering that Torf is 0 because R is a
Dedekind domain, we obtain that the map Torf (R/m,R/m) — Torf(C,R/ m) is injective, but
TorR(R/m, R/m) #0. O

REMARK 8.12. A Dedekind domain is a Noetherian normal domain of dimension 1. One class
of examples of Dedekind domains is the affine rings of a singular irreducible algebraic curve,
for example, R = C[x] or R = C[C], where C is an irreducible regular curve over C, and more
general R = K[C]. (see the definition above Corollary 11.9 in section 11.4 and definitions in

section 4.1 of [14]). In our case R = K[¢] is a Dedekind domain.
THEOREM 8.13. The map ¢q: O° — A® is an isomorphism.
PROOF. We will prove that ¢ is an isomorphism by assuming that ¢ is injective, and
then we will exhibit the ideas of the proof that ¢y is injective.
First: Now, fix some veh' ={veh|v-a #0 for all real roots a}, with h = fveK!|v-6=0}.
Let R = K[t] and take A =vt € R! = K[t]. Note that
Aa=vt-a=tv-a #0,
then, A € b’y < b, where F = FracR.

; RA ._ ,oRA, _ ,R(xy)®RT
Since 0" := eS™e = € Gy=yx=7)

And, by Lemma applied to A =vte bl , ppa®1: OR'A%F - ARJ%F is an

e is a free R—module, is flat as R—module.

isomorphism. Let C be the cokernel of ¢p 3, one has an exact sequence
0— 0B ARA ¢ ., 8.4)

where ¢p ) is injective, since ¢p » is a restriction of the isomorphism ¢ 3 ® 1 to the
ring OF: (g 2 © Dlpra (OFA) = g 2 (OF4) via the map

(Pra@1)(e(f(x, 3,8 Ie@1E) = Pra(e(f(x, 1, D @YIE) ® 15
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— pralef(x, 0 27) e),

and because 0% and AR (see Lemma i are flat as R—modules, the vertical
maps are injective in the following commutative diagram, which ensures injectivity
Of (PR,)L-
RA PR A R,A
O % R > A % R

$rA®1LF

C % F=0.

By Proposition 6.1 in section 6.3 of [14], F is flat as R—module & VM c R
finitely generated ideal of R, M % F—-F=R % F, m® f — mf is injective. Let’s
verify that the latter is true: In our case, F = FracR, we have that every element of
M%F is expressible as a simple tensor, m® f forsome me M and fe F. if mf =0,
since F is a quotient field, m = o or f =0, which is equivalent to m® f = 0. Then
M % F — F is injective. Thus, F is flat as R—module.

Then, by flatness of F, tensoring the sequence[8.4]with F, we obtain the following

exact sequence
®l
0—0fA g™ AR o | Co F— 0.
R R R
Therefore, since ¢p 1 ® 1 is an isomorphism, then
ker(AF*@F — F - CeF)= AR aF,
R R R

then C % F=0.
C is a torsion R—module, i.e. C = Torsion(C).
In fact, Let c € C be an arbitrary element, define N = Rc submodule of C and

L. ={r € R|r-c =0}, one has the following exact sequence:
0—-L.—R—N-0,
and
0—-L®F—>R®F=F—N®F—0
R R R

is also exact because of the flatness of F as R—module. Again, by flatness of F,
N%F - C%R =0 is injective. Then, N%F =0. Thus, LC%F = R%F = F. In particular,
L. #0. So, for all ce C thereisre Rsuchthatr-c=0 (i.e. r € L;).

Thus, C = Torsion(C).
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Fourth: ¢pg)®1k: ofA % K — ARA %K is an isomorphism.

By tensoring with K = R/(#) the sequence we obtain the exact sequence:

1
TorR(K,C) — oR'ﬂﬁK"’R'ﬂ? K AR"l%K—» CaK—0.

Strategy: If we prove that Torf(K ,C)=0and C % K =0, then, by the exactness
¢r 2 ©1 will be an isomorphism. We will use that fact to prove that ¢ is an isomor-
phism.

By extending further the long exact torsion sequence, we obtain

®1
Tor (K, ARY) — TorR (K, C) — OF* ® K PRACIK 4R 8K —COK—0.

First, observe that since A®* is flat as R—module this is equivalent to say that
Torf(R/(t), ARAY = Torf (K, AR = 0 (see Proposition 6.1 in section 6.3 of [14]). Then,
by the exactness, Img(Tork (K, C) — K%O’“) =0 and ker(TorX (K, C) — K%OR'A) =0,
which implies that Torf(K ,C) = 0. To prove that this is C % K =0, we will use the
following:

Now, Lemma applies with the Dedekind domain R = K[¢], the torsion
R-module C, and the ideal (¢) of R. Thus: If TorX (C,R/(1)) = 0 then
C%R/(t) = C%K:O.

We conclude that ¢g 4 ® 1 : OF4 ® K — ARA %K is an isomorphism.

Fifth: Now, We shall prove that ¢z ® 1 : (’)R'A%K - AR'A%K is the same map as ¢y :
0% — A°.

First, we define an isomorphism w : K% R{x,y) % RT' — K{(x,y) ® KT'. For which

it is sufficient to define it on elements of the form k% fxpn 27, where ke K, yeTl’

and f(x,y,t) € R(x,y) . And we have

- Boy=S" (5
ke fx,y,ney k%%gﬁ(xyyn ey %(t ke gs(x,y) @) (8.5)

() .0
= =1
rkeg(x,y)8y=18kg(x,y)®y
where the equality marked with (*) is given because the only form to occur

Y tPkekis tP =0vB#0.
p

So, we define
w:K%R(x,y)%RF—»K(x,y)@KF,
lﬁkgo(x,y)ﬁyH kgo(x,y)}eg}/.

Now, let see that w descends to quotients:
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Let k% (xy—yx—Y Aini) € K%R(x,y)%RF, where 7; is an idempotent in RT’
iel
as the defined in section[3]
w k®(xy—yx—Z)l,-m)) =w(k®(xy—yx)—2)li®m))
R iel R iel R
=k(xy—-yx)=) ko) en;
iel R
= k(xy— yx— Z(p(/li)n,-) = k(xy—yx— ZOn,-)
iel iel
=k(xy-yx) e K(xy-yx),
wherep:R— K, A; A4 @(A;) = 0is the specialization through which K is an R—module.

Then w induces a map, also called w
R(MJ’)%RF K<x,y>§>KF

w:K® —
R (xy—yx—-2A) (xy—yx)

Finally, let e = |T1\ Ygry € KT < RT" be the average of the group elements, and let

k% e(W)e =1 %ekggTy)%ye € OR'A, with ke K, f(x,y,t) e R(x,y), YT
and (**) is the results of

By the other hand, for the isomorphism K % ARA = A0 e use the sequence
of isomorphism [8.2] in the proof of Lemma this time with A = vt instead of A,
0 € K instead of A, and in fapq 1; is moved to the left side of the tensor, via the
specialization ¢(A;) = 0.

Thus, K@ ORAr =0 and Ke ARA =0 and Lk ®¢r,1 = o by the specialization
A—0.

Sixth In order to prove the injectivity of ¢pg, we asked W. Crawley-Boevey about it, he an-

swered to us via mail. Some ideas here are referenced by this private comunication.

In order to prove that ¢ is injective, is suffices to prove that the homomor-
phism

F:11 — Mat;,;(K[Rep(I1,6)])

is injective, because O%cTland A% c Mat;;(K[Rep(I1,6)]).

From Lemma [3.11|in section [3} we have that IT is Noetherian. Also, IT is a PI-

K{(x,y)®KT
(xyK

_ (xy-yx)
because KQ is finitely generated over K.

ring (see 10 in [27]), since SO = is. And I1 is a K—algebra finitely generated,
Fact 1: IT is prime.
Indeed, let A the quotient field of K[x, y], then K[x, y] % KT is an order in A}cg KT
(191). Then K|x, y] %Kl" is a prime PI-ring (see 5.3.10 in [31]). So, grSO =Klx,y] %Kl"

is a prime ring (we have this isomorphism form the Theorem[1.3]in section[I). Now,
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by 1.6.6 in [31], S is also a prime ring. Finally, since being a prime ring is a property
Morita invariant, and by soM I1, then II is prime.

Fact 2: IT has GK dimension 2 and any proper quotient of IT has GK dimension
at most 1.

Indeed, by Corollary 10.7 in [27], since II is a finitely generated PI-algebra, then
GKdimlII < co. And by Corollary 10.16 in [27], since II is a Noetherian PI-ring finitely
generated with GKdimIT < oo, then GKdimII = cL.KdimII € Z>( and the same for any
proper quotient of IT: GKdim(I1/I) = cl.Kdim(I1/I) € Z5 for all 0 # I < II. So, since
IT has Classical Krull dimension 2, GKdimII = 2.

Now, since II is a prime ring, for any proper quotient of I, cLKdim(I1/I) <
cl.Kdim(II) = 2. So, any proper quotient of IT has Classical Krull dimension at most
1, so has GK dimension at most 1.

Assume, by reduction to the absurd that that KerF # 0.

By dim(Rep(I1,8) / GL(6)) = 2. Then, the closed points in Rep(IL,§) de-
pend on 2 parameters. But the closed points in Rep(I1, ) correspond to the closed
GL(6)—orbits in Rep(Il,6), which correspond to the semisimple representations of
IT of dimension vector § (see Corollary 5.4 in [20]). Thus, the semisimple IT-modules
of dimension vector § depend on 2 parameters. Since these modules all arise by
specializing F to points of Rep(I1,6), it follows that I1/KerF also has semisimple
representations of dimension 6 depending on 2 parameters. Now, all but one of the
composition factors of such a representation has dimension vector vanishing at the
extending vertex 0, so is a simple representation for the preprojective algebra of the
corresponding Dynkin quiver ([9]). But this algebra has only finitely many simple
representations. We deduce that IT/KerF has simple modules of some dimension
n, say, depending on 2 parameters ([9]).

Now, we will use the above to arrive at a contradiction:

Let Mod(I1/KerF, n) be the variety of I1/KerF-module structures on K", and
let Simp(I1/KerF, n) be the open subset of simple modules. The group GL(n) acts
on Mod(I1/KerF, n), and since any simple module X has endomorphism algebra K
(see chapter 6 in [20]), the orbits on Simp(I1/KerF, n) have dimension dimGL(n) —
dimEndgq(X) = n%®—1 (see 5.11in chapter 5 of [20]).

Thus, the claim is that Simp(IT1/KerF, n) has dimension at least n? +1, which is
a contradiction.

Indeed, if S € Simp(I1/KerF, n), then its annihilator annS <I1/KerF is a prime
ideal ([9]), so, annS contains a minimal prime ideal P of IT/KerF. Thus S is a simple
module for B =TI1/KerF/P ([9]).
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Since B is a prime ring of GK dimension at most 1 (by the Fact 2) and finitely
generated as a K-algebra, B is finitely generated as a module over its centre Z by
[34] ([9]). Then, by 13.9.10 in [31], Z is finitely generated as K—algebra and Z has
Krull dimension at most 1.

Now, there is a correspondence between simple modules of B and maximal
ideals in Z, sending a simple module S to its annihilator as a Z-module. Then it
is deduced that the simple modules for B depend on at most 1 parameter. This is
Simp(B, n) has dimension at most n?. But,

Simp(Il/KerF)= |J  Simp(B,n),
B=Il/KerF /P
where P runs through the finite number of minimal prime ideals in I1/KerF ([9]).
Then

dimSimp(I1/KerF) < > n?,
B=Il/KerF /P

so, dimSimp (A, n) has dimension at least n+1.

COROLLARY 8.14. For any A € b the map ¢y : O* — Ar is an isomorphism.

PROOF. By the commutative diagram in Lemma gr) - grot — grAt is surjective.
And, by Lemma GKdim(AA) =2 forall A €f. Then GKdim(grA’l) = GKdim(AA) =2 (see
Definition 6.9 and Theorem 6.19 in [31]). Also grO’1 has dimension 2, because by the Theo-
rem ger’1 = K|x, y]r and GKdim(K[x, y]r) =2 (see Examplein sectionof preliminary
chapter |2/ and Proposition 4.3 in Chapter 4 of [27]). Thus, gr¢, : grO* — grAt is an iso-
morphism, which implies that ¢, is an isomorphism (see proposition in section [1] of
preliminary chapter[2). d



Final comments.

The article by Crawley-Boevey and Holland provides us with a tool to find simple repre-
sentations of the deformation of the semidirect product C[xy,...x;] X W, (') (see [5]), based
on the classification in Theorem[7.7]and the Morita equivalence of Corollary[3.9] With which
a fundamental conjecture appears for progress towards the solution of the problem zero fiber

ring dimension.
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